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We want to define scalar 
multiplication in Lean



Typeclass hierarchy



Multiplication (Lean primitive)

Examples



Other primitives



Semigroup

Monoid

Identity



Scalar multiplication



Scalar multiplication



Repeated addition
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Modules and Algebras



Define Module

• Generalization of a vector space e.g.
• In a vector space, we have a ground-field
• In a module we only have a ground-ring



Define Module

• Generalization of a vector space e.g.
• In a vector space, we have a ground-field
• In a module we only have a ground-ring



Define Algebra



Define Algebra



Define Algebra



Define Algebra



Define Algebra





Relaxing algebras



Relaxing algebras



Relaxing algebras



Why would we want this?

• We can define variations:
• Semiring replaced by Semiring without zero
• This is not possible by using algebras, which require zero
• Same for using a monoid instead of a commutative semiring



Derived Actions



Scalar action for functions (vectors, matrices, …)
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Scalar action for functions (vectors, matrices, …)



More complex derived 
actions



Scalar action for additive homomorphism
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Scalar action of linear maps



Scalar action of linear maps
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Diamond resolution failure



Diamond resolution failure



Future Work

• Right actions
• Further improvement on diamonds



Are there questions?

Random parrot from the internet Some other parrots


