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What is type safety?

Informally:
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What is type safety?

Informally:
» Well-typed programs do not “go wrong".
> If a term is well-typed, then it won't get stuck.

For the simply typed lambda calculus:
Type safety: If - e: 7 and e =* €, then Val(e’) or 3e”.¢’ — €”

T :=bool | T1 — T
e i=x | true | false | if e; then ey else e3 | Ax : T.e | e1&2

v :=true | false | Ax : T.e
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What is type safety?

Informally:
» Well-typed programs do not “go wrong".
> If a term is well-typed, then it won't get stuck.

For the simply typed lambda calculus:
Type safety: If - e: 7 and e =* €, then Val(e’) or 3e”.¢’ — €”

T :=bool | T1 — T
e i=x | true | false | if e; then ey else e3 | Ax : T.e | e1&2

v :=true | false | Ax : T.e

Examples of stuck terms: true false, false (Ax : bool.x), ...
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The classical treatment

Type safety: If -+ e: 7 and e —»* €, then Val(e’) or Je".¢/ — €”.
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The classical treatment

Type safety: If -+ e: 7 and e —* €, then Val(€') or Je”.¢' — €”.

Progress: If - e : 7, then Val(e) or 3e'.e — €.

Preservation: If -+e:7and e — €, then - F¢&' : 7.

3/23



Logical predicates

A logical predicate is a proof method for proving program
properties. Usual notation: P;(e), “e: 7 has property P".
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Proof of type safety in two phases:
(A) If e is well-typed, then it belongs to the logical predicate:

‘Fe:T= P:(e)



Logical predicates

A logical predicate is a proof method for proving program
properties. Usual notation: P;(e), “e: 7 has property P".

Proof of type safety in two phases:
(A) If e is well-typed, then it belongs to the logical predicate:

‘Fe:T= P:(e)
(B) If e belongs to the logical predicate, then e is type safe:
P;(e) = safe(e)

where safe(e) = Ve'.e »* & = Val(¢') v 3. — €".
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Logical predicates

(A) -Fe:7= P(e)
(B) P-(e) = safe(e)

How do we construct P;(e) such that we can prove this?
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How do we construct P;(e) such that we can prove this?

We want the following things to hold true for expressions e in the
logical predicate P,(e):

(1) The expression has the property we are interested in.
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Logical predicates

(A) -Fe:7= P(e)
(B) Pr(e) = safe(e)

How do we construct P;(e) such that we can prove this?

We want the following things to hold true for expressions e in the
logical predicate P,(e):

(1) The expression has the property we are interested in.

(2) The property of interest is preserved by elimination forms.

FFe1:71—>72 FF62:71
r|—6162:T2

Aprp
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Value and expression interpretation

(A) -Fe:7= P(e)
(B) Pr(e) = safe(e)

We define the logical predicate P(e) in two parts: a value
interpretation V[—] and an expression interpretation E[—].
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Value and expression interpretation

(A) -Fe:7= P(e)
(B) Pr(e) = safe(e)

We define the logical predicate P(e) in two parts: a value
interpretation V[—] and an expression interpretation E[—].

Value interpretation:

V[bool] = {true, false}
V[r1 — m] = {\x:m.e|Vv e V[ri].e[v/x] € E[r2]}
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Value and expression interpretation
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(A) -Fe:7= P(e)
(B) Pr(e) = safe(e)

We define the logical predicate P(e) in two parts: a value
interpretation V[—] and an expression interpretation E[—].

Value interpretation:

V[bool] = {true, false}
V[r1 — m] = {\x:m.e|Vv e V[ri].e[v/x] € E[r2]}

Expression interpretation:
E[r] = {e|Ve'.e =* € Nirred(e') = €' € V[r]}

where irred(e) = Pe’.e — €.



Proof structure

(A) ‘Fe:T=ee ][]
(B) e € &[] = safe(e)

Proof of (A) by induction on the typing derivation.

However, this gives a problem for the case ABS:

x:mmbe:m
‘FXx:m.e:m — 1

ABs

For part (A), we need to close off our term e.
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Environment interpretation

(A) -Fe:T=ec 7]
(B) e € &[] = safe(e)

Environment interpretation: What are the sets of good
substitutions that we can use to close off our term e?
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Environment interpretation

(A) -Fe:T=ec 7]
(B) e € &[] = safe(e)

Environment interpretation: What are the sets of good
substitutions that we can use to close off our term e?

gl ={0}
Gy, x: 1) ={y[x—=v] | vy gl AveV[r]}

Semantic type safety:

FNee:7 :=VYyeg[ln(e) € &[]
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Proof structure

Proof structure:

(A) The fundamental property: If e is syntactically
well-typed, then e is semantically well-typed:

lFe:T=TFe:T
(B) If e is semantically well-typed, then e is type safe:

-E e: T = safe(e)
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Proof of part B

[ (B) -Ee: 7= safe(e)

Definition of safe(e):

safe(e) := Ve'.e =" & = Val(¢') vIe".e — €
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Proof of part B

[ (B) -Ee: 7= safe(e)

Definition of safe(e):

safe(e) := Ve'.e =" & = Val(¢') vIe".e — €

» Suppose e —* e
» We need to show Val(e1) V Jez.e1 — e
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Proof of part B

[ (B) -Ee: 7= safe(e)

Definition of safe(e):
safe(e) := Ve'.e =" & = Val(¢') vIe".e — €

» Suppose e —* e
» We need to show Val(e1) V Jez.e1 — e
» Case distinction: irred(e1) V —irred(er)
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Proof of part B

[ (B) -Ee: 7= safe(e)

Definition of safe(e):
safe(e) := Ve'.e =" & = Val(¢') vIe".e — €

» Suppose e —* e

» We need to show Val(e1) V Jez.e1 — e

» Case distinction: irred(e1) V —irred(er)
Definition of irred(e):

irred(e) = fle’.e = €
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Proof of part B

(B) - Fe: 7 = safe(e)

» Suppose —irred(e;)
> Then —~(Per.e; — &) = Jer.e; — &
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Proof of part B

(B) - Fe: 7 = safe(e)

» Suppose —irred(e;)
> Then —~(Per.e; — &) = Jer.e; — &
» Hence Val(e;) Vder.e; — e

» Suppose irred(e;) = fler.e1 — e

» Then fer.e1 — &
» By assumption we know - F e : T

Definition of semantic type safety:

Fee:7 :=VYyeg[ln(e) € &[]
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Proof of part B

[ (B) -Ee: 7= safe(e)

» Suppose irred(e;) = fler.e1 — e
» Then fer.e1 — &
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> So, by semantic type safety, e € £[[7]
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Proof of part B

[ (B) -Ee: 7= safe(e)

» Suppose irred(e;) = fler.e1 — e
» Then fer.e1 — &
» By assumption we know - F e : T
> So, by semantic type safety, e € £[[7]

Definition of £[7]:
E[r] = {e|Ve'.e =* € Nirred(e') = €' € V[r]}
» SoVe'.e =»* ¢ Airred(e') = € € V[7]

» Then e; € V[7], hence Val(e;) V Jer.e1 — &
» Hence safe(e)
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Proof of part A

The fundamental property

(A)TFe:T—>TEe:T

> To prove part A we need a helpful lemma called the
Substitution Lemma

13 /23



Substitution Lemma

> Let e be a syntactically well-typed form
> Let v be a closed value
P> Let v be a substitution that maps variables to closed values
> Let x be a variable not in the domain of ~
Then:
VIx = vl(e) = y(e)lv/x]
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Substitution Lemma

[ e v = Heiv

Definition of subsitution:
De)=ce

Vx = vi(e) = v(elv/x])
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Substitution Lemma

[ e ) =

Definition of subsitution:
De)=ce

Vx = v(e) = y(elv/x])
By induction on the size 7.

> =0
[x — v]e = e[v/x]
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Substitution Lemma

[ e v = HEi7

> v =9ly= V] (x#y):
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Substitution Lemma

[ e v = HEi7

> v =9y = V] (x#y):
IH: 7'[x = v](e) = +'(e)[v/x]

Y[x = vle =4[y — V][x = v]e
= [x—=Vv]ly — V]e
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Substitution Lemma

[ e ) =

> v =9y = V] (x#y):
IH: 7'[x = v](e) = +'(e)[v/x]

Y[x = vle =4[y — V][x = v]e
— s vlly o Ve
=[x = vl(e[v'/¥])
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Substitution Lemma

[ e ) =

> v =9y = V] (x#y):
IH: 7/[x — v](e) = ~'(e)[v/x]
Y[x = vle =4[y — V][x = v]e
=7 [x = v]ly = v]e
=[x = v](elv'/y])
o (elv' /yDIv/A]

16 /23



Substitution Lemma

[ e ) =

> v =7y V] (x#y):
IH: /[ o vI(e) = (el /]
Y[x = vle =4[y — V][x = v]e
— o vl o Ve
=[x = v](e[v'/y])

B e[V yD)Iv/A]
— /Iy = V](e)v/x]
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Substitution Lemma

[ e ) =

> v =9ly= V] (x#y):
IH: +/[x = v](e) = +'(e)[v/x]

Y[x = vle =4[y — V][x = v]e
= [x—=Vv]ly — V]e
=[x = v](e[v'/y])
o (elv' yDIv/A]
=7ly = v](e)[v/x]
=(e)[v/x]
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Fundamental Property

lrFe:r=TkEe:T

By induction on the typing judgment:
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Fundamental Property

lrFe:r=TkEe:T

By induction on the typing judgment:
False: [ - false : bool = I |= false : bool
True: [ true: bool = I = true : bool

If: THif e; then ex else e3: 7=
MEif e then ey else e5: 7

Abs: THM:T.e:14 > T =
r):AXZTl.eiT1—>T2

App: THee:T=TEeae:T
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Fundamental Property

lrFe:r=TkEe:T

By induction on the typing judgment:

False:
True:
If:

Abs:

App:
Var:

17/23

I+ false : bool = I |= false : bool
I+ true : bool =T = true : bool

[Fif e; then ey else e3: 7 =
MEif e then ey else e5: 7

lEXx:m.e:mm—> 1=
I'):Ax:n.e:ﬁ—w-g
lFee:7=TEeae:T
lEx:r=TEx:7




False

I+ false : bool = I |= false : bool

> false contains no variables, so all subsitutions v € G[I'] must
leave false intact:

v(false) = false

N=e: 7 < Vyeg[lN.(e) € &[]
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False

I+ false : bool = I |= false : bool
> false contains no variables, so all subsitutions v € G[I'] must
leave false intact:
v(false) = false

» We know that false € E[bool] since it is an irreducible value
in V[bool]

N=e: 7 < Vyeg[lN.(e) € &[]
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Abs

XX :7m.e:11— 7
= r):)\XZTl.eZTl—>T2

Let v € G[I'] and write F = Ax : 71.7y(e). To show:

F e 5[[7'1 —>T2]]

Definition V[, — m2]:

V[r = m] = {\x:m.e | Vv e V[n].elv/x] € E[r]}
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Let v € G[I'] and write F = Ax : 71.7y(e). To show:
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» Suppose F —* &' with irred(e’)
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Abs

XX :7m.e:11— 7
= r):)\XZTl.eZTl—>T2

Let v € G[I'] and write F = Ax : 71.7y(e). To show:
F e 5[[7'1 — T2]]

» Suppose F —* &' with irred(e’)

» F is a value, hence irreducible, and hence F = ¢’

Definition V[, — m2]:

V[r = m] = {\x:m.e | Vv e V[n].elv/x] € E[r]}
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Abs

XX :7m.e:11— 7
= r):)\XZTl.eiTl—>T2

Let v € G[I'] and write F = Ax : 71.7y(e). To show:
F e 5[[7'1 — T2]]

» Suppose F —* &' with irred(e’)
» F is a value, hence irreducible, and hence F = ¢’
» To show: F € V[r — 7]

Definition V[, — m2]:

V[r = m] = {\x:m.e | Vv e V[n].elv/x] € E[r]}
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Abs

XX :7m.e:11— 7
= r):)\XZTl.eiTl—>T2

Let v € G[I'] and write F = Ax : 71.7y(e). To show:
F e 5[[7'1 — TQ]]

» Suppose F —* &' with irred(e’)
» F is a value, hence irreducible, and hence F = ¢’
» To show: F € V[r — 7]

Definition V[, — m2]:
V[r = m] = {\x:m.e | Vv e V[n].elv/x] € E[r]}
» This means: for v € V[r1] we must show y(e)[v/x] € E[m2]
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Abs

v e VI[nl = y(e)lv/x] € &[]

Induction hypothesis:

Mx:mmiEe:m

» Let v € G[] and v € V[7,]
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Abs

v e VI[nl = y(e)lv/x] € &[]

Induction hypothesis:

Mx:mmiEe:m

> Let vy € G[I] and v € V7]
» Instantiate the induction hypothesis with [x — v] to get:
y[x = v] € G, x : 7]

20/23



Abs

v e VI[nl = y(e)lv/x] € &[]

Induction hypothesis:

Mx:mmiEe:m

> Let vy € G[I] and v € V7]

» Instantiate the induction hypothesis with [x — v] to get:
y[x = v] € G, x : 7]

> = y[x — v](e) € £[m]
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Abs

v e V[n] = y(e)lv/x] € &[]

Induction hypothesis:

Mx:mmiEe:m

» Let v € G[I'] and v € V[72]

» Instantiate the induction hypothesis with [x — v] to get:
y[x = v] € Gl x : 1]

> = y[x — v](e) € £[m]

» = ~v(e)[v/x] € E[m] by the substitution lemma
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Proof structure:

(A) The fundamental property: If e is syntactically
well-typed, then e is semantically well-typed:

lFe:T=TFe:T
(B) If e is semantically well-typed, then e is type safe:

-E e: T = safe(e)

We now have - e : 7 = safe(e)
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Extending the language
Pairs

T

T xT

| (e,e) | fst e|snd e



Extending the language
Pairs

T

=...TxT
e:=...

| (e,e) | fst e|snd e
VIn x m] = {{v1,v2) |

v € VIITl]] ANvo € V[[Tz]]}



Extending the language

Pairs

Ti=...|TXT

e:=...|(ee)|fst e|snd e

V[[Tl X 7'2]] = {(Vl, V2> | Vi € VﬂTl]] N W € VHTQ]]}

r|—627’1><7'2 Fl—e:7-1><7-2
MFfste:m [Fsnde:m
rFeliTl erngg
F|—<e1,e2>:71><72

PAIR
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Extending the language
Sums

e =

Ti=...T+7T

...|inle]inre|case e of inlx = ey; inrx = e
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Extending the language

Sums

Ti=...|T+T

e:=...|inle|inre|case e of inlx = e;; inrx = e

V[ri+ ] ={inlv | veV[n]}U{inrv | veV[nrn]}
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Extending the language

Sums

Ti=...|T+T

e:=...|inle|inre|case e of inlx = e;; inrx = e

V[ri+ ] ={inlv | veV[n]}U{inrv | veV[nrn]}

NlFe:m lFe:m
Trile:ntn ™  TFine:n+mn R
lFe:m+m xi:mbe:m Thx mbEe: T

Fcase eof inlx; = erjinrxo = & 1 7

CASE
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