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Introduction

This section gives an overview of inductive definitions and their
rules in Coq:

m Inductive definitions and their typing/correctness rules
m Template polymorphism on inductive definitions
m Destructors of inductive definitions
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Inductive Definitions
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Notation

Ind [p] (I'} := T¢), where:
m p: number of parameters
m [;: types of the inductive types, "type constructors”

m [ ¢: types of the constructors of the inductive types, "value
constructors”

Example of parameterized lists:

) _ nil @ VA:Set, list A
Ind [1] (“ISt  Set — Set] = [ cons : VA:Set, A —list A—list A ])

Inductive list (A:Set) : Set :=
| nil : list A
| cons : A —> list A -> list A.
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Inductive Definitions
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Example 2

even : nat— Pro eveng : even 0
Ind [0] |: odd nat Prop :| = eveng : Vn, odd n — even (S n)
) P odds : Vn, even n — odd (S n)

Inductive even : nat -> Prop :=
| even_0 : even O

| even_S : forall n, odd n -> even (S n)
with odd : nat -> Prop :=

| odd_S :forall n, even n —> odd (S n).
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Inductive Definitions
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Arity of sort

"A type T is an arity of sort s if it converts to the sort s
or to a product Vx : T.U with U an arity of sort s.” (p.

211)

VA : Prop.A — Prop, is an arity of sort Prop.
Set, is an arity of sort Set
A — B — Set, is an arity of sort Set.
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Inductive Definitions
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Arity

Any type is an arity if there is a sort s, for which it is an arity of
sort s.

So, A— B — Set is an arity, but A — B is not.
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Inductive Definitions
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Positivity

m Condition used to prevent logical contradiction caused by
inductive definitions

m By preventing the type constructors from being used in a
wrong way in the value constructors
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Inductive Definitions
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Three definitions for a type T (all in regards to a term X):
Positivity condition
m 7 =X t1...t, and X does not occur freely in t;
m T =Vx:U,V, where U is strictly positive and V satisfies the
positivity condition
Strict positivity
m X does not occur in T
m T converts to X ty...t, and X does not occur in t;
m T converts to Vx : U, V and X does not occur in U and
strictly positively in V
m T convertsto / ay...am t1...t,, where | is inductive with m
parameters and X does not occur in t; and the (instantiated)
types of constructors of / satisfy nested positivity.
Nested positivity
m T =(/by...by ur...up, |is an inductive type with m

parameters and X does not occur in u;
B T =Vx: U,V and U strictly positive and V nested positive
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Inductive Definitions
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Correctness Rule

Let E be a global environment and I',, I';, T be contexts such that T'; is [I; : VT p, Ay; .5 I, : VI p, A, ],
and T is [¢y : VT p,Cy; .. ¢, : VT'p,C,]. Then

‘W-Ind
Wf(E)[FP] (E[FﬁFP] =Gy sq,)izl n
WF(E; Ind [p](T; = T¢))]]

provided that the following side conditions hold:
e k> 0and all of I; and ¢; are distinct names for j = 1.k and i = 1...n,
« p is the number of parameters of Ind [p] (I'; := I') and ['p is the context of parameters,
o for j = 1.k we have that A; is an arity of sort s; and I; ¢ E,

e fori=1..n we have that C; is a type of constructor of I,, which satisfies the positivity condition for
I,..I and ¢; ¢ E.

One can remark that there is a constraint between the sort of the arity of the inductive type and the sort
of the type of its constructors which will always be satisfied for the impredicative sorts SProp and Prop but
may fail to define inductive type on sort Set and generate constraints between universes for inductive types
in the Type hierarchy.
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Inductive Definitions
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Examples!

Switch to the editor, with the example Coq file! :)
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Template Polymorphism
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Template Polymorphism

m Inductive types, polymorphic over Sort

m Used when arity is in Type hierarchy
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Template Polymorphism
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Example

Inductive option (A:Type) : Type :=
| None : option A
| Some : A -> option A.

m Should be able to package terms of any sort. E.g. Type(1),
Set, Prop, etc.

m Should return the lowest applicable sort, not just Type
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Template Polymorphism
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Example

For example, if a : Set then option a should be in Set as well.

This way a function of type Set —-> Set that can take a value like
2, can also take a value like Some 2.
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Template Polymorphism
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Typing rule

m If Ais an arity of some sort, A/s is A with its sort replaced by
the sort s.

m We have r recursively uniform parameters. These are the
same in all occurrences of /; in all constructors, even in the
hypotheses.

m The sorts s; are are introduced by the inductive declaration
and allow all eliminations.

Ind [p](T'; := T)€EE

(E[] - Ql/’ Py

(E[] = Pl SB(SLCT] Pl{pu/Qu}uzl...lfl)lzl...r
1<7<k

E[] -

I]' qp---q; ¢ v[prJrl : Pr+1; 3 Dyt Pp]’ (Af)/Sj
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Template Polymorphism
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Examples

Check (fun A:Type => option A).
fun A : Type => option A
: Type -> Type

Check (fun A:Set => option A).
fun A : Set => option A
: Set -> Set

Check (fun A:Prop => option A).

fun A : Prop => option A
: Prop -> Set
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Destructors
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Introduction

m Basic Question: How to use inductive types

m Want to retain strong normalization = primitive recursion

m Several possible ways to go about this, in Coq the problem is
factorized into:

m pattern matching
m recursion with guarded fixpoints
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Pattern Matching
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Pattern matching construct

Concrete syntax:

match m as x in [ _ a return P with
| (Cl X11 - - .X1p1) = fl

| (¢n Xn1 - Xnp,) = fn
end
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Pattern Matching
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Pattern matching construct

Concrete syntax:

match m as x in / _ a return P with

Z;‘Tkm | (a1 x11-..x1p,) = F
' |
e_? .F/ e
(foo Ba\r\ | (Cn Xn1 - - Xnp,) = fa

end
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Pattern Matching
0®0000000

Pattern matching construct

Concrete syntax:

match m as x in / _ a return P with

Z;‘Tkm | (a1 x11-..x1p,) = F
' |
e_? .F/ e
(foo Ba\r\ | (Cn Xn1 - - Xnp,) = fa

end
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Pattern Matching
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Pattern matching construct

Concrete syntax:

f—‘-\"”'JE- cons Prackov

match m as x in [ _ f_ﬁfs-:%}fn P with
Z—‘:’“Tk"‘")/ P e ben (C]_ X11...X1p1):>f1

e_? .F/ e
(foo Ba\r\ | (Cn Xn1 - - Xnp,) = fa

end
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Pattern Matching
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Pattern matching construct

Concrete syntax:
— -\—v"je. cons racko
match m as x in / _ a return P with

[
Z—;“Tk"""/ L‘Pm ‘(C]_ X11...X1p1):>f1
ey £, | ...
(o 637) | (Cn Xn1 ... Xnp,) = fn
end predicite to be
elimalked (miy depewd
AN x)
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Pattern Matching
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Pattern matching construct

Concrete syntax:

/—-.\-TPL (‘GV\SH\'\W CUM-SH\'\CHH’
match m as x in [ _ 2 return P with ( 20
- o LpSinds | [ (a X1 xap) = fy
e Bt
(foo Baa | (€n Xn1- . Xnp,) = fo
end predicire. o be
elimalked (may depewd
AN x)
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Pattern Matching
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Pattern matching construct

Concrete syntax:

match m as x in [ _ a return P with
| (Cl X11 . - 'X1P1) = f1

| (¢n Xn1 - - Xnp,) = fn
end

Abstract syntax:

case (m,(Aax.P),Ax11...x1p;-fi| ... |[AXn1 ... Xnp,-n)
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Pattern Matching
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Allowed Elimination sorts

m We can't let Prop eliminate to Set, because this would mean
doing a case analysis over a non-computational object

m Elimination from Prop to Type is also excluded, since it is a
supertype of Set.

m Singleton or Empty types are exempt

G.C. Alexandru, Jochem Raat
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Pattern Matching
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Allowed Elimination sorts

Explanation of the stated rules:

Prod
(7 2): 4'1B)
[I:Vao: A, AV A, B
Set & Type
s, € {Set, Type(j)} s, €8
[+ sy [1 = sy)
Prop

s € {SProp, Prop}
[T : Prop|I — s]

G.C. Alexandru, Jochem Raat
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Pattern Matching
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Allowed Elimination sorts

Explanation of the stated rules:

Prod
() 413)
L% Mgz 4 7)
Set & Type lmm Pk 3L ﬁﬂ)c Mires B By
(Mste.: T thoutld hart.
s; € {Set, Type(j)} 5, €8 =
[£:s1[1 = s5) &(ﬁ,&) Py,qﬂoﬁtd)
St Mh.q(’vl'[‘
Prop o‘ef%r) on Her)
s € {SProp, Prop}
1

1“P is a predicate over n+ 1 arguments: The n first ones correspond to the
arguments [indices] of [the type constructor]”
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Pattern Matching
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Allowed Elimination sorts

Explanation of the stated rules:

Prod
() 413)
L% Mgz 4 7)
Set & Type lmm Pk 3L ﬁﬂ)c Mires B By
(Mste.: T thoutld hart.
s; € {Set, Type(j)} 5, €8 =
[L: 111 — s, &(ﬁ,&) Py,qﬂoﬁtd)
St Mh.q(’vl'[‘
Prop o‘ef%r) on Her)
s € {SProp, Prop}
1

1“P is a predicate over n+ 1 arguments [...] the last one corresponds to
object m "
G.C. Alexandru, Jochem Raat
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Pattern Matching
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Allowed Elimination sorts

Explanation of the stated rules:
Prod

(T 2): A'|B]

[[:Vx: A A'lyx: A, B
|

Set & Type entre. Pt L {’Wc Mifees B0 >
et Type()} s (Mote,: T should hare
s, € {Set, Type(j) 8, € BTN
[ s 1 — s3] PQ’——[ )P“*”‘PPF‘CH/
Sce er-u)[*vl'li
Frop spac. Gonk depond o Yt
corste for Posp s € {SProp, Prop}
[T : Prop|I — s]
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Pattern Matching
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Typing Branches of a case expression

Explanation of the stated rules:

{e:(Iq..q t..t)}F
{e:Vz: T, CYF

(Pty.. t,c)
Vo T, {(cx): C}F
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Pattern Matching
000008000

Typing Branches of a case expression

Explanation of the stated rules:

ba v Cag P
{e:(Iqq..q.t;...1)} =(Pty.. 1, c)
c:Vx: T, C}F =vz:T, {(cz): C}F

lcompare base case of Def. type of constructor
G.C. Alexandru, Jochem Raat
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Pattern Matching
000008000

Typing Branches of a case expression

Explanation of the stated rules:

ba v Cag P
{e:(Iqq..q.t;...1)} =(Pty.. 1, c)
c:Vx: T, C}F =vz:T, {(cz): C}F

compare inductive case of Def. type of constructor
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Pattern Matching
000000800

Example

Dependent Elimination

Inductive vect (A
| vnil : vect A O
| vcons (a : A) {n} (v

: Set) : nat -> Set

: vect An) : vect A (S n).

Fixpoint concat_vectO {A} {n m} (l:vect A n) (r:vect A m) {struct 1}
vect A (n + m) :=
match 1 as x in vect
| vnil _ => r

| vcons _
end.

n return vect A (n + m) with
a l' => vcons A a (concat_vectl 1' r)

P :¥(n:N),V(_: vect A n),vect A (n+ m)

G.C. Alexandru, Jochem Raat
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Pattern Matching
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Translation

{(vnil N)}* = {(vnil N) : (vect A 0)}"
=P 0 (vnil A0) = vect A (0+ m)
{(vcons N)}P = {(vcons N) : (V(a: A),¥(v : vect A n), vect A (S n))}’

=V(a: A),{(vcons N a) : (V(v : vect A n),(vect A (S n)))}"
=V(a: A),Y(v: vect A n),{(vcons N a v) : (vect A (S n))}*
=V(a: A),V¥(v: vect An),P (S n) (vect A (S n))

=V(a: A),¥(v: vect A n),vect A ((S n)+ m)

G.C. Alexandru, Jochem Raat

Coq Manual (Section 4.4.5)



Pattern Matching
00000000e

Putting it all together

ET|Fe: (I qp..q ty..t,)

ET|FP:B

(1 qy---q,)| B]

(BT f; {(Cpl G} )ici
EIT]F case(c, P, fil--1fy) * (P 1, 0)
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Pattern Matching
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Putting it all together

PavamS

Gind bo {E (I, )
19 emftfren F P B S [ micen
[(I QL -4,)|B]

(E[r]'_fi:{(c q1-+-4y) }P)z 1.1
E[T| - case(e, P, f,]-- \jz) (P ty..t, )
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Putting it all together

PavamS

Gind bo {E (I, )
19 emftfren F P B S [ micen
[(I QL -4,)|B]

(E[r]'_fi:{(c q1-+-4y) }P)z 1.1
E[T| - case(e, P, f,]-- \jz) (P ty..t, )
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Pattern Matching
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Putting it all together

pW«S
6imd o {E 1G7, by ty)
wenblen L B+ P B %/Né'«ce})

[(I QL -4,)|B]
(B[T]F f; {(C q1---Gy) } Ji-1.. 17
E[l'] b case(c, P, f].. Uz (P ty.t, c) Chede Ak Granchen
well- +7pec)
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Guarded Fixpoints
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Concrete Syntax:
fix (1) : A1 := tg with...with f,(T,) : A, == t,, for f;
Abstract Syntax:
Fix i{f{ : Al =t;...f): A =t}

The typing rule is the expected one for a fixpoint.
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Guarded Fixpoints
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Normalization

m Non-normalizing terms allow proofs of absurdity

m Allow only primitive recursion?

m More precisely: “One of the arguments belongs to an
inductive type, the function starts with a case analysis and
recursive calls are done on variables coming from patterns
representing subterms”

2well-founded recursion with Program Fixpoint tactic
G.C. Alexandru, Jochem Raat
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https://coq.inria.fr/refman/addendum/program.html#program-fixpoint

Guarded Fixpoints
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Extended Abstract Syntax

Fix i{fi/ki: A1 :=t1...fo/kn: Ap:=tn}

m side conditions: A; <gs.cpy Vy1 : B1,...Vyn: By, n 2> ki, By,
an inductive type.

m “In the definition t;, if f; occurs then the k;th argument
should be structurally smaller than y; "

m read: The argument meant to be decreasing in a recursive call
should be a (nested) subterm of the original argument

3it is still £ : A;, k; is just an index
G.C. Alexandru, Jochem Raat
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Guarded Fixpoints
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Recursive Arguments

Ind[r](T/:=T¢), c:Vp1: P1,...Vpr : Pr,Vxa: T1o. . VXm: Ty (lipr.. . prtr...ts)

Recursive arguments: J, /; occurs in T;
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Guarded Fixpoints
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Subterm

Fixpoint add (n m:nat) {struct n} : nat :=
match n with

| 0 =>m
| Sp=>8 (add p m)
end.

Source: https://coq.inriafr/refman/language/gallina-specification-language.html#-coq:cmd. fixpoint
“case(c,P,fi...p) [...] cisy [...] the variables y; occuring in g;
corresponding to recursive arguments B; are structurally smaller
than y”
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Guarded Fixpoints
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Deeper subterm

Fixpoint mod2 (n:nat) : nat :=
match n with

| 0=>0

| S p => match p with
| 0=>80
| S q =>mod2 q
end

end.

Source: https://coq.inria.fr/refman/language/gallina-specification-language.html#coq:cmd.fixpoint
“case(c,P,fi...n) [...] cis[...] structurally smaller than y [...]
the variables y; occuring in g; corresponding to recursive
arguments B; are structurally smaller than y”
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Compositionality

Guarded Fixpoints
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ROBDD(false) = 0, ROBDDtrue) =
1,
ROBDD(p) = ’Q{

1 0
ROBDD(~¢) = ROBDD(é — false)

ROBDD(¢ o)) = o RoOP “‘M
apply( ROBDD(¢), ROBDD(1)), o)
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Guarded Fixpoints
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Reduction

The expected one for fixpoints.
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