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introduction

today

minimal propositional logic STT = simple type theory
minimal predicate logic λP = dependent types

full Coq logic CIC = Calculus of Inductive Constructions

CIC = λC + inductive types + coinductive types + universes + . . .
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how are types introduced?

I free type variables
STT = simple type theory

I in the context
PTSs = pure type systems λ→ λP λ2 λC

nat : ∗, O : nat, S : nat→ nat ` S (S (S O)) : nat

I definitions
CIC = Calculus of Inductive Constructions

Inductive nat : Set :=
| O : nat
| S : nat -> nat.
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definitions in Coq

I axioms
environment used like the context in λC
disadvantage: reductions will get stuck

Axiom Parameter

I definitions of constants

Definition

Lemma
Qed

I inductive definitions

Inductive
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CIC

variants

CIC = Calculus of Inductive Constructions
=

λC = Calculus of Constructions
+

MLTT = Martin-Löf type theory

different systems have different variants of CIC:
I Coq
I Agda
I Lean
I . . .

Thierry Coquand Per Martin-Löf
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typing rules

STT
3 rules

Γ `M : A

PTSs
7 rules

Γ `M : A
M =β N

CIC
many rules
chapter 2.1 of the Coq manual

WF(E)[Γ]
E[Γ] `M : A

E[Γ] `M =βδιηζ N

E[Γ] `M ≤βδιηζ N

https://coq.inria.fr/refman/language/core/
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examples of CIC typing rules from the Coq manual

The Coq Reference Manual, Release 8.18.0

exactly applied to 𝑝1…𝑝𝑚 (𝑚 is the number of recursively uniform parameters and the 𝑝 − 𝑚 remaining parameters are
the recursively non-uniform parameters). Let 𝑞1, …, 𝑞𝑟, with 0 ≤ 𝑟 ≤ 𝑚, be a (possibly) partial instantiation of the
recursively uniform parameters of Γ𝑃 . We have:
Ind-Family ⎧{⎨{⎩

Ind [𝑝] (Γ𝐼 ∶= Γ𝐶) ∈ 𝐸(𝐸[] ⊢ 𝑞𝑙 ∶ 𝑃 ′𝑙 )𝑙=1…𝑟(𝐸[] ⊢ 𝑃 ′𝑙 ≤𝛽𝛿𝜄𝜁𝜂 𝑃𝑙{𝑝𝑢/𝑞𝑢}𝑢=1…𝑙−1)𝑙=1…𝑟1 ≤ 𝑗 ≤ 𝑘𝐸[] ⊢ 𝐼𝑗 𝑞1…𝑞𝑟 ∶ ∀[𝑝𝑟+1 ∶ 𝑃𝑟+1; …; 𝑝𝑝 ∶ 𝑃𝑝], (𝐴𝑗)/𝑠𝑗
provided that the following side conditions hold:

• Γ𝑃 ′ is the context obtained from Γ𝑃 by replacing each 𝑃𝑙 that is an arity with 𝑃 ′𝑙 for 1 ≤ 𝑙 ≤ 𝑟 (notice that 𝑃𝑙
arity implies 𝑃 ′𝑙 arity since 𝐸[] ⊢ 𝑃 ′𝑙 ≤𝛽𝛿𝜄𝜁𝜂 𝑃𝑙{𝑝𝑢/𝑞𝑢}𝑢=1…𝑙−1);

• there are sorts 𝑠𝑖, for 1 ≤ 𝑖 ≤ 𝑘 such that, for Γ𝐼′ = [𝐼1 ∶ ∀Γ𝑃 ′, (𝐴1)/𝑠1 ; …; 𝐼𝑘 ∶ ∀Γ𝑃 ′, (𝐴𝑘)/𝑠𝑘 ] we have(𝐸[Γ𝐼′ ; Γ𝑃 ′ ] ⊢ 𝐶𝑖 ∶ 𝑠𝑞𝑖)𝑖=1…𝑛 ;
• the sorts 𝑠𝑖 are all introduced by the inductive declaration and have no universe constraints beside being greater than
or equal to Prop, and such that all eliminations, to Prop, Set and Type(𝑗), are allowed (see Section Destructors).

Notice that if 𝐼𝑗 𝑞1…𝑞𝑟 is typable using the rules Ind-Const and App, then it is typable using the rule Ind-Family.
Conversely, the extended theory is not stronger than the theory without Ind-Family. We get an equiconsistency result
by mapping each Ind [𝑝] (Γ𝐼 ∶= Γ𝐶) occurring into a given derivation into as many different inductive types and con-
structors as the number of different (partial) replacements of sorts, needed for this derivation, in the parameters that are
arities (this is possible because Ind [𝑝] (Γ𝐼 ∶= Γ𝐶) well-formed implies that Ind [𝑝] (Γ𝐼′ ∶= Γ𝐶′) is well-formed and
has the same allowed eliminations, where Γ𝐼′ is defined as above and Γ𝐶′ = [𝑐1 ∶ ∀Γ𝑃 ′, 𝐶1; …; 𝑐𝑛 ∶ ∀Γ𝑃 ′, 𝐶𝑛]). That
is, the changes in the types of each partial instance 𝑞1…𝑞𝑟 can be characterized by the ordered sets of arity sorts among
the types of parameters, and to each signature is associated a new inductive definition with fresh names. Conversion
is preserved as any (partial) instance 𝐼𝑗 𝑞1…𝑞𝑟 or 𝐶𝑖 𝑞1…𝑞𝑟 is mapped to the names chosen in the specific instance of
Ind [𝑝] (Γ𝐼 ∶= Γ𝐶).
Warning: The restriction that sorts are introduced by the inductive declaration prevents inductive types declared
in sections to be template-polymorphic on universes introduced previously in the section: they cannot parameterize
over the universes introduced with section variables that become parameters at section closing time, as these may be
shared with other definitions from the same section which can impose constraints on them.

Flag: Auto Template Polymorphism

This flag, enabled by default, makes every inductive type declared at level Type (without an explicit universe
instance or hiding it behind a definition) template polymorphic if possible.
This can be prevented using the universes(template=no) attribute.
Template polymorphism and full universe polymorphism (see Chapter Polymorphic Universes) are incompatible, so
if the latter is enabled (through the Universe Polymorphism flag or the universes(polymorphic)
attribute) it will prevail over automatic template polymorphism.

Warning: Automatically declaring ident as template polymorphic.

Warning auto-template can be used (it is off by default) to find which types are implicitly declared template
polymorphic by Auto Template Polymorphism.
An inductive type can be forced to be template polymorphic using the universes(template) attribute: in
this case, the warning is not emitted.

56 Chapter 2. Specification language

The Coq Reference Manual, Release 8.18.0

Example
The following term in concrete syntax:

match t as l return P' with
| nil _ => t1
| cons _ hd tl => t2
end

can be represented in abstract syntax as

case(𝑡, 𝑃 , 𝑓1|𝑓2)
where 𝑃 = 𝜆𝑙. 𝑃 ′𝑓1 = 𝑡1𝑓2 = 𝜆(ℎ𝑑 ∶ nat). 𝜆(𝑡𝑙 ∶ list nat). 𝑡2
According to the definition: {(nil nat)}𝑃 ≡ {(nil nat) ∶ (list nat)}𝑃 ≡ (𝑃 (nil nat)){(cons nat)}𝑃 ≡ {(cons nat) ∶ (nat → list nat → list nat)}𝑃≡ ∀𝑛 ∶ nat, {(cons nat 𝑛) ∶ (list nat → list nat)}𝑃≡ ∀𝑛 ∶ nat, ∀𝑙 ∶ list nat, {(cons nat 𝑛 𝑙) ∶ (list nat)}𝑃≡ ∀𝑛 ∶ nat, ∀𝑙 ∶ list nat, (𝑃 (cons nat 𝑛 𝑙)).
Given some 𝑃 then {(nil nat)}𝑃 represents the expected type of 𝑓1, and {(cons nat)}𝑃 represents the expected type of𝑓2.
Typing rule. Our very general destructor for inductive definitions has the following typing rule
match 𝐸[Γ] ⊢ 𝑐 ∶ (𝐼 𝑞1…𝑞𝑟 𝑡1…𝑡𝑠)𝐸[Γ] ⊢ 𝑃 ∶ 𝐵[(𝐼 𝑞1…𝑞𝑟)|𝐵](𝐸[Γ] ⊢ 𝑓𝑖 ∶ {(𝑐𝑝𝑖 𝑞1…𝑞𝑟)}𝑃 )𝑖=1…𝑙𝐸[Γ] ⊢ case(𝑐, 𝑃 , 𝑓1|…|𝑓𝑙) ∶ (𝑃 𝑡1…𝑡𝑠 𝑐)
provided 𝐼 is an inductive type in a definition Ind [𝑟] (Γ𝐼 ∶= Γ𝐶) with Γ𝐶 = [𝑐1 ∶ 𝐶1; …; 𝑐𝑛 ∶ 𝐶𝑛] and 𝑐𝑝1…𝑐𝑝𝑙 are
the only constructors of 𝐼 .
Example
Below is a typing rule for the term shown in the previous example:
list example 𝐸[Γ] ⊢ 𝑡 ∶ (list nat)𝐸[Γ] ⊢ 𝑃 ∶ 𝐵[(list nat)|𝐵]𝐸[Γ] ⊢ 𝑓1 ∶ {(nil nat)}𝑃𝐸[Γ] ⊢ 𝑓2 ∶ {(cons nat)}𝑃𝐸[Γ] ⊢ case(𝑡, 𝑃 , 𝑓1|𝑓2) ∶ (𝑃 𝑡)
62 Chapter 2. Specification language

https://coq.inria.fr/refman/language/core/inductive.html
https://coq.inria.fr/refman/language/core/inductive.html#inference-Ind-Family
https://coq.inria.fr/refman/language/core/inductive.html#inference-match
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context versus environment

E[Γ] `M : A

I E is the environment of axioms and definitions
I Γ is the context of local variables
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example of context versus environment

Parameter a : Prop.
Definition I : a -> a :=

fun x : a => x.

the typing judgment for the subterm x:

(a : ∗)[x : a] ` x : a

a is in the environment
x is in the context

after these three lines the environment is:

a : ∗
axiom

, I := (λx : a. x) : a→ a

definition
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syntax

STT

A,B ::= a | A→ B

M,N ::= x |MN | λx : A.M

λC

M,N,A,B ::= x |MN | λx : A.M | Πx : A.B | s
s ::= ∗ | �

CIC

M,N,A,B ::= x |MN | λx : A.M | Πx : A.B | s |
let x := N : A inM |
fix . . . | match . . . | . . .

s ::= Set | Prop | SProp | Type(i)

the universe levels i are explicit natural numbers
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universes

λC

∗ : �

CIC

{Set,Prop,SProp} : Type(1) : Type(2) : Type(3) : . . .

in λC the sort � does not have a type
in CIC every term has a type

the universe Type(1) is often used like ∗ too
the universe levels i are generally inferred by the system

SProp is a proof irrelevant version of Prop



⇐←11→

subtyping

Prop ≤ Set ≤ Type(1) ≤ Type(2) ≤ Type(3) ≤ . . .

Check True.
Check (True : Set).
Check (True : Type).
Check nat.
Check (nat : Type).
Check (nat : Prop).
Check (Type : Type).

conversion rule:

E[Γ] `M : A E[Γ] ` A′ : s E[Γ] ` A ≤βδιζη A′

E[Γ] `M : A′

https://coq.inria.fr/refman/language/cic.html#inference-Conv
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reduction

fun β η

Definition δ

fix match ι

let ζ

(λx : A.M)N →β M [x := N ]

λx : A. (Fx) →η F when F : (Πx : A.B)

let x := N : A inM →ζ M [x := N ]
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why let-in definitions when we have beta redexes?

let A := nat : Set in (λx : A. x)O
is well-typed

(λA : Set. ((λx : A. x)O)) nat
is not well-typed

because the subterm
λA : Set. ((λx : A. x)O)

is not well-typed
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defining constants in Coq

Definition two : nat :=
S (S O).

Print two.

Definition two’ : nat.
apply S.
apply S.
apply O.
Defined.
Print two’.

Lemma eq_two : two = two’.
reflexivity.
Qed.

delta reduction: two →δ S (S O)
two′ →δ S (S O)
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the natural numbers

defining an inductive type

Inductive nat : Set :=
| O : nat
| S : nat -> nat.

nat = {O, S O, S (S O), S (S (S O)), . . . }
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what is a type?

I syntax
I string over some alphabet

I semantics: ‘something like a set’
I function types
I inductive types

an inductive type ‘consists of’
the terms you can make with the constructors

more precisely: the closed terms in normal form

closed = no free variables
normal form = does not reduce any further
normal forms are unique (CR = Church-Rosser)
every well-typed term has a normal form (SN = Strong Normalization)



⇐←17→

intuitionism

Bishop-style constructive mathematics (≈ Coq)
xx ''

classical mathematics
∀x ∈ R. (x > 0) ∨ ¬(x > 0)
discontinuous functions

intuitionistic mathematics
¬∀x ∈ R. (x > 0) ∨ ¬(x > 0)

all functions continuous

L.E.J. Brouwer

the ur-intuition of time (synthetic a priori):

This intuition of two-oneness, the basal intuition
of mathematics, creates not only the numbers one
and two, but also all finite ordinal numbers, inas-
much as one of the elements of the two-oneness
may be thought of as a new two-oneness, which
process may be repeated indefinitely.
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natural numbers in Coq

Inductive nat : Set :=
| O : nat
| S : nat -> nat.

Check nat.
Check O.
Check S.
Check nat_ind.
Check nat_sind.
Check nat_rec.
Check nat_rect.

Print nat.
Print O.
Print S.
Print nat_ind.
Print nat_rect.

nat_rect =
fun (P : nat -> Type) (f : P O)

(f0 : forall n : nat,
P n -> P (S n)) =>

fix F (n : nat) : P n :=
match n as n0 return (P n0) with
| O => f
| S n0 => f0 n0 (F n0)
end

: forall P : nat -> Type,
P O ->
(forall n : nat,
P n -> P (S n)) ->

forall n : nat, P n

Arguments nat_ind _%function_scope
_ _%function_scope
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the constants defined by an inductive type definition

Inductive nat : Set :=
| O : nat
| S : nat -> nat.

makes three kinds of constants available:
I the type

primitive
nat : Set

I the constructors
primitive

O : nat
S : nat→ nat

I the destructors
= eliminators = induction principles
= recursors = recursion principles

defined using ‘fix’ and ‘match’
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induction/recursion principles

nat_ind : . . .
nat_sind : . . .
nat_rec : . . .
nat_rect : . . .

correspond to predicates in {Prop,SProp,Set,Type}

two variants:
I dependent principle

(looks more complicated, easier to understand)
I non-dependent principle

(can be derived from the dependent principle)

inductive types in Prop with more than two constructors:
program extraction −→ only the first two, non-dependent
inductive types in Set or Type: all four, dependent
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defining addition

Fixpoint add (n m : nat) : nat :=
match n with
| O => m
| S n’ => S (add n’ m)
end.

structural recursion: recursive call has to be on a smaller term

Definition add’ (n m : nat) : nat.
induction n as [|n’ r].
- apply m.
- apply S. apply r.
Defined.

Definition add’’ (n m : nat) : nat :=
nat_rec (fun _ => nat) m (fun n’ r => S r) n.
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recursive definitions in Coq

Fixpoint add (n m : nat)
: nat :=

match n with
| O => m
| S n’ => S (add n’ m)
end.

Print add.

Lemma add_1_1 :
add (S O) (S O) = S (S O).

simpl.
reflexivity.
Qed.

Eval compute in
add (S O) (S O).

= S (S O)
: nat



⇐←23→

iota reduction

fun β η
Definition δ
fix match ι

let ζ

(fix f . . . := M) . . . (

constructor
↓
c . . .) . . .

→
ι

M [f := (fix f . . . := M)] . . . (c . . .) . . .

match (cN1 . . . Nk) with . . . | (c x1 . . . xk)⇒M | . . . end

→
ι

M [x1 := N1, . . . , xk := Nk]
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induction in Coq

Lemma add_n_O (n : nat) :
add n O = n.

induction n as [|n’ IH].
- reflexivity.
- simpl. rewrite IH.

reflexivity.
Qed.

Definition add’ (n m : nat)
: nat.

induction n as [|n’ r].
- apply m.
- apply S. apply r.
Defined.
Print add’.

Definition add’’ (n m : nat)
: nat :=

nat_rec (fun _ => nat) m (fun n’ r => S r) n.

add’’ is defined
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elimination tactics

elim
destruct
intros + patterns

induction
inversion ←− details next week



⇐←26→

induction principle

nat_ind
: forall P : nat -> Prop,

P O ->
(forall n : nat, P n -> P (S n)) ->
forall n : nat, P n

structure of an induction principle:

for all parameters of the type,
for all predicates over the type,

if the predicate is preserved by the constructors,
then the predicate holds on the full type

the induction tactic applies this
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recursion principle

nat_rec
: forall A : nat -> Set,

A O ->
(forall n : nat, A n -> A (S n)) ->
forall n : nat, A n

f(0) = g

f(n+ 1) = hn (fn)

f = nat_rec A g h

g : A O
h : Πn : nat. A n→ A (S n)
f : Πn : nat. A n
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induction = recursion

nat_rec
: forall A : nat -> Set,

A O ->
(forall n : nat, A n -> A (S n)) ->
forall n : nat, A n

nat_ind
: forall P : nat -> Prop,

P O ->
(forall n : nat, P n -> P (S n)) ->
forall n : nat, P n
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non-dependent principle from dependent principle

nat_rec_dep
: forall A : nat -> Set,

A O ->
(forall n : nat, A n -> A (S n)) ->
forall n : nat, A n

nat_rec_nondep
: forall A : Set,

A ->
(forall n : nat, A -> A) ->
forall n : nat, A

nat_rec_nondep
: forall A : Set,

A ->
(nat -> A -> A) ->
nat -> A

Inductive nat : Prop :=
| O : nat
| S : nat -> nat.

Check nat_ind.
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iota reduction revisited

f(0) = g

f(n+ 1) = hn (fn)

f = nat_rec A g h

nat_rec A g h O→→βδι g

nat_rec A g h (S n)→→βδι hn (fn)



⇐←31→

examples of inductive types

Curry-Howard

datatypes logic
Set Prop
1 >
O ⊥

A→ B functions A→ B
A×B pairs A ∧B
A+B A ∨B

Πx : A.B functions ∀x : A.B
Σx : A.B pairs ∃x : A.B
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unit and empty types

Inductive unit : Set :=
| tt : unit.

Inductive True : Prop :=
| I : True.

Inductive Empty_set : Set := .

Inductive False : Prop := .
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product and sum types

Inductive prod (A B : Set) : Set :=
| pair : A -> B -> prod A B.

Inductive and (A B : Prop) : Prop :=
| conj : A -> B -> and A B.

Inductive sum (A B : Set) : Set :=
| inl : A -> sum A B
| inr : B -> sum A B.

Inductive or (A B : Prop) : Prop :=
| or_introl : A -> or A B
| or_intror : B -> or A B.

Inductive sumbool (A B : Prop) : Set :=
| left : A -> or A B
| right : B -> or A B.
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Sigma types and the existential quantifier

Inductive prod (A B : Set) : Set :=
| pair : A -> B -> prod A B.

Inductive sigT (A : Set) (B : A -> Set) : Set :=
| existsT : forall x : A, B x -> sigT A B.

Inductive sig (A : Set) (B : A -> Prop) : Set :=
| exist : forall x : A, B x -> sig A B.

Inductive ex (A : Set) (B : A -> Prop) : Prop :=
| ex_intro : forall x : A, B x -> ex A B.

notation:
A×B A * B prod A B
A + B A + B sum A B

Σx:A B {x : A & B} @sigT A (fun x : A => B)
{x : A | B} {x : A | B} @sig A (fun x : A => B)
∃x : A. B exists x : A, B @ex A (fun x : A => B)
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proof rules

logical connectives as inductive types:

the proposition ←→ the type

introduction rules ←→ the constructors

elimination rule ←→ the eliminator
= the induction principle
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example: disjunction elimination

Inductive or (A B : Prop) : Prop :=
| or_introl : A -> or A B
| or_intror : B -> or A B.

for all parameters of the type,
for all predicates over the type,

if the predicate is preserved by the constructors,
then the predicate holds on the full type

or_ind
: forall A B

P : Prop,
(A -> P) ->
(B -> P) ->
or A B -> P

A

A ∨B
Il∨

B

A ∨B
Ir∨

A ∨B A→ P B → P

P
E∨
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propositions versus Booleans

two very different types for truth values:
I Prop

elements are types, does not support if-then-else
predicates map to Prop

I bool
elements are data, supports if-then-else
decision procedures map to bool

Prop : Type
True : Prop
False : Prop

I : True

bool : Set
true : bool
false : bool
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datatypes: lists and vectors

Inductive blist : Set :=
| bnil : blist
| bcons : bool -> blist -> blist.

Inductive list (A : Set) : Set :=
| nil : list A
| cons : A -> list A -> list A.

Inductive vec (A : Set) : nat -> Set :=
| vnil : vec A O
| vcons : forall n : nat, A -> vec A n -> vec A (S n).

Arguments vcons {A} {n}.

Fixpoint vappend {A : Set} {n m : nat}
(v : vec A n) (w : vec A m) : vec A (add n m) :=

match v in vec _ n return vec A (add n m) with
| vnil _ => w
| vcons h t => vcons h (vappend t w)
end.
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extended match

match . . . as y in Ix1 . . . xn return A with
| . . .
| (ci . . .)⇒Mi

| . . .
end

for all i:

(ci . . .) : IN1 . . . N1⇒

Mi : A[x1 := N1, . . . , xn := Nn, y := (ci . . . )]
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trees

Inductive bintree : Set :=
| node : bintree -> bintree -> bintree
| leaf : bintree.

node (node leaf leaf) leaf

•
• ◦

◦ ◦

W-types

Inductive W (A : Set) (B : A -> Set) : Set :=
| sup : forall x : A, (B x -> W A B) -> W A B.

nodes are labeled with elements of A
edges are labeled with elements of Bx
(with x the label of the node)
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inductive predicates

rules

Coq formalization of any system of rules of the form:

hyp1 . . . hypn
conclusion

I logics: proof rules
I type systems: typing rules
I programming language semantics
I . . .
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examples

Inductive even : nat -> Prop :=
| even_O : even O
| even_SS : forall n : nat, even n -> even (S (S n)).

even 0
even n

even (n+ 2)

Inductive le : nat -> nat -> Prop :=
| le_n : forall n : nat, le n n
| le_S : forall n m : nat, le n m -> le n (S m).

Inductive le (n : nat) : nat -> Prop :=
| le_n : le n n
| le_S : forall m : nat, le n m -> le n (S m).

n ≤ n
n ≤ m

n ≤ m+ 1
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proving that four is even

Inductive even
: nat -> Prop :=

| even_O : even O
| even_SS n :

even n ->
even (S (S n)).

Lemma even_4 :
even (S (S (S (S O)))).

apply even_SS.
apply even_SS.
apply even_O.
Qed.

Print even_4.

even_4 = even_SS (S (S O))
(even_SS O even_O)

: even (S (S (S (S O))))

even 0
even (0 + 2)

even ((0 + 2) + 2)
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proving that three is not even: inversion

Inductive even
: nat -> Prop :=

| even_O : even O
| even_SS n :

even n ->
even (S (S n)).

Ltac my_inversion H :=
inversion H; clear H; subst.

Lemma odd_3 :
~ even (S (S (S O))).

intro H.
my_inversion H.
my_inversion H1.
Qed.
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exercise: figure out the induction principle of even

dependent induction principle of nat

nat_ind
: forall P : nat -> Prop,

P O ->
(forall n : nat, P n -> P (S n)) ->
forall n : nat, P n

non-dependent induction principle of even

even_ind
: forall P : nat -> Prop,

P O ->
(forall n : nat, even n -> P n -> P (S (S n))) ->
forall n : nat, even n -> P n
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equality

Inductive le (n : nat) : nat -> Prop :=
| le_n : le n n
| le_S : forall m : nat, le n m -> le n (S m).

Inductive eq_nat (n : nat) : nat -> Prop :=
| eq_n : eq_nat n n.

Inductive eq (A : Type) (x : A) : A -> Prop :=
| eq_refl : eq A x x.

eq_ind
: forall (A : Type) (x : A)

(P : A -> Prop)
P x ->
forall (y : A), eq A x y -> P y

P (x) x = y

P (y)
Leibniz equality
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conclusion

overview

I CIC (it’s complicated)
I universes: Prop, Set, Type
I reduction: →βδιζη

I inductive types
I constructors
I induction/recursion principles

I Coq
I Inductive
I Fixpoint and match
I induction
I inversion (more next week)

I examples
I logical operators
I datatypes
I inductive predicates
I Leibniz equality
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table of contents
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