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Syntax Typing
b = booleans: (T-VAR)
true true I, x:T,LFx:T
false false - (T-BooL)
t on= terms: T'+b : Bool
X variable | T + t; : Bool Tt :T THt3:T
b boolean I'+ift; thentyelset3: T
iftthentelset conditional (T-IF)
Ax:T.t abstraction ILx:TiFt: T
tt application T T — Tt Ti—T (T-ABS)
T o= types:
Bool booleans 'ty : Tu—-T I'-t2:Tn (T-ApP)
T-T type of functions FEtite T
I u= contexts:
(%) empty context
I, x:T term variable binding
L 1
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Lemma [Exchange]

Fl, X1:T1, X2:T2, LEt: T
M, 0 : Ty, xy:Tq, ToF¢t:T

Lemma [Weakening]

M, IoEt:T
M1, x:T, ToFt:T

Lemma [Contraction]

Fl, X23T1, X3IT1,r2|—tZT2
Fl, X1 - Tl, > F [X2 — X1][X3 — Xl]t : Ty
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unrestricted (E,W,C)
Lemma [Exchange]

rl,XliTl,XziTz,rzl—tiT /\

affine (E;W) relevant (E,C)
M, 0 : Ty, xy:Tq, ToF¢t:T

~_

Lemma [Weakening] linear (E)

M, IoEt:T
M1, x:T, ToFt:T

ordered (none)

Lemma [Contraction]

Fl, X23T1, X3IT1,r2|—tZT2
Fl, X1 - Tl, > F [X2 — X1][X3 — Xl]t : Ty
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Introduction

Typi r=t:T
Lemma [Ex v | |
—_— (T-VAR)

I, x:T,h -x:T

M, x : T1, x0: To, Tot:T a—" (T-BooL)
M, 0 : Ty, xy:Tq, ToF¢t:T Tt :Bool Trtp:T Trt3:T
I'-ift) thentrelset3: T
(T-IF)
Ix:Ty -t 0 T
B L (T-ABS)
THAX:T .t : T1—T2
'ty : Ti1—Ti2 'ty : Ty (T-App)
'ttt T2
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Syntax

q =
Tin
un

b =
true
false

t =
X
qb
if tthentelset
q<t,t>

qualifiers:
linear

unrestricted p

booleans:
true
false

terms: T

variable

boolean r

conditional
pair

splittasx,yint split
qAx:T.t abstraction
tt application
pretypes:

Bool booleans
T* pairs
T-T functions
types:

qP qualified pretype
contexts:

%] empty context
I,x:T term variable binding
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Further requirements:
@ A linear variable can only be used once.
® An unresricted data structure cannot contain a linear data
structure.
© Examples of mistakes:

® (\z.\y. < free z, free y >)x x.
® let z=un<x,3> in

split z as xi,- in

split z as xp,_ in

< free xi,free xp >
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Solution: context splitting

Context Split r=nhoh =Nl (M-LIN1)

B=QoQ (M-EMPTY) I,x:1inP = (I, x:1inP) oI
= I'=T0L
IT'=ToD MUN) _ 1012 _ (M-LIN2)
T, x:unP = (I}, x:un P) o (I2, x:un P) I,x:1inP =TI o (I, x:1in P)

Mirja van de Pol & Els Hoekstra 26 November 20 Lineair substructural type system 8/15



Radboud University Nijmegen %

Typing

Typing Lt T L-t:T,
un (Iy, I2) q(™)  q(T) (T-PAIR)
X T hex T (TVAR) | T, - g <ty, to> : q (T1%T2)
,x:T,-x:T 1elaaq<ty, > q (™l . . .
un (I) Tt 2 g (Th*T) Typing of lineair
7“_‘“) =g Bool (T-BooL) L, x:Ty,y:To-t2 T (s ) b I
: -SPLIT;
Tiolb+splittiasx,yint2: T su StrUCtUra
T +t; : qBool o
Drta:T DLrt3:T q(T ILxiTi -t i T .
s 213 (T8 T EfE e (T-ABS) type System.
Molb+ift) thentyelset3 : T qAXiTi.t2 2 qTi—T2
it :qT—T2 Lt T (T-AP)
Telo k-1t t2 : Ti2
L 1
Typing Tt:T
—_——— (T-VAR)
I, x:T,LFx:T
_— (T-BooL)
T+b:Bool .
Typing of
T+t : Bool Tt : T I'-t3:T
I'-ift) thentzelset3: T Symply typed
(T-IF)
LxiTi-t i T lambda calculus.
— (T-ABS)
I'-Ax:Ty.tp : T1—-T>
Tt :T—-T Tt T
1 11 12 2 11 (T-APP)
I't1t2 : T2
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Typing -t :Ty LE-t:T2
_untnl) M, I2) a) a2 (T-PAIR)
I,x:T,LFx:T (T-VAR) Tolb -qg<ty,t>:q (T1*T2) i . .
un (1) Tkt 1 g (T1*T2) Typing of lineair

(T-BooL) o, x:Ty,y:To-t2: T
Tiolb+splittiasx,yint : T

Traqb : qBool seum sybstructural
T + 1ty : qBool

; - . - ql) TI,xtTiFt: T

LEte: T Drt3:T (T1p) —_— 2 2 (T-ABS) type System.
Mol ift) thentyelsets : T TraAx:Ti.tz 1 qTi-Te

Nt :qTu—Te Dhrt:Ty

Lokt t2: T2

® g(T)ifandonly if T=¢ P and g C ¢
® q(IN) if and only if (x:T) € T implies q(T)

(T-App)

Mirja van de Pol & Els Hoekstra 26 November 2 Lineair substructural type system 10 / 15




Radboud University Nijmegen %

Typing

Typing Lt T L-t:T,
un (Iy, I2) q(™)  q(T) (T-PAIR)
X T hex T (TVAR) | T, - g <ty, to> : q (T1%T2)
,x:T,-x:T 1elaaq<ty, > q (™l . . .
un (I) Tt 2 g (Th*T) Typing of lineair
7“_‘“) =g Bool (T-BooL) L, x:Ty,y:To-t2 T (s ) b I
: -SPLIT;
Tiolb+splittiasx,yint2: T su StrUCtUra
T +t; : qBool o
Drta:T DLrt3:T q(T ILxiTi -t i T .
s 213 (T8 T EfE e (T-ABS) type System.
Molb+ift) thentyelset3 : T qAXiTi.t2 2 qTi—T2
it :qT—T2 Lt T (T-AP)
Telo k-1t t2 : Ti2
L 1
Typing Tt:T
—_——— (T-VAR)
I, x:T,LFx:T
_— (T-BooL)
T+b:Bool .
Typing of
T+t : Bool Tt : T I'-t3:T
I'-ift) thentzelset3: T Symply typed
(T-IF)
LxiTi-t i T lambda calculus.
— (T-ABS)
I'-Ax:Ty.tp : T1—-T>
Tt :T—-T Tt T
1 11 12 2 11 (T-APP)
I't1t2 : T2
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Lemma [Exchange]

M, x1:T1, 0 :Tp, ToFt:T
Fl, X2:T2, X12T1, [oFt:T

Lemma [Unrestricted Weakening]

FrEt:T
L xg:un PiEt:T

Lemma [Unrestricted Contraction]

I, X0 :un Py, x3:un Py Ht: T3
I, x1:un P1kF [x2 = xi][x3 — x1]t : T3
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Algorithmic Type Checking

Algorithmic Typing Tintt:T;Tou -t g (Ti*T2) ;0

I, x:un P, T2 - x : un P;T, x:un P, Tz T xiTLyiTe - T2 1 T30 (A-SPLIT)
(A-UVAR) I +splittiasx,yinty :
I, x:19in P, T - x : 1in P31, T (A-LVAR) Tl = (x: Ty, y:T2)
T'tqb:qBool;l (A-Boor) g=un =T =T + (x:T})
N, x:Ty -1t Ty
IN-qAx:Ti .tz 1 qTi—T2; + (x:T1)
— (A-IF) (A-ABS)
I - ift; then ty else t3 : T;T:
LU Then T else B ’ Nt iqTn—Ti;h DFt2: Tl
firos T(l-rl-)2 1'3(; ;Z Tl NEtte: Tisly
Sk S (A-PAIR) (A-App)
N -g<ty,te> 1 q (T*T2);03

r+o=r
Nn+h =03 (x:1inP) ¢T3
I+ (Ip,x:1inP) =13

I - t1 : qBool;I2
-t Tl -ty :T0

n+h=I03 I3 =I4, x:un P, I5
O+ @, x:unP) =T, T Extra notation:

o ikt Tl our
® Difference in context: 1 ~T> =13

Mirja van de Pol & Els Hoekstra 26 November 2 Lineair substructural type system 13 / 15




Radboud University Nijmegen &

Completeness & Soundness

Completeness & Soundness

1.2.8

1.2.9

1.2.10

Mirja van de Pol & Els Hoekstra 26 November 2

LEMMA [ALGORITHMIC MONOTONICITY]: If I' = t : T;I” then U(I") = U(T)
and L(I') € L(T').

LEMMA [ALGORITHMIC EXCHANGE]|: If I}, x1:Ty, X2:T2, I = t : T;I3 then
I, X2:T2, X1: Ty, [2 + t @ T;T5 and I3 is the same as I3 up to transposition of
the bindings for x; and x>.

LEMMA [ALGORITHMIC WEAKENING]|: If T + t : T;I" then T, x:T" +~ t : T;
I, x:T.

LEMMA [ALGORITHMIC LINEAR STRENGTHENING]: If I, x:1inP + t : T;
I"',x:TinPthenT +— t : T;T".

THEOREM [ALGORITHMIC SOUNDNESS]: If I} +~ t : T;I> and £(I3) = @ then
hFt:T.

THEOREM [ALGORITHMIC COMPLETENESS]: If I} ~ t : TthenI} + t : T;I
and L(I2) = @.
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Are there any questions?

Mirja van de Pol & Els Hoekstra

26 November 2

Radboud University Nijme

Lineair substructural type system

&

/CrTe™

%

15 / 15



	Introduction
	Syntax
	Typing
	Algorithmic Type Checking
	Completeness & Soundness
	

