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Internalization

Before the break: Inductive-recursive types via an external schema
Now: Internal schema

What does that mean?

No external concepts

°
°

@ Everything is Type Theory

@ Allows us to prove over the axiomatization
°

Makes the meta theory easier (e.g. building models)
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Recap: Why Induction-Recursion?

So actually:
Inductive U : Type :=

| N:U

| $:(x:0) = (T x=U) —U
T : U— Type :=

T N=N

I T(EXab)=% (x:Ta) (T (bx))=X (Ta) (T D)



Introduction
[e]e]e] o]

Notation

o We write (x : A) — ... for Mx: A....
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set, type, stype

We have:
@ set : type
0 A:set = A: type
o A:set = A: stype
@ set is not of stype
And:
e o:l
o tt,ff : B
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Inductive defintions

Generalized inductive definitions

A type can be inductively defined by a finite number of
constructors:

introj : ®;(U) — U
Where the functor ®; is recursively defined as follows (A : stype):
e No premises: ¢;(U) =1
@ Non-inductive premise: ®;(U) = A x W(U)
e Inductive premise: ®;(U) = (A — U) x V(U)

Given such (®1;...; ®,), they define an inductive type
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Inductive Types as Initial Algebra’s

For each constructor and any D, d; we have the following diagram

&
S
<
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Moving towards Inductive-Recursive Types

We need to add more:
@ Dependent types
@ Single functor

@ Induction-Recursion
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Dependent Types

Consider the ¥ type: It has one constructor

p:(x:A)=(y:Bx)— X AB
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Dependent Types

Consider the ¥ type: It has one constructor

nonind nonind
— —
p:(x:A)—(y:Bx)— LAB

But recall the rule for non-inductive premises

Non-inductive premise

For A : stype, W a strictly positive functor: ®;(U) = A x ¥(U)

We need to modify this to:

Non-inductive premise

For A : stype, W, a strictly positive functor depending on x:
®;(U) = (Mx : A) x W, (V)
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Single Functor

Replace the sequence of functors by a single functor

(b1 P,) = O(U) = (x: Np) x W, (V)

N, is the finite set with n elements.
Can be constructed with the booleans B and the empty set Ny
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Induction-Recursion

f:(X:U) — (T x—=0U) —U
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Induction-Recursion

Y (x:U) = (T x> U) =U
ind ind
n n
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Induction-Recursion

Y (x:U) = (T x> U) =U
ind ind
n n

The second premise depends on the first premise and T

Inductive premise

For A : stype, V a strictly positive functor:
o(U) =(A— U) x V()
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Induction-Recursion

Y (x:U) = (T x> U) =U
ind ind
n n

The second premise depends on the first premise and T

Inductive premise

For A : stype, V a strictly positive functor:
o(U) =(A— U) x V()

We need to modify this to:

Inductive premise

For A : stype, W, a strictly positive functor
depending on g : A — D:
P (U, T)=(f: A= U) x Uroe(U)
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Induction-Recursion

Generalized inductive-recursive definitions
A type can be inductively defined by a single functor ®:

(U, T):=(x:N,) xV (U, T)
Where the functor ®; is recursively defined as follows (A : stype):
@ No premises: &(U, T) =1
@ Non-inductive premise: ®(U, T) = (Mx : A) x W, (V)
@ Inductive premise: ®(U, T) = (f : A— U) x Vro¢(U)




Induction-Recursion
0000000

Reflection Principle

What about the constructors intro?



Induction-Recursion
0000000

Reflection Principle

What about the constructors intro?

¢arg(U, T) intro U
®maP(U,T) T

dAE d D
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SPp represents the strictly positive functors.
D : type ¢:SPp  U:set T:U—D
SPp : type arg, : stype
D:type ¢:SPp ¢:SPp U:set T:U—D
Arg, : type mapy : arg, — Arg,
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SPp represents the strictly positive functors.
D : type ¢:SPp U:set T:U—D
SPp : type arg, : stype

D:type ¢:SPp ¢:SPp U:set T:U—>D
Arg, : type mapy : arg, — Arg,

intro
arg, ———— U

map,, T

Arg, 94 .p
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Constructors

nil : SPp

A:set 0:A— SPp
nonind(A, #) : SPp

A:set 0:(A— D)— SPp
ind(A,0) : SPp
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Axiomatization
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Argni =1
Argnonind(A,0) = (X 1 A) X Argge)
Arging(ag) = (f 1 A= D) x Argys)

argn =1
aAr€nonind(A,0) = (X : A) X argg(x)
argind(A,0) = (f: A= U)x argy(Tof)

mapp;(©) = ©
mapnonind(A,@)(<a7'7>) = <a> map@(a)(7)>
maping(a,0)((f;7)) = (T o £, mapy(1or)(7)
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Typing rules

Common premises: D : type, ¢ : SPp, d: Argy — D
Formation rules Uy : set
T¢ . U¢ — D
a:argy
Introduction rule: —————
introg(a) : Uy

a:arg,
Ty(intro,(a)) = d(mapy(a))

Equality rule:
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Natural numbers

@ Weset D=1and d = Ax:Arg,.0

@ Let ¢ = nonind(B, Ax.if x then nil else ind(1, Ay.nil))
Then we set N := Uy
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Natural numbers

o Weset D=1and d = Ax:Arg,.0
@ Let ¢ = nonind(B, Ax.if x then nil else ind(1, Ay.nil))
Then we set N := Uy with
o O :=intro((tt,o)) : N and
o S:=An.intro({ff, (Ay.n,o)) : N = N
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We will now consider structural recursion of U into a type E.
We'll write E[t] for substitution of some fixed variable in E by t,
and E instead of Ax.E[x]. Global assumption x : Uy, = E[x] : type
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Structural recursion

We will now consider structural recursion of U into a type E.
We'll write E[t] for substitution of some fixed variable in E by t,
and E instead of Ax.E[x]. Global assumption x : Uy, = E[x] : type

arg¢ Intro > U

l(id, maplH,(R(e))) (id, R(e))

(v :argy) x IHg(7) M (x: U) x E[x]
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More operations

For this, we introduce the operations IH and maplH.
Uiset T:(x:U)—=D ~:arg,

IHs(7)
U:set T:(x:U)—D R:(x:U)— E[x]

maplH4(R) : (x :argy) — IHg(x)
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More definitions

|Hni|(<>) =1
IHnonind(A,@)(<aary>) = IH@(a)(’Y)
IHind(a,0)((F;7)) = ((v = A) = E[F(y)]) x (Ho(Tor) (7))

mapIHn,|(R,<>)
mapIHnonind(A 0) ( < a7>) ma pIHO(a)(V)
malelnd(A@)( < a7>) <RO f, male@(Tof)(R7’Y)>

o
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Elimination rule

e: (v :argy) = (IHs(7)) = (Elintrog(v)])
Rg(e) : (a: Ug) — Ela]

Elimination rule:

Equality rule:  Ry(e, introg()) = e(v, maplH,(Ry(e), 7))



Exoamples
Universe closed under > and N

D :set
¢ = nonind(B, Ax.if x
then nil
elseind(1, Af.ind(f (), Ay.nil)))
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Universe closed under > and N

D :set
¢ = nonind(B, Ax.if x
then nil
elseind(1, Af.ind(f (), Ay.nil)))

o Argy = (b:B) x E(x)
o E(tt)=1
o E(ff)=(x:1—set) x (f:x(0) —set) x 1

Argny =1
Argnonind(A,G) = (X | A) X Arg()(x)
Argina(ag) = (f : A— D) x Argy(s)




Universe closed under ¥ and N (cont.)

Argy = (x: B) x E(x)
o E(tt)=1
o E(ff) =(x:1—set) x (f:x(¢) > set) x 1

@ Then we define d : Arg, — set such that
o d((tt,o)) =N
o d((ff,(A,(B,¢)))) = L(A(¢), \y-B(y))
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Universe closed under ¥ and N (cont.)

Argy = (x: B) x E(x)
o E(tt)=1
o E(ff) =(x:1—set) x (f:x(¢) > set) x 1

@ Then we define d : Arg, — set such that
o d((tt,o)) =N
o d((ff,(A,(B,¢)))) = L(A(¢), \y-B(y))
o We can then set T’ := Ty, U’' := Uy and our effective
constructors:
° ISI = intro((tt, o)) : U’
e X := Aab.intro({ff, (Ax.a, (b,o))))
(a:U,b:T'(a) > U) = U
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Universe closed under ¥ and N (cont.)

Argy = (x: B) x E(x)
o E(tt)=1
o E(ff) =(x:1—set) x (f:x(¢) > set) x 1

@ Then we define d : Arg, — set such that

o d((tt,o)) =N

o d({ff, (A, (B,?)))) = L(A(2), \y-B(y))
o We can then set T’ := Ty, U’' := Uy and our effective

constructors:
° ISI = intro((tt, o)) : U’
e X := Aab.intro({ff, (Ax.a, (b,o))))
(a:U,b:T'(a) > U) = U

o T'(N) =N and T'(5(a, b)) = (T'(a), T o b)
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