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What is Type Checking?

» Type Checking: Given I', M and A, decide whether the
judgement I' = M : A is derivable

» Type Synthesis: Given I and M, compute an A such that
r-M: A

» We need a type system

» Syntax
» Typing rules



What Does “Syntax Directed” Mean?

M :=x| MM | Ax.M

FV(x) = {x}
FV(MN) = FV(M) U FV(N)
FV(O\x.M) = FV(M)\{x}



A Syntax Directed Function

data Term
= Var Char
| App Term Term
| Abs Char Term

freevVars :: Term —-> [Char]
freeVars (Var x) = [x]

freeVars (App m n)
freeVars (Abs X m)

freeVars m ‘union‘' freeVars n
freevars m \\ [x]



What are PTSs?

v

Generalized type systems

» Identical syntax
» Parametrized typing rules

PTSs: Berardi (1988), Terlouw (1989)
A-cube: Barendregt (1991)
A-z00 — A\-cube — PTSs

v

v

v



The Ingredients to Generalized Typing

» Introduce dependent product types
» One syntactic category for terms and types
» Introduce sorts



The \-Cube: Ingredients

M:=x|* |OMM|Xx-M.M|Nx:M.M

M:(Nx:oc.7(x)) N:o
MN : 7(N)

zeros:(Mn:nat.vecn) m:nat
zeros m:vec m

An:nat. Sn:(Mn:nat.nat) m:nat
(An:nat. Sn)m:nat




A-Cube Typing Rules
rFA:s x¢r

(axiom) (start)

TF+ 0O XA x:A
r’-M:B THA's x¢rm

(weakening) L x.A-M:B

r'-M:(Nx:A.B) THN:A

(application) [~ MN:[N/x]B

x:A-M:B T (Nx:A.B):s x¢T

(abstraction) T (x:A.M):(Nx:A.B)

Nr-A:sy Ix:AFB:sp x¢T
N-=(Nx:A.B):s,

(product)

r-M:A A=3B TFkB:s
r=M:B

(conversion)



A-Cube Rules: Axiom, Start

(axiom) =

r’FA:s x¢r

(start) Mx:AFXx:A



A-Cube Rules: Weakening

r'FA:s x¢r

(start) Mx:AFXx:A

(weakening)rFM:B r'HFA:s xér

MNx:A-M:B



A-Cube Rules: Application, Abstraction

FM:(Nx:A.B) THN:A
= MN:[N/x]B

(application)

, Nx:AEM:B T+ (Nx:A.B): r
(abstraction) X (Mx )is x¢

N=(Ax:A.M):(MNMx:A.B)



A-Cube Rules: Product

. Nx:AFM:B T+H(MNx:A.B):s x¢T
(abstraction) ( ) ¢

N=(x:A.M):(MNMx:A.B)

Nr-A:sy Ix:AFB:sp x¢T
N-=(MNx:A.B):s,

(product)



A-Cube Rules: Conversion

I r-M:(Nx:A.B) THN:A
(application)

[~ MN:[N/x]B

r-mM:A A=3B TFB:s

(conversion) T B



A-Cube Product Rule Again

N-A:sy Ix:AFB:so x¢T

(product) M (Nx:A.B): s

(x,*) terms depending on terms
(O,%) terms depending on types
(x,0) types depending on terms
(0,0) types depending on types

An:nat. Sn
Aix. A X X
Mn:nat.vec n

Noa:x.ao — «



A-Cube Wrap Up

A type system in the A-cube consists of:

v

The set of pseudoterms
The set of sorts S = {x, 0}
A set R C S x S of product rules

v

v

v

The typing rules



And Now For Something Slightly Different

A pure type system consists of:

v

The set of pseudoterms

An arbitrary set S of sorts

Aset A C S x S of axioms

Aset R CS xS x S of product rules
The typing rules

v

v

v

v

. A(S‘] ) 82)
(axiom) Ths s

lA:s Nx:AFB:s R(S1, 82,8
(product) 1 2 (81, 82, S3)

M= (Nx:A.B):s;3



The Plan

FA:s; F,x:AI—B:sg R(S1,32,33)

x¢r

(product) FH(Nx:A.B):s3

data Term
= Prod Char Term Term

typeSynthesis :: Env —-> Term -> Maybe Term
typeSynthesis gamma (Prod x A B) =
let sl = typeSynthesis gamma A
s2 typeSynthesis (gamma ++ [(x,A)])

in
if (rel sl s2 s3) then s3 else Nothing



The Problem

i r-M:A A=3B TFkB:s
(conversion)

= M:B

typeSynthesis gamma M =

typeSynthesis gamma (App M N) =
typeSynthesis gamma (Abs x A B)

typeSynthesis gamma M =



The Concern

N-A:sy Ix:A-B:so R(S81,S2,83) x¢T

(product) FE(Nx:A.B):s;

» Derivations are trees
» Context correctness is checked on every branch



The Solution

v

Product rule and axioms might be ambiguous

» Require A and R to be functionali.e. right-unique
» R(s1, Sz, 53) becomes
s3 = R(sl, s2) :: Maybe Term

v

Computations on type level
» Require strong normalization

Contexts are checked repeatedly
» Keep track of context correctness

Weakening and Conversion rules not syntax directed
» Absorb into other rules

v

v



PTS Rules Again

./4(51,82) N-A:s xgér
MN-5s1:5 (start) Mx:AFx:A

(axiom)

rEM:B THA's x¢Tl
MNx:A-M:B

(weakening)

FA:sq Mx:A-B:s R(S1,82,S3) X¢r

-
(product) [ (Mx:A.B):ss

Lx:AEM:B TF(Mx:A.B):s x¢T
N=(Ax:A.M):(Nx:A.B)

(abstraction)

r-M:(Nx:A.B) THN:A
= MN:[N/x]B

(application)

r-M:A A=3B TFB:s
r-m:B

(conversion)



Maintaining Context Validity

N Ais xé¢rm
Fuel,x:A

(valid-nil) 7 (valid-cons)

Fre T A(st, 82)
Ny S1:9

Foel x:AeT

Van ——F A

(axiom)

M-y A:s MNx:Aky B:s R(Ss1, 82, S xé¢r
(product) A8 vt B:sp (81,82, 83) ¢

My (Mx:A.B):s;3

x:AFyM:B Try(Mx:A.B):s x¢T

(abstraction) [Fv (Ax:A.M):(Nx:A.B)

N M:(Nx:A.B) THiN:A

(application) [+, MN:[N/x]B

Fl—vtM:A A:IgB Fl—vtB:s

(conversion) FF, B




Maintaining Local Context Validity

(valid-nil) " M Ats x ¢l
Five 0 (valid-cons) T XA
, A(s1, 82) x:AcT
— e var) =2 ~=-
(aXIom) r l_lvt S1:80 ( ) [ l_/vt XA
(prOdUCt) I |—/VzAIS1 r,X:A '_Ivt B:Sg R(S1,82,S3) X ¢ I

e (Mx:A.B):s3

Fx:AbyM:B  ThHy (NMx:A.B):s x¢T

(abstraction) M e (AX:A.M):(Mx:A.B)

e M:(Mx:A.B)  ThHy N:A

(application) [ e MN:[N/X]|B

FI—/WM:A A:BB I'I—/V,B:S

(conversion) FF M.B




The Conversion Rule

r-mM:A A=3B TFB:s

(conversion) r'FM:B

MEwe M:(Mx:A.B) Thwe N:A

(application) [ e MN:[N/X]|B

FM:—»TNx:A.B TENA A=A

(application) M+ MN:[N/x]B

Notation: We write ' - M:— Afor (T - M: X A X — A)
Weak head normal form: top level is not a redex



Finally Syntax Directed

alid-nil iy r’FA:—»s «x ¢ r
(valid-nil) 0 (valid-cons) XA
. A(s1,82) X:AeTl
(axiom) ===, Van == A

N-A:—sy Ix:AFB:— s, R(S1,5,83) x¢T

(product) [F (Mx:A.B):s;

Nx:AEM:B TH(Nx:A.B):s x¢Tl

(abstraction) T (\x:A.M):(Nx:A.B)

r-M:—TMNx:A.B TENA A=A

(application) ' MN:[N/x]B




Questions
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