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Definition simple typed lambda environment

T :=Dbool | T = T
= x | true | false | if etheneelsee | Ax:T.e|ee

e ::
v = true | false | Az : 7. e
E:=|||if Etheneelsee | Ee| v E



Type safety

= “well-typed programs do not go wrong.” -Robin Milner

= “well-typed programs do not get stuck.”

safe(e) :=Ve'. e =" ¢/ = val(e) vV de”. €' +— €”



Type safety theorem

Theorem (Type safety): - - e : 7 = safe(e).

A) -Fe:7= - Fe: 7 (Theorem)

B) - =e: 17 = safe(e)

/ //

safe(e) :=Ve'. e =* ¢/ = val(e/) vV de'. e — e



Logical relations for type safety

T :=bool | T > T
e :=ux | true | false | if etheneelsee | Ax:T.e|ee
v ::=true | false | Az : 7. €

V([bool] := {true, false}
Vin —>n ] ={\x:7m.e|YveV[n] epv/x| € E]rn]}
Elr] :={e | Ve.e—*e Airred(e) = € € V|7]}

irred(e) := fe’. e > ¢’
safe(e) 1= Ve'. e =" ' = val(e’) V 3e”. €' - €”



Semantic well-typedness

Theorem (Type safety): - e : 7 = safe(e).

A) -Fe:7= - -FEe:7 (Theorem)

B) - Ee: 7= safe(e)

Gl == {0}

gIl,z : 7] :={~vylx — v] | vy € G[T'] A v e V[r]}

Semantic type safety / well-typedness: I' =e: 7 :=Vy € G[I']. v(e) € &E[7]



Proof of part B

safe(e) :=Ve'. e »* € = val(e/) vV 3e”. ¢’ — " irred(e) := ﬂe’. e e
F'Ee:7:=VyegG[l]. v(e) € E[r] G[] := {0}

Elr] :={e | Ve. e—*e Airred(e') = € € V[r]}

B) - = e: 7 = safe(e)

Proof. Suppose e —* e’. To show: val(e’) or de”’. ¢/ — €”.
Either irred(e’) or —irred(e’).

1. Case —irred(e’). Then Je”. ¢/ — " v

2. Case irred(e’). From - = e : 7 we have e € £[r]. Therefore, ¢’ € V[r].
Thus val(e’)

[



Fundamental Property/Basic Lemma Theorem (A)

A) -Fe:7= - FEe:71 (Theorem)

Proof. Suppose - F e : 7 we have to show - = e : 7. We proceed by induction on
the typing judgement

'Fe:7
_ i T-VAR T-IFTHENELSE
Lz Ll [RES T I' = e: bool F'Fe :7 F'kFey: T
I' = true : bool I' - false : bool 'kFx:7 I' - if e then e; else es : T
T-ABS T-AppP
z:mqkFe:m ke :m—>m I'kFes:ms

'FAe:m.e:m — m I'ejex:m



Fundamental Property/Basic Lemma Theorem (A)

T-TRUE

I ': e:7T:=VyE g[[F]] 7(6) < 5[[7‘]] Case I' - true : bool

Elr] == {e | Ve'. e »* € Airred(e/) = ¢’ € V[r]} irred(e) := ﬂe’. e e

A) - Fe:T=-Fe:T
Case to show I' = true : bool

Proof. Suppose v € G[I'[to show: y(true) € E[bool] .

S Vbool]l = {rue, fal
Since irred(true) therefore to show: true € V[bool]. [bool] = {true, false}



Fundamental Property/Basic Lemma Theorem (A)

'Fe:7T
_ i T-VAR T-IFTHENELSE
L AL [RES TR ' e: bool e :7 'Fey: T
I' - true : bool I" = false : bool I'kFx:7 I'Fif e then e; else ey : T
T-ABs T-Aprp
Fz:mqbe:m I'Fe :m—>mn I'Fes:ms

''FXx:m.e:m — 7 I'Feyes:m



Fundamental Property/Basic Lemma Theorem (A)

I' =e:7:=Vyeg[l]. v(e) € &[] T-ABs
Ghoe x:mmbFe:m

Elr] :={e | Ve'. e—*¢e Airred(e’) = € € V[r]} TFAz 7. e: 71 — T

Vi =] ={ x:1.e|VveV[n] ev/x] € &[]}

A) Fe:T= -Fe:T
Case to show ' = Az :m.e: 1y — 7

Proof. Suppose v € G[I'Jto show: v(Ax : 11.e) € E[11 — 2] .
To show = (Ax : 71.7(e)) € E[r1 — 72].

Suppose Az : 11.7(e) —=* e’ Nirred(e’) To show: €' € V[r — m].
Since Az : 71.7y(e) is a value e’ = Az : 7.79(e)

Therefore to show: Az : 71.v(e) € V[ — m2]. v ::=true | false | Ax : 7. e

Suppose v € V[7;]to show: v(e)[v/x] € E[]. irred(e) := fe’. e €



Fundamental Property/Basic Lemma Theorem (A)

T-ABS
x:mmbFe:m

To show: v(e)|v/x] € E[2]

Case

I'FAr:m.e:m — 1
gz 7]l = fale >0l g e G A pe izl

I'=e:7:=Vyeg[l']. v(e) € &]7]

Induction Hypothesis ',z : 71 = e : 7o
Instantiate vz — v]| € G[I', x : 7y ]with conditions v € G[I'] A v € V[11].
Gives v|z — v](e) € E[m]= v(e)|v/z] € €[]
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