Scalar Actions in Lean's Mathlib

Steven Bronsveld & Jelmer Firet
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We want to define scalar
multiplication in Lean
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Typeclass hierarchy

algebra = comm_semiring
mul_semiring_action module - semiring

boo— A\ }

distrib_mul_action mul_action_with_zero «——— monoid_with_zero
Y — =

mul_action smul_with_zero «——— mul_zero_class monoid

N
has_scalar I has_mul
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Multiplication (Lean primitive)

class has_mul: (G : Typex) :=
(mul : G > G > G)

infix * := has_mul«.mul
Examples

® (N, )

* (N, +)

* B*V

a b 9" b
® *
c d ¢ d
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Other primitives

class has_zero (a : Type u) := (zero : a)
class has_one (a : Type u) := (one : a)
class has_add (a : Type u) := (add : a > a » a)
class has_mul (a : Type u) := (mul : a > a > a)
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Semigroup

class semigroup« (G : Typex) extends has_mul: G :=
(mul_assoc :' Yabec:6G, a*bhb*xc=a*(bxc))

Identity

class mul_one_class (M : Type u) extends has_one M, has_mul M :=
(one_mul : V(a : M), 1 *xa-=a)
(mul one : V (a : M), a x1=a)

Monoid

class monoid (M : Type u) extends semigroup M, mul_one_class M :=
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Scalar multiplication

class has_scalar« (M : Typex) (a : Typex) := (smul : M > a > a)

infixr ~ ¢ “:73 := has_scalar«.smul
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Scalar multiplication

class has_scalar« (M : Typex) (a : Typex) := (smul : M > a > a)

infixr ~ e« “:73 := has_scalar«.smul

instance has_mul.to_has_scalar: (a : Typex) [has_mul: a] : has_scalar:. a a := {
smut: 2= K fa: @) (b: a); a* b

}

class mul_action: (M : Typex) (a : Typex) [monoid M] extends has_scalar: M a :=
(one_smul : Va:a, (1 : M) - a=a)
(mul_smul : V(xy : M) (a:a), (x*xy)esa=xs+y-+a)
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Repeated addition

def apply_n {a : Typex} [add_comm_monoid a] : N (a2 a > a) > a > «
| © f x :==0
| (k+1) f x == ¥ (apply_n k f x) x

instance repeated_add.to_has_scalar« (a : Typex)
[add_comm_monoid a] : has_scalar« N a := {

smul := A (n: N) (x: a), apply_n n has_add.add x
}
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structure 01 22222 230 8220
has  mul v
mul zero class v v V
monoid v v vy
monoid with zerov' v v v v V
semiring VvV VY VY VARVARVARARVAR4
comm_semiring VvV vV vV V V VVVVVV VYV
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structure ¢« QQ"\,Q“\ < \* GEE
has scalar v

smul with zero v v Vv

mul action v v v

mul action with zerov' v v v V

distrib_mul _action v v vV 7

module VvV VYV VYV
algebra VvV VvV VY VYV
mul semiring action v VvV v v v s
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Modules and Algebras




Define Module

At a a\ [(a+4d
» Generalization of a vector space e.g. b) Tl = bty
* In a vector space, we have a ground-field : .
* Ina module we only have a ground-ring c (b = (C " b)
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Define Module

At a a\ [(a+4d
» Generalization of a vector space e.g. b) Tl = bty
* In a vector space, we have a ground-field : .
* Ina module we only have a ground-ring c (b = (C " b)

class module:t+ (R M: Type*) [semiring R]

[add comm monoid M] extends has scalar R M :=
(one smul : Y¥m: M, (1 :R) *m=nm)
(mul smul : V (rs : R) (m: M), (r*s) em=r-e°+s *m
(smul add : V(r : R) (mn : M), re (m+n)=re*m+r +nj
(smul_zero : V(r : R), r* (06 : M) = 0)
(add smul.: ¥(r's 2 R) (m : M), (r+s) * m=F * m+ 5 *m)
(zero smul : vm : M, (0 : R) * m = 0)
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Define Algebra

class algebrat: {R A : Type*} [comm semiring R] [semiring A]
extends has scalar R A :=

(algebra map : R -+* A)

(commutes : V r x, algebra map r * x = x * algebra map r)
(smul def : ¥V r x, has scalar.smul r x = algebra map r * x)
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Define Algebra

class algebrat: {R A : Type*} [comm semiring R] [semiring A]
extends has scalar R A :=

(algebra map : R -+* A)

(commutes : V r x, algebra map r * x = x * algebra map r)
(smul def : ¥V r x, has scalar.smul r x = algebra map r * x)

def algebra.of module:t: {R A : Type*} [comm semiring R] [semiring A] [module R A]
. 2 YIrs By Bx Al (E2»x) & y=po (X %5])

fhe: s YT 2 R) x ¥y sA); X ®*(r*y):=r"* {x %¥yl))

: algebra R A := algebra.of module hi h:
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Define Algebra

class algebrat: {R A : Type*} [comm semiring R] [semiring A]
extends has scalar R A :=

(algebra map : R -+* A)

(commutes : V r x, algebra map r * x = x * algebra map r)
(smul def : ¥V r x, has scalar.smul r x = algebra map r * x)

def algebra.of module:t: {R A : Type*} [comm semiring R] [semiring A] [module R A]
. 2 YIrs By Bx Al (E2»x) & y=po (X %5])

fhe: s YT 2 R) x ¥y sA); X ®*(r*y):=r"* {x %¥yl))

: algebra R A := algebra.of module hi h:

variables [comm_semiring R] variables [comm_semiring R]
[semiring A] —_— [semiring A]
[algebra R A] E— [module R A]
E— [is_scalar_tower R A A]
[smul_comm_class R A A]
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Define Algebra

class algebrat: {R A : Type*} [comm semiring R] [semiring A]
extends has scalar R A :=

(algebra map : R -+* A)

(commutes : V r x, algebra map r * x = x * algebra map r)
(smul def : ¥V r x, has scalar.smul r x = algebra map r * x)

def algebra.of module:t: {R A : Type*} [comm semiring R] [semiring A] [module R A]
. 2 YIrs By Bx Al (E2»x) & y=po (X %5])

fhe: s YT 2 R) x ¥y sA); X ®*(r*y):=r"* {x %¥yl))

: algebra R A := algebra.of module hi h:

variables [comm_semiring R] variables [comm_semiring R]
[semiring A] —_— [semiring A]
[algebra R A] E— [module R A]
E— [is_scalar_tower R A A]
[smul_comm_class R A A]
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Define Algebra

class algrebra (R A : Typex) [comm_semiring R] [semiring A]
extends has_scalar R A :=

(algrebra_map : R 3+x A)

(commutes : Vr x, algrebra_map r * x = x * algrebra_map r)
(smul_def : V r x, has_scalar.smul r x = algrebra_map r * x)

def algrebra.of_module (R A : Typex) [comm_semiring R] [semiring A] [module R A]
(hi : Y (r:R) ey 2 A) (s x) oy =g % (X % ¢))
(h2 = ¥ (r:s R): (x:y 2 A); ix # (== y) = ¢ « (x *:y)) : algrebra B A := 'serry

variables [comm_semiring R] variables [comm_semiring R]
[semiring A] [semiring A]

[algebra R A] [module R A]
[is_scalar_tower R A A]

[smul_comm_class R A A]
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Relaxing algebras

class is_scalar_tower (M N a : Typex)
[has scalar M N] [has scalar N a] [has scalar M a] : Prop :=
(smul_assoc : V (x: M) (y: N) (z: a), (xey)e z=x o (y @ 2))

Radboud University § %

%
=
$
&
(A

MiNe ¥



Relaxing algebras

class is_scalar_tower (M N a : Typex)
[has scalar M N] [has scalar N a] [has scalar M a] : Prop :=
(smul_assoc : V (x: M) (y: N) (z: a), (xey)e z=x o (y @ 2))

class smul_comm_class (M N a : Typex)
[has_scalar M a] [has_scalar N a] : Prop :=
(smul_comm : V(m : M) (n : N) (a : a), m=+=n « a

ne+m-+a)
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Relaxing algebras

class is_scalar_tower (M N a : Typex)
[has scalar M N] [has scalar N a] [has scalar M a]
(smul_assoc : 'V (x: M) (y: N) (z: a), (x e y)e® z =

class smul_comm_class (M N a : Typex)
[has_scalar M a] [has_scalar N a] : Prop :=
(smul_comm : V(m : M) (n : N) (a : a), m=+=n + a =

: Prop :=

x ® (y 02))

ne+m-+a)

variables [comm_semiring R] variables [comm_semiring R]

[semiring A] —_—
[algebra R A] -

[semiring A]
[module R A]
[is_scalar_tower R A A]
[smul_comm_class R A A]
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Why would we want this?

* We can define variations:

« Semiring replaced by Semiring without zero

« This is not possible by using algebras, which require zero

« Same for using a monoid instead of a commutative semiring

variables [comm_semiring R] variables lcomm_§emiring R]
[semiring A] —_— [semiring A]
[algebra R A] — [module R A]

[is_scalar_tower R A A]
[smul_comm_class R A A]

Radboud University § %

%
=
O
S

&

miNesC




Derived Actions




Scalar action for functions (vectors, matrices, ...)

variables RM NI J a : Type*

for [I| =2 e.g.
instance function.has scalar:tt [has mul a] 5 1y _ {2
: has scalara (I - a) (= { smul :=Arv, (Ai, r *vi)} = 2/  \4
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Scalar action for functions (vectors, matrices, ...)

variables RM NI J a : Type*

instance function.has scalar:t [has mul a] 5 1y _ {2
: has scalara (I - a) (= { smul :=Arv, (A1, r *vi)} = 2/  \4
instance matrix.has scalart: [has mul a] 1 2 2 4
: has scalar a (I »J-a) :={smul :=Arv, (Aij, r*viij)} 2.34:68
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Scalar action for functions (vectors, matrices, ...)

variables RM NI J a : Type*

instance function.has scalar:tt [has mul a] 5 1y _ {2
: has scalara (I - a) (= { smul :=Arv, (A1, r *vi)} = 2/  \4
instance matrix.has scalart+ [has mul a] 1 2 2 4
: has scalar a (I »J-a) := {smul :=Arv, (Aij, r*viij)} 2e 3 4/ \6 8

instance matrix.has scalar':+ [has mul a] [has scalar a (J - a)]
: has scalar a (I - (J - a)) = {smul :=Arv, (Aij, r*viij)}
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Scalar action for functions (vectors, matrices, ...)

variables RM NI J a : Type*

instance function.has scalar:tt [has mul a] 5 1y _ {2
: has scalara (I - a) (= { smul :=Arv, (A1, r *vi)} = 2/  \4
instance matrix.has scalart: [has mul a] 1 2 2 4
. has scalar (I - J-a) :={smul :=Arv, Aij, r*viij)} 2012 4) =16 s

instance matrix.has scalar':+ [has mul a] [has scalar a (J - a)]
: has scalar a (I - (J - a)) (= {smul :=Arv, (Aij, r*viij)}

instance function.has scalar':: [has scalar a M]
: has scalara (I - M) := { smul :=Arv, (A1, revi)}
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Scalar action for functions (vectors, matrices, ...)

variables RM NI J a : Type*

instance function.has scalartt [has mul a] 5 1y _ {2
: has scalara (I - a) (= { smul :=Arv, (A1, r *vi)} = 2/  \4
instance matrix.has scalart: [has mul a] 1 2 2 4
: has scalar a (I »J-a) :={smul :=Arv, (Aij, r*viij)} 2e 3 4/ \6 8

instance matrix.has scalar':+ [has mul a] [has scalar a (J - a)]
: has scalar a (I - (J - a)) = {smul :=Arv, (Aij, r*viij)}

instance function.has scalar':t: [has scalar a M]
: has scalar a (I - M) (= {smul :=Arv, (AL, revi)}

instance pi.has scalartt (f : I - Type*) [N i : I, has scalar a (f 1i)]
z'has: scatara (N 1 2 I;;T 1) = {SMal 1=K r¥; (X, rely 1)}
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More complex derived
actions




Scalar action for additive homomorphism

instance add_monoid_hom.has_scalar
[add zero class M] [add zero class N] [has scalar R N]
: has scalar R (M -+ N) := { -- has scalar
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Scalar action for additive homomorphism

instance add_monoid hom.has_scalar
[add zero class M] [add zero class N] [has scalar R N]

: has _scalar R (M -+ N) := { -- has scalar
smul := A r f, { -- add monoid hom
to Tun: = A 1; roe=f 1
map zero' := by { simp, sorry }, --r e f 0 =0
map add' := by { simp, sorry }, --re* (fx+fy)=refx+refy
}

}
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Scalar action for additive homomorphism

instance add monoid hom.distrib mul action::
[add monoid M] [add comm monoid N] [monoid R] [distrib mul action R N]

: has scalar R (M -+ N) := { -- distrib mul action
smul := Ar f, { -- add monoid hom
to Tan' f= X0 r "% i -- funtion M - N
map zero' := by simp, --refoe=290
map add' := A x y, by simp [smul add], -- r ¢ (fx +fy)=r e« fx+refy
H

}
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Scalar action for additive homomorphism

instance add monoid hom.distrib mul actiontt
[add monoid M] [add comm monoid N] [monoid R] [distrib mul action R N]

: distrib mul action R (M -+ N) := { -- distrib mul action
smul := Ar f, { -- add monoid hom
toifun =K 1, T * T1i, -- funtion M - N
map zero' := by simp, --re*fo=20
map add' := A x y, by simp [smul add], -- r * (fx+ fy)=r e« fx+refy
}
one smul := A f, by simp, L B
mul smul := A r s f, by simp [mul smul], -- (r *s) « f=r ¢ s « f

+ |l

--re(f+g)=ref+reg

smul add := A r f g, add monoid hom.ext (A x, by simp [smul add]),
--re*0=20

smul _zero := A r, add monoid hom.ext (A x, by simp [smul zero]),
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Scalar action of linear maps

instance linmap.has scalar: [module R N] [module R M]

WOVIAANSNNSNS.

[has scalar a N]

: has scalar a (M -:[R] N) := { -- has scalar

smul :=Aaf, { -- linear map
to fun :=Am, a+ fm, -- function M - N
-casf(x+y)=aesfx+astfy
map add' := by { intros mi mz2, rw f.map add, sorry },
-~caerefm=rea+fm
map_smul' := by { intros r m, simp, sorry }

}
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Scalar action of linear maps

instance linmap.has scalar: [module R N] [module R M]

L e Y e

[monoid a] [distrib mul action a N]

: has scalar a (M -i:[R] N) := { -- has _scalar

smul :=Aaf, { -- linear map
to fun :=Am, a« fm, -- function M - N
--a*ef(x+y)=aefx+aefy
map add' := by { intros mi mz2, rw f.map add, rw smul add },
-~a*refm=reae+fnm
map smul' := by { intros r m, simp, sorry }

}
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Scalar action of linear maps

instance linmap.has scalars [module a N] [module a M]

: has scalar a (M -i[a] N) := { -- has scalar
smul :=Aaf, { -- linear map
to fun :=Am, a« fm, -- function M - N

-~-a*f(x+y)=aefx+acefy
map add' := by simp,
--aerefm=reaesfm
map smul' := by { intros s m, simp,

rw [ emul smul, < mul smul, mul comm],
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Scalar action of linear maps

instance linmap.has scalars [module R N] [module R M]
[module a N] [algebra a R] [is scalar tower a R N]

: has scalar a (M -.[R] N) := { -- has scalar
smul :=Aaf, { -- linear map
to fun :=Am, a+ fm, -- function M - N

-~gef(x+ry)=astxrasty
map add' := by simp,
-~ae*refm=rea+fm
map smul' := by { intros r m, simp,
rw [ «smul assoc, algebra.smul def, algebra.commutes,
mul smul, algebra map smul ],
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Scalar action of linear maps

instance linmap.has scalars [module R N] [module R M]
[monoid a] [distrib mul action a N] [smul comm class a R N]
: has scalar a (M -:[R] N) := {
smul =Aa T;
to fun := A m, a « fm,
-c-aesf(x+y)=aesfx+aecfy
map add' := by simp,
-~aerefm=reacecftm
map smul' := by { intros r m, simp, rw smul comm }

Radboud University § %

%

=

3 g
3
miNesC



Diamond resolution failure

lemma diamond failure [add comm monoid B] {s :

: 2 xins, c=s.card * Cc :=
begin

apply finset.sum const,
end

¥ Messages (1)

¥ scalar_actions.lean:218:23

finset A} {c : B}

add_comm_monoid B

v T

add_comm_monoid (A -+ B) module N B

'S T X

add_comm_monoid (¢ -+ A -+ B) module N (A -+ B)

T W

module N (¢ = A =+ B)

ambiguous overload, possible interpretations

s.card * c
s.card * c
Additional information:
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Diamond resolution failure

@[class] source
structure add_monoid (M : Type u)

Type u

(add : M > M > M)

(add.assoc : V (abc: M), a+b+c=a+(b+c))
(zero : M)

(zero_add : V (a : M), 0 + a
(add_zero : V (a : M), a + O
(nsmul : ¥ - M - M)

]
W]

(nsmul_zero' : (V (x : M), add_monoid.nsmul 0 x g) "ty reft.tac®)
(nsmul_succ'

(V (n : ) (x : M), add_monoid.nsmul n.succ x = x + add_monoid.nsmul n x) . "try_refl_tac")

An add_monoid is an add_semigroup with an element © suchthat @ + a = a + @ = a.

» Instances
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Future Work

* Right actions
* Further improvement on diamonds
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Are there questions?

Random parrot from the internet Som 6th er parrots
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