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1 Recap on Type Safety Using Logical Relations

Simply Typed Lambda Calculus (STLC)

Types | T z==Dbool | T — T

Terms | e := x| true | false | if e then e else e | Az : T.e | ee

Values | v := true | false | Az : 7. ¢

Evaluation contexts | E == 1] |if F theneelsee|Ee|vE

if false then e else eg — €9

Evaluations Az : T.e)v — ev/x]

_e—e
Ele] — E[¢/]

Typing contexts | ['i= o |,z : 7
I'false : bool T-false 'k true : bool T-true
[(z)=r7 Frx:mbe:nm Toab
The.r V& TFAC: T e:7 — 1y = 0P8

Typing rules
I'tey:m— 71 I'kteg:m T-app

I'Fejeg: T

I'Fe: bool I'tey: 7 T'tey: 7
I'tif e then eq else eg : 7

T-if

Theorem 1.1 (Type safety). If o« Fe: 7 and e —* €/, then €' is a value or there
exists a term €” such that ¢/ — €”.

Definition 1.2. For a term e, we define irred(e) := —3¢” (¢/ — €”) and safe(e) :=
Ve' (e »* € = (¢ is a value vV 3" (e/ — €))).



Definition 1.3. We define the value interpretation V[7] of a type T and the term
(or expression) interpretation E[T] of a type T simultaneously by induction on 7:

V[bool] := {true, false};
V[r = ] ={ z:1.e|YveV[n]elv/x] € E[m]};
Elr] = {e| Ve (e = € ANirred(e') = ¢’ € V[7])}.

Definition 1.4. We define the context interpretation G[I']| of a context T' by
induction on I*:

Gl-1 = {0}
g0,z : 7] = {yU{z — v} |y €G] Av e V[r]}.

Definition 1.5. Finally, we define I' = e : 7 := Vv € G[I'] y(e) € E[7].
Theorem 1.6 (Fundamental property). If'Fe: 7, then T |Ee:T.
Theorem 1.7. If « |=e: 7, then safe(e).

Type safety is now obtained as a corollary of the previous two theorems.
2 STLC Extended with Recursive Types

STLC with recursive types

Types | 7= ... | pa. T
Terms | e := ... |folde | unfold e
Values | v == ... |foldw
Evaluation contexts | F == ... | fold E | unfold E
Evaluations | ...+ unfold(foldv) — v

Typing contexts

Ike:7r[(pa.7)/a]
I'Hfolde : pa. T

T-fold
Typing rules
I'ke:pa.t

I'Funfold e : 7[(ua. 7/a)) T-unfold

Example 2.1. intlist = pa. 1+(int X «); bininttree = po. 1 +(int X a X «)



3 Type Safety for STLC with Recursive Types

Definition 3.1. We define value and term intpretations Vi [7] and Ei[7] indexed
by natural numbers simultaneously by induction on (k,7):

Vi[bool] := {true, false};
Vil = w] ={ z:m.e|Vj < kVveVj[n]elv/x] € Em])};
Vil 7] = {foldv | Vj < k (v € V;[r{(ua)/a]])};
Exlm] = {e | Vj < kVe (e =7 € Nirred(e)) = €' € Vi_;[7])}-
Further, we define the context interpretation Gi[I'] indexed by natural numbers
also by induction on (k,T"):

Gil=] = {0};
Gi[Dyx: 7] = {yU{z — v} |y € Gr[r] Av € Vi[r]}.

Definition 3.2. Finally, we put I' e : 7 :=Vk > 0Vy € Gi[7] v(e) € Ex[7].

Lemma 3.3 (Monotonicity lemma). If 7 is a type and k,j € N with j < k and
v € Vi[7], then v € V,[7].

Theorem 3.4 (Fundamental property). If'Fe: 7, then T |Ee:T.
Theorem 3.5. If « |=e: 7, then safe(e).

Remark 3.6. For the intlist example, we need product and sum types and a unit
type. Of course, one may extend the STLC with such types. One can extend the
value interpretations as follows:

Vi[l] == {1};
Vk[[Tl X 7'2]] = {<1)1,?}2> ’ V1 € Vk[[Tl]] N vy € Vk[[TQ]]};
Vil + 2] = {inl v | v € Vi[n]} U {inr v | v € Vi[m2]}.



