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m callcc, throw introduced last week
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Values (call-by-value)

v = x| Ax.e| callcc | throw
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CPS Transform (call-by-value)

[V]eow = Ak.k]|V||cby
lerea|coy = Ak.|e1|cby (Ax1.|€|cby (Ax2.x1x2k))
| let x be e1 in ey = Ak.|e1]chy (Ax.|€2|chy k)

[]leby = x
[[Ax.€||coy = Ax.|e|chy

|| callce ||coy = Af.Ak.fkk

|| throw ||cpy = Ac. Ak.k(Ax.Al.cx)

Note:
m ||y for terms, ||_||cv for values.
m callcc gets a function f which has k both as input and as continuation

m throw discard continuation / and continue with k
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Let |e1]cpy = AK"K'||V]|cbvs |€2]cby = AK" K" ||W]|chy-

We have:

lerea|coy = Ak.|er|cby (Ax1.]e2]cby (Ax2.x1x2k))
AR K[ ) ot KK ) (031 0K))
=5 Ak.(AK K||v]|ebv ) (Ax1.(Axz.x1x2k) | [w]| by )
=5 Ak MK K'||V]|ebv ) (Ax1.x1||w]| by k)
— g Ak (Axi.x1|[w]| oy k)| V]| cby
=g Ak V|[cov || wl[cov &
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Iv/x1V'lleov = [lIVIlcov / XTIVl cov
|[V/X]e|cbv = [”Vchv/X”e’cbv

Proof: simultaneous induction on the structure of v/, e.

v =X
= x:||lv/x]x|leov = l[vI[esv = [I[v]esv/X]1|xI|cov
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Iv/x1V'lleov = [lIVIlcov / XTIVl cov
|[V/X]e|cbv = [”Vchv/X”e’cbv

Proof: simultaneous induction on the structure of v/, e.
vi=x
— s 11v/XIxlebw = Viletw = [1[vl]eow /I XlLco
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Iv/x1V'lleov = [lIVIlcov / XTIVl cov
|[V/X]e|cbv = [”Vchv/X”e’cbv

Proof: simultaneous induction on the structure of v/, e.
vi=x
=x: [|[v/x]x||ebv = [[V]]ebw = [I[V|ebv/X]||X]]cbv
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call-by-value (modified)

Define a different call-by-value transform (cbv'), where we require
the let-bound to be a value.

So:
let x be vin e

instead of the previous

let x be ¢; in &

The new transform is given by

| let x be v in e|CbV/ = Ak. let x be HVchvl in (‘E|valk)

This is the only difference between cbv and cbv’



CPS commutes with substitution (cbv’)

The previous lemma also holds for cbv':

1v/ X1V ebv = llvilew /XU1V ey

[[v/xXleleov = [[[vI]cbv/x][€]cbv
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Values in call by name:

n:= Ax.e| callcc | throw

e = Ak o

|X|cbn =X

|eleZ|cbn = /\k-|el|cbn(/\X1~X1|e2|cbnk)
| let x be e in &|wn = Ak. let x be |e1|csn in (|€2]conk)
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CPS tranforms (call-by-name)

Values in call by name:

n:= Ax.e| callcc | throw

e = Ak o

|X|cbn =X

|eleZ|cbn = /\k-|el|cbn()\X1~X1|e2|cbnk)
| let x be e in &|wn = Ak. let x be |e1|csn in (|€2]conk)

[|Ax.€||con = Ax.|€|con
|| callce ||aon = AF MK F(AF £/ (ALIK)K)
[| throw ||con = Ac. Ak k(Ax.A.c(Ac” . x(Ax".c'x")))

m Note the difference with the cbv definitions of callcc, throw
m || callcc ||y = A Mk .fkk
m || throw ||y = Ac. Ak .k(Ax.Al.cx)



CPS commutes with substitution (cbn)

Lemma

[Ile/x]nllcon = [l€lcon/X][nl|con

[e/x]€'|con = [I€lcon/x] €'l con
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Plotkin and Griffin

Plotkin: relation between call-by-value/call-by-name CPS transform and
operational semantics of call-by-value/call-by-name for pure A-terms

Griffin: extended this relation to CPS primitives for the call-by-value case

Theorem (Plotkin,Griffin)

The closed expression e evaluates to v under call-by-value iff
le|cby (Ax.x) evaluates to ||v||cp, under either call-by-value or
call-by-name
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Simple Type Assignment

Definition: A~ Types and Contexts

types: Ti=b| T — 7
contexts: [ :=e | [, x:7T

Where
m b is a base type

m There is a « in b which represents the “answer” type of a
CPS transform.



Typing Rules for A\~

MNe-x: r(X) (VAR)
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Typing Rules for A~

Mx:mnke:m
MNe-x: r(X) (VAR) WH%Z(X g dOm(r)) (aBS)

e :n Mx:nke:T

le:m—r lN+e:n
' let xbee ine: T

l+ee:T

(MONO-LET)

(app)

The type system A\~ + cont is defined by adding the type expression 7 cont
and the following typing rules for the continuation-passing primitives:

Ik callcc : (7 cont — 7) — T (carrce) I throw : 7 cont — 7 — 7' (tirow)



Type Transform for A~ (call-by-value)

Tlebv = (lI7llety = @) =
[|b]|ctw = b
[|71 = 72|leov = |IT1||eby = |T2]cr

= lInllev = (I72llév = @) =
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Type Transform for A~ (call-by-value)

Tlebv = (lI7llety = @) =
[|b||cov = b
||7'1 — 7'2||cbv = ||T1chv — |Tz|cbv

= lInllev = (I72llév = @) =

Extend to contexts by defining ||I'||cov(x) = [|T(X)||cov for each x € dom(T)

Theorem
m If T v:7, then ||[|[cv F ||V]|eov : ||7]|cov
m If [ e:7, then ||T||cov b |€|cby : |T|chy
The call-by-value transform is extended to A~ + cont by defining

[|7 cont ||cow = ||T]|cov — @
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[7lebn = ([[Tlctn = @) = @

[1bl[con = b

||Tl — 7'2||cbn = |7'l|cbn — |T2|cbn
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Type Transform for A\~ (call-by-name)

[7lebn = ([[Tlctn = @) = @

[1bl[con = b

||Tl — 7'2||cbn = |7'l|cbn — |T2|cbn

Extend to contexts by defining |I|csn(x) = |[(x)|cbn for each x € dom(I")

Theorem
m If T n:7, then |Flesn B ||| con 2 ||7]]con
m If [ e:7, then |[|eon b |€]ctn 1 [T|cbn
The call-by-name transform is extended to A™ + cont by defining

[|7 cont ||con = ||7||ctn —
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