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introduction

function types become dependent

for predicate logic one needs to generalize

(M:A M) : A—B
function types

to
can contain x

1
(M:A.M) : TIx: A.B

dependent function types

Vo : A B
forall x : A, B

three different notations for the same type



we skip chapters 3 and 5 for now

inductive types

l

next week

program extraction

|

last week (briefly)
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dependent types in the lambda cube
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recap: propositional logic

AB:=a|A—=B|AANB|AVB|-A|T]|L
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recap: simply typed lambda calculus

AB:=a|A—B
M,N:=x|MN | x:A M

_— f :A)el
'Fax: A or (& )€

I'Nz:A-M:B 'rF:A—-B THFM:A
'(M:AM):A— B '-FM:B




predicate logic

three predicate logics

» minimal predicate logic

» constructive predicate logic
- AV - T L1LV3

> classical predicate logic

AV -A
-—A—= A



propositional versus predicate logic: syntax

ABu=a|A—-B|AANB|AVB|-A|T|L

M,N ==z | f(M)
Moo= - |ﬁN

p(M)|A—B|AAB|AVB|-A|T|L|
Ve, A|Jx. A

A B ::

vV and 3 bind weakly



minimal propositional versus minimal predicate logic: rules

[AH]
B A— B A
I[H]— E—
A— B B
A v V.’I,'-.A By
V. A Alx := M]

variable condition of IV: x not free in available assumptions



same four rules with explicit assumptions

A+ B TFA—B TFA

7 E—s
r-A—B I'EB
r-A 7 vz A Y
I vz A I' - Alz := M|

variable condition of IV: z not free in I



rules for the existential quantifier

Alz == M] = Jr. A Ve A= C

dz. A C

variable condition of F3: = not free in C



example proof in minimal logic

V. ((Vy. p(y)) — p(x))



example proof in minimal logic

Va. (V. p(y)) = p(x))

[AH]
B 1w A ved gy
A— B [H] V. A Alx == M]
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example proof in minimal logic

Vy. p(y) ]
p(z)
(Vy.p(y)) — p(z) I[}?V_)
V. ((Yy.p(y)) — p(x))
[AH]
é I1H A IV v'l‘:' 4 py
aspi= o Az = M|



example proof in minimal logic

Vy. p(y)"]

Vy-zz(z;) B
p\r
Gy o) 5 o)

AT
[.3 4 Va. A
I[H]— v
A— B V. A Alzx .= M)]

EY



example proof in minimal logic

. p(y)™]
vy p@)"] o
p(@) I[H]—
(Yy-p(y) = p(z)
va.((vy.p(y)) — p(@))
M_H} _
158 [H]— Vz. A A[a




example proof in minimal logic

variable condition check:

at the IV step the variable = does not occur in assumptions
(there are no available assumptions at that point)



example proof in minimal logic

variable condition check:

at the IV step the variable x does not occur in assumptions
(there are no available assumptions at that point)
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example with existential quantifier

A< B:=(A— B)A(B— A)

(Bz.p(x)) < ~(Vz. ~p(z))

not constructively valid

(@2 p(x)) = ~(%2. ~p(x))
~(Vr.=p(2)) = ~~(3. p(a))



example from left to right

(Bz.p(x)) = =(Vz. =p(z))



example from left to right

[AH] [AH]
B J_ 3:17.. A Vax. A. —C
I[H]— I[H]~ E3
A— B -A C



example from left to right

. pla) )
T
G (@) = ~(Var. () - o
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example from left to right

Haopla)o] V. —p(z) 1)

I[H,]
—(Va. —p(z))
G p(@)) = (V. p(a)) L)
[AH] [A_H]
B 1 dr. A V. A. - C
| I[H]— I1[H]- E3
A— B -A C



example from left to right

[Fz. p(z)He] [Va. —p(z)H]

Fz. p(x) Vr.p(z) — L

E3
-
~(Vz.—p(a)
G p(@) = ~(Var. ~p(a)) - 0
A 1A
B . 1 . Te A VoA C -
R 5 -



example from left to right

[Bz. p(z)Ho] [Va. —p(x)]

[Fz.p(z)Ho]  Va.p(z) — L

F3
Lt -
~(Vz.—p(a)
G p(@) = ~(Var. ~p(a)) - 0
[AH] [AH]
B 1 dJr. A V.If.r’l:% C
I[H]— I[H]-
A— B -A C



example from left to right

B p(z)Ho] [Vz. —p(x)H1]

E3
ST
~(Vz.—p(a)
G p(@) = ~(Var. ~p(a)) - 0
) AH)
B 1 dJr. A V.If.r’l:% C
I[H]— I[H]-
A— B -A C



example from left to right

variable condition check:

at the /3 step the variable = does not occur in L



example from left to right

variable condition check:

at the F'3 step the variable x does not occur in L



example from right to left

~(Ve. =p(2)) = == (32 p(z))



example from right to left

[=(Va. ~p(a)) o]




example from right to left

[~z p(a))™]




example from right to left




example from right to left

[~ (Va. =p()) o] [=(Fz. p(x))™]




example from right to left




example from right to left

[p(2)"2]
1
—p(x) I[;T{VQ]_‘
[~(Va. =p(x))Ho] Vo —p(z) .
1
I1Hy]—-




example from right to left

~(3z.p()) Jr.p@) o,
—1im,
—p(x) NQ
[~(Va. —p(x))Ho]  Va.-p(z) .
1
I[H,]—




example from right to left

(= (V. —p(x)) 0] [=(Ez. p(x)) "] [p(a)2]

E—
- I[Hs|—
—p() NZ
[—|(VSU ﬂp(.’l’,‘))Ho] Y. ﬁp(x) .
1L
I[Hl]—\

(3. p(x))

=(Va. —p(z)) —» ——(3z. p(z)) ITHol—




example from right to left




example from right to left

)]
()]
G )] T o
= I[Hs|—
—p(@)
(V. ~p(z))o] Vo ~p(e)
1
~Grp@) T




example from right to left

[~ (Va. =p()) 0] [2(Fz. ()]

[p(x)">]
~Grpe)™] T
L i)
pr)
(Ve ~p(z))o] Vo —p(z)
é]u{]
——(Gz.plz)) Iy

~(Ve. =p(x)) = =~ (32 p(z))

variable condition check:

at the IV step the variable = does not occur in assumptions



example from right to left

[p(x) 2]

(@ p(e)]  Fwp(a)

E—
-p(z) v
[~ (V. =p(z))He]  Va.-p(z) .
1
I[H,]-

- (3. p(x))
—(Vz. =p(x)) = ~=(3z.p(x))

I[Ho}—)

variable condition check:

at the IV step the variable x does not occur in assumptions



dependent type theory

types thus far

» atomic types
a,b,c, ...

> types of proof objects of propositions
a,b,c, ...

» function types

> datatypes

» natural numbers
Booleans
lists

>
>
> binary trees
>



how are types introduced?
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how are types introduced?

> free type variables
STT = simple type theory

» in the context = ‘axiomatic’
PTSs = pure type systems: A— AP A2 AC

'EM:A
nat:x, O :nat, S:nat — nat S (S(S0O)) : nat

Coq: Parameter



how are types introduced?

> free type variables
STT = simple type theory

» in the context = ‘axiomatic’
PTSs = pure type systems: A— AP A2 AC

'EM:A
nat:x*, O:nat,S:nat - nat S (S(SO)) : nat

Coq: Parameter

» definitions —— next week

CIC = Calculus of Inductive Constructions
ElFM:A

Coq: Definition Inductive



star and box

the sorts of the lambda cube:

x = the type of types
[0 = the type of x



star and box

the sorts of the lambda cube:

the type of types

*

O

the type of

the sort * is a kind
= third of four levels

object : type
type : kind
kind : O

object : type : kind : [J
S:nat — nat:*:[]



example contexts

natural numbers:

nat :

Booleans:

bool :
true :

false :

*

: nat
:nat — nat
add :

nat — nat — nat

bool

bool



lists

lists of Booleans:

list :

nil :
cons :
hd :

tl:
append :
: list — list

reverse

*
list

bool — list — list
list — bool

list — list

list — list — list



lists

lists of Booleans:

list :

nil :
cons :
hd :

tl:
append :
: list — list

reverse

cons has two arguments

*
list

bool — list — list
list — bool

list — list

list — list — list

(the head and tail to be put together)



trueslist

the function ‘trueslist’ maps a number n to a list of length n
consisting of n copies of ‘true’

trueslist O = nil
trueslist (S O) = cons true nil
trueslist (S (S O)) = cons true (cons true nil)
trueslist (S (S (S O))) = cons true (cons true (cons true nil))

trueslist : nat — list



vectors and truesvec

vectors of Booleans:
vec : nat — x
vec O : * vectors of length 0
vec (SO) : x vectors of length 1
vec (S (S0)): = vectors of length 2



vectors and truesvec
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vectors and truesvec

vectors of Booleans:

vec :

vec O :

vec (SO):
vec (S (S50)):

trueslist :

truesvec :

nat — *

* vectors of length 0
* vectors of length 1
* vectors of length 2
nat — list

IIn : nat.vecn



vnil and vcons

vnil : vec O

veons : bool — vec n — vec (S n)



vnil and vcons

vnil : vec O

veons : nat — bool — vec n — vec (S n)



vnil and vcons

vnil : vec O

vcons : nat — bool — vec n — vec (S n)

veons : IIn : nat. bool — vec n — vec (S n)



vnil and vcons

vnil : vec O

veons : I[In : nat. bool — vec n — vec (S n)

vcons has three arguments!



vnil and vcons

vnil : vec O

veons : I[In : nat. bool — vec n — vec (S n)

vcons has three arguments!

truesvec (S (S O)) : vec (S (S 0))
truesvec (S (S O)) = veons (S O) true (vcons O true vnil)



types when applying vcons

truesvec (S O) = vcons O true vnil

truesvec :
truesvec (S O) :

vcons :
O:
veons O :
true :

veons O true :

vnil

veons O true vnil :

IIn : nat.vecn
vec (S O)

IIn : nat. bool — vec n — vec (S n)
nat

bool — vec O — vec (S O)

bool

vec O — vec (S O)

:vec O

vec (S O)



BHK-interpretation

proof of A — B
proof of = A
proof of AN B
proof of AV B

function from proofs of A to proofs of B
function from proofs of A to proofs of L
pair of a proof of A and a proof of B
either a proof of A and a proof of B



BHK-interpretation

proof of A — B
proof of = A
proof of AN B
proof of AV B

proof of Vx. A
proof of dx. A

function from proofs of A to proofs of B
function from proofs of A to proofs of L
pair of a proof of A and a proof of B
either a proof of A and a proof of B

dependent function from objects to proofs of A
dependent pair of an object and a proof of A

dependent = A is not fixed but depends on the object =



BHK-interpretation

proof of A — B
proof of = A
proof of AN B
proof of AV B

proof of Vx. A
proof of dx. A

function from proofs of A to proofs of B
function from proofs of A to proofs of L
pair of a proof of A and a proof of B
either a proof of A and a proof of B

dependent function from objects to proofs of A
dependent pair of an object and a proof of A

dependent = A is not fixed but depends on the object =

AV B <« Jx € {left, right}. (z = left = A) A (z = right — B)
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Curry-Howard correspondence

type theory Coq minimal logic
A—B A->B A—B
IIz: D. A forall x : D, A Vz. A

D : x is called Terms in the notes

proof term type statement proved
H : A->B A—B
H : A A
HH : B B
H : TIlz:D.Pzx V. P(x)

HM : PM P(M)
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Parameter D : Set. D is declared



Coq version of the first example
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Parameter p : D -> Prop.



Coq version of the first example

Parameter D : Set. 1 subgoal (ID 1)
Parameter p : D -> Prop.

Lemma four : forall x : D,
forall x : D, (forally : D, py) > px
(forally : D, py) —>
p X.

V. (Vy.p(y)) = p(z)



Coq version of the first example

Parameter D : Set. 1 subgoal (ID 3)
Parameter p : D -> Prop.
x : D

Lemma four : H: forally : D, py

forall x : D,

(forally : D, py) —> P X

p x.
intros x H.

p(x)




Coq version of the first example

Parameter D : Set. No more subgoals.
Parameter p : D -> Prop.

Lemma four :
forall x : D,
(forally : D, py) —>

p Xx.
intros x H.
apply H.
v,', 2\ H
[Vy [()(!;) ] By
P I[H)—




Coq version of the first example

Parameter D : Set.
Parameter p : D -> Prop.

Lemma four :
forall x : D,
(forally : D, py) —>

p Xx.
intros x H.
apply H.
Qed.
Vy. H
[Vy IZ(Z;) ] BY
P I[H)—




Coq version of the first example

Parameter D : Set. four =
Parameter p : D -> Prop. fun (x : D) (H : forall y : D, p y)
=>H x
Lemma four : : forall x : D,
forall x : D, (forally : D, py) ->p x
(forally : D, py) —>
P X. Arguments four _ _Y%function_scope
intros x H.
apply H.
Qed.
H
Print four. iig;gﬁgz——llfv
p(z)
I[H]—
(Vy-p()) = pl@) "

()\a: :D.AH : (Iy - D.py).Haj) Mz : D.(Ily : D.py) — px



Coq version of the first example

Parameter D : Set. four =
Parameter p : D -> Prop. fun (x : D) (H : forall y : D, p y)
=>H x
Lemma four : : forall x : D,
forall x : D, (forally : D, py) > px
(forally : D, py) —>
P X. Arguments four _ _)function_scope
intros x H.
apply H.
Qed.
1 m(a\H
Print four. [Vy.f(g) } EVY
p(@) I[H]—
(Vy.p(y)) = p(x)

(Az: D.AH : (Ily : D.py). Hz) : Mz : D. (Ily : D.py) — px



understanding the proof term

V. (Vy.p(y)) — p(x)



understanding the proof term

Va. (Vy.p(y)) = p(x)

Az D.



understanding the proof term

V. (Vy.p(y)) — p(x)

Az : D.AH : (Ily : D.py).

— ]

Vy. p(y)



understanding the proof term

Va. (Vy.p(y)) — p(z)

Ax:D.AH : (lly: D.py). Hx
Ll

1 px



understanding the proof term

V. (Vy.p(y)) — p(x)

Ax:D.AH : (lly: D.py). Hx



the second example in Coq, from left to right

Parameter D : Set. 1 subgoal (ID 3)
Parameter p : D -> Prop.

Lemma five : (exists x : D, p x) —>
(exists x : D, p x) —> ~ (forall x : D, ~ p x)
~ (forall x : D, ~ p x).

(3. p()) = ~(Va. ~p(x))



the second example in Coq, from left to right

Parameter D : Set.
Parameter p : D -> Prop.

Lemma five :
(exists x : D, p x) ->

~ (forall x : D, ~ p x).

intros HO H1.

1 subgoal (ID 6)

HO : exists x : D, p x
H1 : forall x : D, ~ p x

False

L

MI[H'LF

(Fz.p(z)) = ~(Vo. ~p(x)) I[Ho]—



the second example in Coq, from left to right

Parameter D : Set.
Parameter p : D -> Prop.

Lemma five :
(exists x : D, p x) —>

~ (forall x : D, ~ p x).

intros HO H1.
elim HO.

1 subgoal (ID 7)

HO : exists x : D, p x
H1 : forall x : D, ~ p x

forall x : D, p x -> False

[Fz. p(2)Ho] jV_Lp(L) -1 P
o LHi=
)

(B p(x)) = ~(Vz. =p(z))



the second example in Coq, from left to right

Parameter D : Set. No more subgoals.
Parameter p : D -> Prop.

Lemma five :
(exists x : D, p x) —>
~ (forall x : D, ~ p x).
intros HO H1.
elim HO.
apply H1.

[Fz.p(z)Ho]  [Va.p(z) — LH1]
ok

—(Vz. —p(x))
(Jz.p(z)) = —~(Va. —p(z))

E4

I[Hq]=
I[Ho]—




the second example in Coq, from left to right

Parameter D : Set.
Parameter p : D -> Prop.

Lemma five :
(exists x : D, p x) —>
~ (forall x : D, ~ p x).
intros HO H1.

elim HO.
apply H1.
Qed.

[Fz.p(z)Ho]  [Vz.p(z) — LH1]
ok

—(Vz. —p(x))
(Jz.p(z)) = —~(Va. —p(z))
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the second example in Coq, from left to right

Parameter D : Set.
Parameter p : D -> Prop.

Lemma five :
(exists x : D, p x) —>
~ (forall x : D, ~ p x).
intros HO H1.

elim HO.
apply H1.
Qed.

[Fz.p(z)Ho]  [Va.p(z) — LH1]
B
~(Va. (@)

(B p(x)) = =(Vz. =p(z))

E3
I[H) ]~
I[H()}‘)




the second example in Coq, from right to left

Parameter D : Set. 1 subgoal (ID 5)
Parameter p : D -> Prop.

Lemma six : ~ (forall x : D, ~ p x) —>
~ (forall x : D, ~ p x) —> ~ ~ (exists x : D, p x)
~ ~ (exists x : D, p x).

(Y. ~p(x)) = ~~(3x. pl(x))



the second example in Coq, from right to left

Parameter D : Set. 1 subgoal (ID 8)
Parameter p : D -> Prop.
HO : ~ (forall x : D, ~ p x)

Lemma six : H1 : ~ (exists x : D, p x)

~ (forall x : D, ~ p x) —>

~ ~ (exists x : D, p x). False
intros HO H1.

—Grp@)
I[Ho]—



the second example in Coq, from right to left

Parameter D : Set. 1 subgoal (ID 9)
Parameter p : D -> Prop.
HO : ~ (forall x : D, ~ p x)

Lemma six : H1 : ~ (exists x : D, p x)

~ (forall x : D, ~ p x) —>

~ ~ (exists x : D, p x). forall x : D, ~ p x
intros HO H1.
apply HO.

(¥ ~p(x))]  Vz.-p(a)
E-
1
[H:]=




the second example in Coq, from right to left

Parameter D : Set. 1 subgoal (ID 12)
Parameter p : D -> Prop.
HO : ~ (forall x : D, ~ p x)
Lemma six : H1 : ~ (exists x : D, p x)
~ (forall x : D, ~ p x) —> x :D
~ ~ (exists x : D, p x). H2 : p x
intros HO H1.
apply HO. False
intros x H2.
1
—— I[H>]-
—p(x)
v
(. ~pla))o]  Voopla)
1
[H:]=




the second example in Coq, from right to left

Parameter D : Set. 1 subgoal (ID 13)
Parameter p : D -> Prop.
HO : ~ (forall x : D, ~ p x)
Lemma six : H1 : ~ (exists x : D, p x)
~ (forall x : D, ~ p x) —> x :D
~ ~ (exists x : D, p x). H2 : p x
intros HO H1.
apply HO. exists x0 : D, p x0
intros x H2.
apply H1.
_ H, (e
[—(Fx. p(a))H] Jz. p(x) P
1
—— I[H>]-
~p(@)
(. —p(@) ] Vo p(a)
L0
1 -
Gepl) U



the second example in Coq, from right to left

Parameter D : Set. 1 subgoal (ID 15)
Parameter p : D -> Prop.
HO : ~ (forall x : D, ~ p x)
Lemma six : H1 : ~ (exists x : D, p x)
~ (forall x : D, ~ p x) —> x :D
~ ~ (exists x : D, p x). H2 : p x
intros HO H1.
apply HO. p X
intros x H2.
apply H1. p(m) 73
. = H,
exists . e pa)™]  Fapla)
1
—— I[H>]-
~p(@)
(. —p(@) ] Vo p(a)
1
I[H;]=

—=(3z. p(z))
= (Vz. =p(x)) = —~(Jz. p(x))

I[Ho]—>



the second example in Coq, from right to left

Parameter D : Set. No more subgoals.
Parameter p : D -> Prop.

Lemma six :
~ (forall x : D, ~ p x) —>
~ ~ (exists x : D, p x).
intros HO H1.

apply HO.
intros x H2.
apply H1. [p(x)H>] I3
exists x. [—(Fz. p(x))H1] Jz. p(x)
apply H2. 1 E—
—— I[H3|—
~p(@)
(V. —p() "] Va.op(e)
)
—— (3. .
Go-p(@) s

= (Vz. =p(x)) = —~(Jz. p(x))



the second example in Coq, from right to left

Parameter D : Set.
Parameter p : D -> Prop.

Lemma six :
~ (forall x : D, ~ p x) —>
~ ~ (exists x : D, p x).
intros HO H1.

apply HO.
intros x H2.
apply H1. [p(z) 2] =
exists x. [—(Fz. p(x))H1] Jz. p(x)
apply H2. 1 E—
Qed. —_— I[H2]_|
—p(z) v
(V. —p() ] Va.op(@)
R —1
——(3z. e
Go-p(@)) s

= (Vz. =p(x)) = —~(Jz. p(x))



the second example in Coq, from right to left

Parameter D : Set.
Parameter p : D -> Prop.

Lemma six :
~ (forall x : D, ~ p x) —>
~ ~ (exists x : D, p x).
intros HO H1.

apply HO.
intros x H2.
apply H1. [p(m)fh] 73
exists x. [=(3x. p(x))H] Jz.p(x)
apply H2. 1 E—
Qed. —_— I[HZ]_‘
~p(@)
(V. —p() "] Va.op(@) .
A
(3. o
Go-p(@) s

~(Va. —p(x)) = =3z p(r))



proof rules versus Coq tactics

I— IV intro intros
E— EVY apply

EN EV EF elim destruct intro-patterns
IA split
Iv left right
13 exists



detours

proof normalization

detour = introduction rule directly followed by a elimination rule
for the same connective



detours

proof normalization

detour = introduction rule directly followed by a elimination rule
for the same connective

cut = corresponding notion in sequent calculus

can be eliminated — reduction of the proof term



detours

proof normalization

detour = introduction rule directly followed by a elimination rule
for the same connective

cut = corresponding notion in sequent calculus

can be eliminated — reduction of the proof term

detour for implication:

‘prove a lemma A and then prove B using this lemma’
detour elimination is inlining the proof; of the lemma everywhere

(AT
Y Y
B : A
——— I[H] '
A— B A 9




detours for predicate logic

detour for the universal quantifer

generalize the statement Az := M] to A with arbitrary «
elimination is specializing the proof; to M




AP

STT versus AP syntax

STT:
AB:=a|A—B
M,N:=x|MN | x:A M

AP:
su=x|0 A— B
—
M,N,A)B:=x | MN |dx: A M |llz: A B]|s



AP

STT versus AP syntax

STT:
AB:=a|A—B
M,N:=x|MN | x:A M

AP:
su=x|0 A— B
—
M,N,A)B:=x | MN |dx: A M |llz: A B]|s

a:%b:x fra—>bx:alt fr:b



AP

STT versus AP syntax

STT:
AB:=a|A—B
M,N:=x|MN | x:A M
Fie=-|TIx: A
Ju=TFM:A
AP:
su=x|0 A— B
—
M,N,A/B:=x|MN | x:AM|Tlz: A B|s
Fu=-|T,z: A

J:=TFM:A

r M A
T 1 n
a:%b:x fra—>bx:alt fr:b




STT versus \P

STT
3 rules
x| MN | dx: A M
AP

7 rules

x| MN | de: AM|IIz: A M|x|0O



STT versus \P

STT
3 rules
x| MN | dx: A M
AP

7 rules

x| MN | de: A M|z : A.M|*|0O

box does not have a type
— no rule for box



STT versus \P

STT

3 rules
x| MN | dx: A M
AP

7 rules

x| MN | dx: A M |z : A M | %

box does not have a type
— no rule for box

variables have two rules



STT versus \P

STT
3 rules
x| MN | dx: A M
AP
7 rules
x| MN | de: A M|z : A. M | *
box does not have a type
—> no rule for box

variables have two rules

conversion rule



typing rules

AP

o



typing rules

AP

Fx:0

axiom rule
start rule



typing rules

AP

Fx:0

axiom rule
start rule

I'FA:x T'z:AFB:s

I'FIlx: A B:s

product rule



typing rules

STT

Nz:A-M:B

AP

Fx:0

axiom rule
start rule

I'FA:x T'z:AFB:s

I'FXe:AM:A— B

I'FIlx: A B:s

product rule

abstraction rule



typing rules

STT AP

Fx:0O

axiom rule
start rule

I'FA:x T'z:AFB:s

I'FIlx: A B:s

product rule

Lz:AFM:B xz:Ar-M:B
I'FXx:AM:A— B I'Xe:AM:1lz: A. B

abstraction rule



typing rules

STT AP

Fx:0O

axiom rule
start rule

I'FA:x T'z:AFB:s
F'FIlz:A.B:s

product rule

Lx:AFM:B I'Ne:AFM:B TFIx:AB:s

I'FXx:AM:A— B 'FXe:AM:1lx: A B

abstraction rule



typing rules (continued)

STT AP

'-rF:A-B TI'FM:A

I'-FM:B

application rule



typing rules (continued)

STT AP

r-rFr:A-B I'FM:A TFF:MIlx:AB T'FM:A

I'EFM:B I'-FM:B

application rule



typing rules (continued)

STT AP

I'+F:A—-B I'FM:A T FF:Nlz:AB T'FM:A

I'-FM:B T+ FM : B[z := M|

application rule

truesvec : IIn : nat.vecn

truesvec (S (S 0)) : vec (S(S0))



typing rules (continued)

STT AP

— (x:A) el
FI—x:A(m )€

variable rule



typing rules (continued)

STT AP
(context T is a set) (context T is a list)

correct: a:*x, x:a b x:a
incorrect: z:a,a:x Fx:a

— (x:A) el
FI—x:A(m )€

variable rule



typing rules (continued)

STT AP
(context T is a set) (context T is a list)

correct: a:*x, x:atFx:a
incorrect: z:a,a:x Fx:a

B I'HA:s
P A Tz:AbFz:A

variable rule

'-M:A T FB:s
I'y:BFM:A

weakening rule




the final typing rule

vecappend : IIn; : nat.IIns : nat.

vec ny — vec ng — vec (add ny n2)

vecappend 3 4 vy vg : vec (add 3 4)
vecappend 3 4 vy vy : vec 7



the final typing rule

vecappend : IIn; : nat.IIns : nat.

vec ny — vec ng — vec (add ny n2)

vecappend 3 4 vy vg : vec (add 3 4)
vecappend 3 4 vy vy : vec 7

AP
'FEM:A TFEHA:s
A=y A
'-M:A

conversion rule

A and A’ are convertible

=g is defined on preterms



AP on one slide

M,F A Bu=ux|FM|Xx: A M|Ilz: A B|s

su==x |0
I'FA:s I'FM:A T'HB:s
Fx:0O Nz:AkFz: A I'Ny:BFM:A

Nx:AFM:B ThHIx:A.B:s I'FA:x T,2z:AFB:s
F''EXe:AM:1lz: A. B IFFIlz: A B:s

T'FF:MIz:AB T FM:A I'FEM:A THA:s
I' - FM : Blz := M] 'M:A

A=y A



the lambda cube

only the product rules differ:

''FA:x T,x:AFB:x
A—>
IF'FIx: A B :x
AP 'HFA:x T',z:AFB:s
I'FIzx: A B:s
39 I'FA:s T,2:AFB:x
I' FIlzx: A.B: x
\C I'FA:sy T,2:AFB:so

I' Iz : A B : sy

Aw AC

/ /
A2 AP2

Aw % APw
/ /

A ——— AP




pure type systems

(51., 52) cA

Fsy:so

I'FA:sy T,z:AFB:s
I'FIlz: A B : s3

(517 82,53) ER



pure type systems

(51., 52) cA

Fsy:so

I'FA:sy T,z:AFB:s
I'FIlz: A B : s3

(51, 82,53) ER

S A R
sorts axioms rules
A= {+ 0} {(x0)} {(e,,%) }

AP {x,0} {(x,0)} {(x, %, %), (x,0,0)}



pure type systems

o, Bum)ed
I'FA:sy T,z:AFB:s
T l_ HZ‘ : A B: S3 (517 52, 53) c R
S A -
sorts axioms rules
Ak {*} {(*,%)} (5, 5)}
A= {0} {(x,0)} ((en0))

{(x,%,%), (+,0,0)}



A%
A—
AP

AC

pure type systems

F}—A:sl

s 89

I'z:AFB:s

I'FIz: A .B:s;3

sorts
{+}

{+ 0}

{x 0}

{0}

A

{05}
{(x D)}
{(0)}

{(0)}

(51., 52) cA

(51, 82,53) ER

R
rules
{(e,0,0)}
{(,%,%)}
{(x, %, %), (x,0,0)}
{0, %,%), (+, 0, 00),
(O, %,%),(0,0,0)}



pure type systems

(51., 52) cA

Fsy:so

I'FA:sy T,z:AFB:s
I'FIlz: A B : s3

(517 82,53) ER

S A R
sorts axioms rules
Ak {*} {(Gx, %)} {0, %, %)}
A= {=, 0} {0} {Geyx,%) }
AP {*, 0} {(x,0)} {(x, %, %), (x,0,0)}
AC {0} {(+,00)} ‘E(D*:::))’((SDD”DD)’}
)‘PRED {*s, Dsa *pa Dp} {(*sa Ds)v (*Pa Dp)} {((::::;: ::)): ((:j: *[IJ)S’ 7*E|s})7



example PTS type derivation

a:¥,c:at (A\y:a.y)r:a



example PTS type derivation

a:x,z:abk(Qy:ay)r:a

r-A:s r-M:A TFHB:s
Fx: 0O NNez:AkFz: A Iy:BEM:A

,o0:AFM:B TFIxz:A B:s 'FF:Mlx:AB TTHFM:A

F'FX:AM:Ilz: A.B I' - FM : Blx := M)]

43



example PTS type derivation

a:x,x:ak(Ay:a.y):a—a a:x,r:akx:a

a:x,x:at(Qy:ayr:a

'FA:s 'FM:A TEFEB:s
Fx: O Nx:AkFaxz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mle:AB T'TEFM:A

I'FXe:A M:1lx: A. B I' - FM : Blz := M)]



example PTS type derivation

a:x,r:a,y:abty:a a:x,x:aba—a:x*
a:x,x:ak(A\y:ay):a—a a:x,r:akx:a
a:x,x:ak(Ay:ayz:a

I'FA:s I'EM:A T'FB:s
Fx: 0O Nx:AkFaxz: A Iy:BEFM:A

I'Ne:Ar-M:B THIz:AB:s 'FF:llx:AB T'HEM:A
'Xx:AM:Ilx: A.B I' - FM : Bz := M]




example PTS type derivation

a:*,r:aba:x

a:x,r:a,y:abty:a a:x,x:aklba—a:x*

a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a

r-A:s '-M:A T'FB:s
Fx: O e:AFaz: A NLy:BFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
' Xe:A M:Ilx: A.B I' - FM : Blx := M)]




example PTS type derivation

a:xFa:x a:xkFa:x*

a:x,r:aba:x*

a:x,r:a,y:abty:a a:x,x:akba—a:x*

a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a

F-A:s '-M:A TFB:s
Fx: O Lex:AkFax: A Iy:BFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
PFXe:AM:1lx: A B I' - FM : Bz := M]




example PTS type derivation

Fx: O

a:xFa:x a:xkFa:x*

a:*x,r:aba:x

a:x,r:a,y:abty:a a:x,x:akba—a:x*

a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a

r-A:s Fr-M:A THFB:s
Fx:0 NNez:AkFz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
PFXe:AM:1lx: A B I' - FM : Bz := M]




example PTS type derivation

Foax: O

a:xFa:x a:xkFa:x*

a:*x,r:aba:x

a:x,r:a,y:abty:a a:x,x:akba—a:x*

a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a

'FA:s 'FM:A TEFEB:s
Fx: Nx:AkFaxz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
' Xe:A M:Ilx: A.B I' - FM : Blx := M)]




example PTS type derivation

Fx: O Fx O

a:xFa:x a:xkFa:x*

a:*x,r:aba:x

a:x,r:a,y:abty:a a:x,x:akba—a:x*

a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a

r-A:s Fr-M:A THFB:s
Fx:0 NNez:AkFz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
PFXe:AM:1lx: A B I' - FM : Bz := M]




example PTS type derivation

Fx: O Fx O

a:xFa:x a:xkFa:x*

a:*x,r:aba:x

a:x,r:a,y:abty:a a:x,x:abta—a:x

a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a

'FA:s 'FM:A TEFEB:s
Fx: Nx:AkFaxz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
' Xe:A M:Ilx: A.B I' - FM : Blx := M)]




example PTS type derivation

Fx: O Fx: 0O

a:xFa:x a:xkFa:x*

(next slide)
a:*x,r:aba:x

a:x,r:a,y:abty:a a:x,x:akba—a:x*
a:x,x:ak(Ay:a.y):a—a a:x,x:akx:a
a:x,r:ab(Ay:ay)z:a

I'FA:s I'EM:A T'FB:s
Fx: 0O Nx:AkFaxz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
' Xe:A M:Ilx: A.B I' - FM : Blx := M)]




example PTS type derivation

Fx: O Fx: 0O

a:xFa:x a:xkFa:x*

(next slide)
a:*x,r:aba:x

a:x,r:a,y:abty:a a:x,x:akba—a:x* a:* bFa:x
a:x,z:ab(Ay:ay)a—a a:xr:akx:a
a:x,r:ab(Ay:ay)z:a

r-A:s Fr-M:A THFB:s
Fx:0 NNez:AkFz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
PFXe:AM:1lx: A B I' - FM : Bz := M]




example PTS type derivation

Fx: O Fx: 0O

a:xFa:x a:xkFa:x*

(next slide)

a:x,x:aba:x* Fx: O
a:x,r:a,y:abty:a a:x,x:akba—a:x* a:*x Fa:x
a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a

a:x,x:ak(Ay:ayz:a

r-A:s Fr-M:A THFB:s
Fx:0 NNez:AkFz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
PFXe:AM:1lx: A B I' - FM : Bz := M]




example PTS type derivation

Fx: O Fx: 0O

a:xFa:x a:xkFa:x*

(next slide)
a:*x,r:aba:x : Fx O
a:x,r:a,y:abty:a a:x,x:akba—a:x* a:*x Fa:x
a:x,x:ak(Ay:a.y):a—a a:x,x:atz:a
a:x,r:ab(Ay:ay)z:a
'FA:s 'FM:A TEFEB:s
Fx:0 Nx:AkFaxz: A Iy:BEFM:A

I'Ne:ArFM:B TFIz:A.B:s I'F:Mlx:AB T'THEFM:A
PFXe:AM:1lx: A B I' - FM : Bz := M]




example PTS type derivation

Fx:0O Fx:O
a:*xFa:x a:*xFa:x* (next slide)
a:*x,r:aba:x : Fx:0
a:x,r:a,y:abty:a a:x,x:akba—a:x* a:*x bFa:x
a:x,x:ak(Ay:a.y):a—a a:*x,r:atx:a

a:x,r:ab(Ay:ay)z:a



example PTS type derivation

Fx:0O Fx:O
a:xkFa:x a:*xtba:x* (next slide)
a:*x,r:aba:x : Fx:0O
a:x,r:a,y:aby:a a:x,x:aba—a:x* a:xFa:x
a:x,x:ak(ANy:a.y):a—a a:x,r:abx:a

a:x,r:ak(Qy:ayr:a

rra,y:aby:a

x:abt(My:a.y):a—a x:akx:a

z:a b (Ay:ay)z:a



example PTS type derivation

Fx:0O Fx:0O
a:*xFa:x a:*xFa:x* (next slide)
a:*x,r:aba:x : Fx:0
a:¥,x:a,y:aby:a a:x,r:atFa—a:x* a:x Fa:x
a:x,x:ak(Ay:a.y):a—a a:*x,r:atx:a

a:x,r:ab(Ay:ay)z:a

z:a,y:aby:a

z:akF(Ay:ay):a—a z:akz:a

z:a kb (Ay:ay)zx:a



example PTS type derivation (continued)

a:x,x:atFa—a:x*

-A:s '-M:A TFB:s

Fx: 0O Nz:Akz: A Iy:BEM: A

'FA:x T'z:AFB:s
-Tlz:A.B:s




example PTS type derivation (continued)

a:*%,r:abta—a:x
[

Iy :a.a
I'A:s '+-M:A T FB:s
Fx: 0O e:AFz: A Iy:BEM: A

'FA:x T'z:AFB:s
-Tlz:A.B:s




example PTS type derivation (continued)

a:xF(y:a.a):x a:*bFa:x

a:¥,r:abFa—a:x
| I |

Iy :a.a

'EA:s '-M:A TFB:s
Fx:0 Lx:AFz: A I'Ny:BFEM:A

'FA:x T'z:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

a:*xbFa:x a:x, y:akba:x
a:x F(Iy:a.a):x* a:x Fa:x*
a:x,rrala—a:*
[
Iy :a.a
F'HA:s 'tEM:A THEB:s
Fx: 0O Lx:AFz: A y:BFM:A

I'FA:x TI'z:AFB:s
F'FIlz: A B:s




example PTS type derivation (continued)

Fax: O
a:x bFa:k a:x, y:akba:x
a:x Fy:a.a):x* a:x Fa:x
a:x,rrala—a:*
[
Iy :a.a
r-A:s '-M:A T FB:s
Fx:0 INNe:AkFz: A y:BFM:A

'FA:x T'z:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

Fx: 0
a:*xFa:x a:k, yaba:x
a:x Fy:a.a):x* a:*xFa:x*
a:x,rrala—a:*
[
Iy :a.a
F'HA:s '-M:A T FB:s
Fx: 0 e:AFaz: A y:BFM:A

'FA:x T'z:AFB:s
I'Ilx:A . B:s




example PTS type derivation (continued)

Fx: 0 a:*xbFa:x a:*xbFa:x
a:*xbFa:x a:*,y:ata:x
a:x Fy:a.a):x* a:x Fa:x
a:x,x:akFa—a:x*
[
Iy :a.a
r-A:s r-mM:A T'HB:s
Fx:0 Lx:AbFx: A I'Ny:BFEM:A

'FA:x T'a:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

Fx:0
F*: 0 a:xFa:x a:xFa:x*
a:*xFa:x a:x, y:akba:x
a:x Fy:a.a):x* a:x Fa:x
a:*,x:al—w:*
Iy :a.a
F-A:s Fr-M:A T HFB:s
Fx:0 INNe:AkFz: A y:BFM:A

'FA:x T'z:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

Fox: O
F*: 0 a:xFa:x a:xFa:x
a:*xFa:x a:x, y:akba:x
a:x Fy:a.a):x* a:*xFa:x*
a:*,x:al—w:*
Iy :a.a
'EA:s 'tEM:A THEB:s
e Lx:AFz: A y:BFM:A

'FA:x T'z:AFB:s
I'Ilx:A . B:s




example PTS type derivation (continued)

Fx: 0 Fx:0
F*: 0 a:xFa:x a:xFa:x
a:*xFa:x a:x, y:akba:x
a:x Fy:a.a):x* a:x Fa:x
a:*,x:al—w:*
Iy :a.a
F-A:s Fr-M:A T HFB:s
Fx:0 INNe:AkFz: A y:BFM:A

'FA:x T'z:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

Fx: 0 Fx:0O
F*: 0 a:*xFa:x a:*xbFa:x
a:*xFa:x a:x, y:akba:x
a:x Fy:a.a):x* a:kx Fa:x*
a:*,x:al—w:*
Iy :a.a
'EA:s 'tEM:A THEB:s
e Lx:AFz: A y:BFM:A

'FA:x T'z:AFB:s
I'Ilx:A . B:s




example PTS type derivation (continued)

Fx: 0 Fx:0O
F*: 0 a:xFa:x a:xFa:x
a:x Fa:x a:*x,y:atFa:x Fx:0O
a:x Fy:a.a):x* a:* Fa:x
a:*,x:al—w:*
Iy :a.a
F-A:s r-M:A THB:s
Fx:0 INNe:AkFz: A y:BFM:A

'FA:x T'z:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

Fx: 0 Fx:0O
F*: 0 a:xFa:x a:xFa:x
a:x Fa:x a:*x,y:atFa:x Fx:0O
a:x Fy:a.a):x* a:x Fa:x
a:*,x:al—w:*
Iy :a.a
'EA:s 'tEM:A THEB:s
e Lx:AFz: A y:BFM:A

'FA:x T'z:AFB:s
' Iz: A B:s




example PTS type derivation (continued)

Fx: 0 Fx:0O
F*: 0 a:xFa:x a:xFa:x
a:x Fa:x a:*x,y:atFa:x Fx:0O
a:x Fy:a.a):x* a:x Fa:x
a:*,x:al—w:*
Iy :a.a
'EA:s 'tEM:A THEB:s
Fx: 0O Lx:AFz: A y:BFM:A

'FA:x T'z:AFB:s
' Iz: A B:s




conclusion

computing the sort of a type

typep(A\z : A. M) = Tlx : A.typer ,.o(M)

typep(Ilz : A. B) = typer ,.4(B)
typer(A — B) = typer(3)
typer(x) =0

typer(z) = T'(x)

typer(FM) = ...
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