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Today's goal

Soundness

There is no proof of L that is verified by the Lean kernel.

e Werner: ZFC,, and CIC,, equiconsistent

® ZFC, F Con(CIC,41)
® CIC,2 F Con(ZFC,)

e Using Werner's construction: Lean, 2 - Con(ZFC,)
e Left to do (today): ZFCpy1 F Con(Lean,t1)
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Outline

@ Translate language to a ‘proof splitting language’
® Define a semantics on the proof splitting language
© Prove soundness using this semantics

® A remark on type injectivity

Sander & Thijs December 10, 2021 Soundness of Lean 3 /20



Proof splitting

Radboud University Nijmegen

Proof splitting

® In P there is proof irrelevance

I'kp:P T'Hh:p THH:p
I'-h=#H
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Proof splitting

® In P there is proof irrelevance

I'kp:P T'Hh:p THH:p
I'-h=#H

® So we split P from U, for n > 1

Vx:e.e Mx:e.e ee
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Proof splitting

® In P there is proof irrelevance

I'kp:P T'Hh:p THH:p
I'-h=#H

® So we split P from U, for n > 1

Vx:e.e Mx:e.e ee for P
MNx:e.e Ax:e.e e-e forU,,n>1
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New rules
en=---|Vx:e.e|lMx:e.e|Xx:e.e|Ax:e.e|lee|e-e
I'Fe:Mx:a.f Trhe:«a 'kFe:Vx:a.f8 The:«a

ke -e:flea/x] 'k e e: Blea/x]

I'x:ake:p:U, 1<n I'x:ake:p:P
F'HFAx:a.e:Tlx:a.pB F'FXx:a.e:Vx:a. 8
I'Fa:U, Ix:akFpg:U, 1<m I'ra:U, I''x:akpg:P

['ETx:an B Unaxngn) 'Fvx:a.8:P

I'x:ake:f:U, 1<n T'kée:a I x:ate:B:P Tke:a
I'F(Ax:a.e) e =e[e'/X] I'F(Ax:a.e)e =ele/x]

'kFe:My:a.pB
I'FAx:a.e-x=e
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Level expressions

® Universes are indexed by level expressions
Ci=u|0]SC| max(¢, L) |imax(¢,£)

e But for the translation we need to know the exact level
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Level expressions

® Universes are indexed by level expressions
Ci=u|0]SC| max(¢, L) |imax(¢,£)

e But for the translation we need to know the exact level

® So we fix a universe valuation v

[ulv = v(u)
[[O]]v =0
[Sel, = 1€, +1
[max(¢, )], = max([€]., [¢]v)

ey~ L0 if [¢'], =0
limax(t. )1, {max([[e]]v,[[z']]v) if [¢], #0
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Helper functions

® \We can define two functions Ivl and sort
¢ v, (' + «), such that I' F « : Uy implies [¢], = Ivl, (' F «)

e sort,(I' - e), such that if I' - e : «, then
sort(I' - e) = MI(T' - )
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Translation

° (X)r=x

* (Ugr = Uy

. (e1)r (e )r if sort(T'-e;) =0

e el = { (e1)r - (ex)r if sort(T'Fe) >1

) )\X Q. e {)\X > an if Sort(I‘ - e) =0
Ax: {(a)r. < Ixa if sort(l'-e) >1

o (Vx:a. B)r {VX A1 {B)1 xa ff V(T FB) =0
Mx: (@)r. (e)rxa if M(THFpB)>1

Other terms are translated simply by translating their parts.
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Intermezzo: Inaccessible cardinals

Inaccessible Cardinals

If kx an inaccessible cardinal, then
V.. a model for ZFC.

Godel: ZFC cannot prove the ex-
istence of inaccessible cardinals!
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From types to sets

Fix a sequence (knp)nen of strong limit cardinals.
It is n-correct if x; is inaccessible for all i < n.

Define Uy = {2, {e}}, Upn+1 = V.,
[T']: a set of lists of types
[Tt e]: a total function on [I]
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Examples

¢ [I'F x]y = mi(7), where x is the ith variable in the context.
° [1=10}

° [Ix:a] =2 ¢l F oly

o [T+ U,y = Uy

e ITFee], =

e TFXx:a.e]ly=e

e [CHL1],=0
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Examples

[['Fe-ely=[Feal('ke])
[CFAx:a. e]y=(xe[['Fa]y—[Ix:ake]y.y))
Denote with [p] the set {x € {e} | p}. Then:

[T'FVx:oa By ={e}N ﬂ [T, x :at Bl
x€['ta]

=[x e [['Fa]y,ec [l x:ak Byl

[CFNx:a. Bly = [eeprrap, [T x  a b Bl

Sander & Thijs December 10, 2021 Soundness of Lean 12 /20



Semantics

Radboud University Nijmegen

W-types in ZFC

Recall: W-types

Wa:AB:=puw: U (sup :Va: A(B — w) — w)
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W-types in ZFC

Recall: W-types

Wa:AB:=puw: U (sup :Va: A(B — w) — w)

In ZFC: if Ais a set, B a set indexed by a € A, then:

W,caB(a) :="the smallest set W such that (a,f) € W
whenever a € Aand f : B(a) - W"

[[F F Wa: A.B]],Y = Wae[[FI—A}]»Y [[F,a AF B]](%X)

Sander & Thijs December 10, 2021 Soundness of Lean 13 /20



Semantics

Radboud University Nijmegen 3

W-types in ZFC

Recall: W-types

Wa:AB:=puw: U (sup :Va: A(B — w) — w)

In ZFC: if Ais a set, B a set indexed by a € A, then:

W,caB(a) :="the smallest set W such that (a,f) € W
whenever a € Aand f : B(a) - W"

[[F F Wa: A.B]],Y = Wae[[FI—A}]»Y [[F,a AF B]](%X)

Un41 is closed under W-types if the x sequence is (n + 1)-correct
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¢ (Weakening) If I' - e : @« and - I', A ok, and (7, 9) € [I', A],
then [I', A e], s =[I'+ e],.

® (Substitution) If I',x : e : B, '+ e : v, v € [T'], and
z:=[I'F e], € [I'F a],, then
[ F efea/x]]y = [T, x : a 't e,z
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® IfTFa:P, then [I'F ], C {e}.
o [fTFe:aand VI(I'F a) =0, then [I' €], =o.

® |[fT F e: «, then there exists a n such that if the x sequence
is n-correct, then for all v € [I'], [I'F e], € [I'F «f,.

e [fT' e = ¢€, then there exists a n such that if the k sequence
is n-correct, then for all v € [I'], [I' - e], = [I' - €'],.
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o IfT'F a:P, then [+ a], C {o}.

* IfT'Fe:aand V(T a) =0, then [I' - e], = e.

® IfTF e:a, then for all v € [T], [T F e], € [T'F a],.
® [fT'+e=¢, then forally €[], [T+ e, =[TF €],.

'a:U, T'ke:p I'Fa:U,
I'x:atke:p I'x:akFx:«
l'Fe:a TFHa=p
FUp:Upsa I'ke:p

Sander & Thijs December 10, 2021 Soundness of Lean 16 / 20



Radboud University Nijmegen ¢y,

° IfTFa:P, then [I'F a], C {e}.

o IfTFe:aand VI(T'F a) =0, then [I' - e], =e.

® IfT'F e:a, then for all vy € [T'], [T+ e], € [I'F a],.
° IfT'+e=¢, then forally € [T'], [T+ e], = [T+ €],.

I'Fe:Vx:a. 6 Thte:«
't e e Ble/x]
I'ta:Uy, T,x:abB:Up
I'EWx:a. B Unaxee 1)
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Corollary

If ZEC + {there are n inaccessible cardinals | n € w} is consistent,
then so is Lean. That is, there is no proof of | that is verified by
the Lean kernel.

® Suppose IFe: L
® ThenkFe: L

® let v be the universe valuation that sets every variable to 0

® Let (kj)icw be a cardinal sequence which is n-correct
® Thent (e),,.: L
® Then [-(e)]o € [- L]y =10 O
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Type injectivity

Type Injectivity

® Accidental collapse of types into the same set

® Solution: set of ‘tagged types’
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