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A tree
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For every node x, labels for edges to descendants are Oy, 1y, ..., (x — 1)x.
We say 0p,1p,...,(n—1),: Np.
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A tree of trees

Let f(x) give the subtrees for the root node

given the node label x : Ny.
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A tree of trees of trees

6/33



A tree of trees of trees
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A tree of trees of trees
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A tree of trees of trees
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A tree of trees of trees
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A tree of trees of trees
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A tree of trees

Let f : No — W give the subtrees for the

root node @ given some node label in No.
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A tree of trees
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A generic tree

* Wx : N.N,

* Wx : N.N,

Na:N =b:N; — Wx: N.N,
Fsupab:Wx:N.Ny
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Writing a subtree as a W-type

Na:N N=b:N; — Wx:N.N,

MFsup ab: Wx:N.N,
@ =sup 0 Ax : Np.

{(no cases, x : Np)
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Writing a subtree as a W-type

Na:N N=b:N; — Wx:N.N,

MFsup ab: Wx:N.N,
@ =sup 0 Ax : Np.

{(no cases, x : Np)

01 =sup 1 Ax: Nj.

o @
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Writing a subtree as a W-type

Na:N N=b:N; — Wx:N.N,
[+sup ab: Wx:N.Ny

: Ns.
@ =sup 0 Ax : Np. sup 3 Ax N3

{(no cases, x : Np) 3 x=03—
03 23

13
01 =sup 1 Ax: Nj. a <1> Q -
S ©

x =13 —

X:23—>

©e=0|®
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Typing rules

N-A:x x:AFB:x

N-a:A

NEb:B[x=a - Wx:AB

M= (Wx:AB):x

supab: Wx:A B

t Wx : N.N,
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Elimination rule

node . .
value branching function ‘IH
7

~ N - ~
FEf:Nx:ANy:Bx— Wx:A.B).(Mv:Bx.C(yv)) — C (sup x y)
N=-w:Wx:AB)

lNwrecw f:Cw

3 = B[x = 3] M= A:x Mx:AFB:x
M= Wx:A.B):x

N-a: A
Wx : N. N, NEb:B[x:=a - Wx:AB

[Fsupab:Wx:AB
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Term computation

N-a:A N-b:Ba— (Wx:A.B)
FEf:Nx:ANy:Bx— Wx:A.B).(Mv:Bx.C(yv))— C (sup x y)
-wrec (supab) f=rFfab(Av:Bawrec(bv)f):C (supab)

}N:A

. }NgB[x:3] A«  Tx:AFB:s
M= (Wx:AB):x
Fa: A
01 Wx : N.Ny FEb:Blxi=a — Wx:AB
@ l-supab:Wx:AB
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Wh-types in Coq

We reuse the definition from Freek (also lecture 5, CIC):

Inductive W (A : Type) (B: A — Type) : Type =
| sup: Vx: A (Bx —>WAB) —>WAB.
Arguments sup {_ _} _ _ : assert.

equivalent to the formation and introduction rules that we saw before:

MEA:x Nx:AFB:x Na:A N=b:B[x=a - Wx:AB
N=(Wx:AB):x MEsupab: Wx:AB
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W-types in Coq: elimination

Then we get the following recursion principle:

Check W_rec : V (A: Type) (B: A — Type) (P : WA B — Set),
(V (x:4) (w: Bx —>WAB), (VY b:Bx, P(wb)) =P (supxw)) —
YVw: WAB, Pw.

equivalent to the elimination rule we saw before:

M=w:(Wx:A B)
FrEf:Nx:ANy:Bx— Wx:AB).(Mv:Bx.C(yv))— C (sup x y)

lNwrecwf:Cw
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W-types in Coq: elimination computation

The computation rule we saw before is also automatically valid:
N-a:A Nl=b:Ba— (Wx:AB)
FrEf:Nx:ANy:Bx— Wx:AB).(Mv:Bx.C(yv))— C (sup x y)
'wrec (supab) f=rFfab(Av:Bawrec(bv)f):C (supab)

In Coq, the we can prove that it is correct by definitional equality:

Lemma W_equality A (B: A — Type) (C:WAB —Set)f(a:A)(b:Ba—WAB):

W.recABCf (supab)=fab(\ v,W_recABCTf (bv)).
Proof. reflexivity. Qed.
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Intermezzo: finite sets

Introduction rule:

Elimination rule:

c: N, c:COo, cr-1:C(n—1),
R,cc - cho1:Cc
Computation rule:
m, : N, c:CO, cm: Cmy cn-1:C(n—1),
R, m,c -+ che1 =cm: Cm,

The elimination rule for Ng:
c: N

_ % . N.B.: note that Cc can be any type.

Roc:Cc
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Natural numbers as W-types

NW = Wx : Ng. R2XNO Nl
Nyy == Wx : bool. if x then N> else L
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Inhabitant of the type

Encoding natural number 3 € N using the Nyy:

sup 1 (Axy @ Nj.
sup 1o (Axz @ Nj.
sup 1o (Ax3 : Nj.
sup 02 (Axa : No. Rg xa))))

Or, represented as a tree (the root

is at the top):
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Typing rules

Consider the number 1 in Nyy:
one == sup 1y (Axy : Ni.sup 02 (Ax2 : Ng. R x2))

Type checking of the term one:

Ix1 :Ni,x:NoFRg : Ng — Ny Ix1:Ni,x2 : NoF x2 0 Np
: I,x1:Ni,x i NoF Rpxo: Ny
Mx1:NyF0y:Np Mx1: N1 FAx : Ng.Rogxo : Ng — Ny,
: M x1: Ny Fsup 02 (A2 : No.Rox2) : Nyy
M- 12:N2 M- )\Xl . Nl.sup 02 (/\Xz . No.RQXz) . Nl A)NW
I sup 1o (Axq @ Ni.sup 02 (Ax2 : No. Rox2) : Nyy
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Defining an addition operation for Ny,

add := Anm : Nyy.wrecnf
f:=Axyz.Ryxm(supl;z)

Fixpoint Wnat_add (nm : Wnat) : Wnat :

match n with

| sup true w =
sup true (A _, Wnat_add (w tt) m)

| sup false _ =m
end.

Definition Wnat_add' (n : Wnat) :

Wnat — Wnat =
Wnat_rec _
(A (x : bool),
match x with
| true = A w f, sup true f
| false = A __, n
end).

Definition Wnat_add" (n : Wnat) :
Wnat — Wnat =
Wnat_rec _
(A (x : bool),
bool_rec _
(N w £, sup true f)
(A -~ n)
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Computing 1 + 1 in Ny

zero = sup 02 (Ax2 : No. Rg x2)
one :=sup 1o (Ax; : Nj. zero)

add one one = (Am : Nyy. wreconef) one

(recall f == Axy z. Ry x m(sup1; z))
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Computing 1 + 1 in Ny (recall f == Axy z. Ry x m(sup1; z))

zero = sup 02 (Ax2 : No. Rg x2)
one = sup 1y (Axy : Nj. zero)

add one one = (Am : Nyy. wreconef) one

= (Am : Nyy.wrec (sup 1z (Axq : Ny.zero))f) one

= (Am : Nyy.f 15 (Axq : Ny.zero) (Av : Ni.wrec ((Axq : Ni.zero) v) f)) one
= (Am.Ra 1y m(sup 12 (Av : Ni.wrec ((Ax1 : Ni.zero) v) f))) one

= (Am.sup 1y (Av : Nj.wrec ((Ax; : Nj.zero) v) f)) one

= (Am.sup 1 (wrec (Axg : Nj.zero) f)) one
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Computing 1 + 1 in Ny (recall f := Axy z. Ry x m(sup 1, z))

zero = sup 02 (Ax2 : No. Rg x2)
one = sup 1y (Axy : Nj. zero)

add one one = (Am : Nyy. wreconef) one

= (Am : Nyy. wrec (sup 1 (Axy : Nj.zero))f) one

= (Am : Ny f 1y (Axg : Ny.zero) (Av : Nj.wrec ((Axy : Nj.zero) v) f)) one

= (Am.Ra1ym(sup 15 (Av : Nyi.wrec ((Axq : Nyi.zero) v) f))) one

= (Am.sup 1o (Av : Ni.wrec ((Ax1 : Nj.zero) v) f)) one

= (Am.sup 1o (wrec (Ax; : Ny.zero) f)) one

= (Am.sup 1y (f 02 (Ax2 : No. Rgx2) (Av : Np. (wrec ((Ax2 : Ng. Ro x2) v) f)))) one
= (Am.sup 1o (R2 02 m(sup 12 (Av : No.wrec ((Ax2 : Ng. Rox2) v) f)))) one

= (Am.sup 1o (Axp : Ni.m)) one

=sup 1o Axp : Nj.one
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Computing 1 + 1 in Ny (recall f := Axy z. Ry x m(sup 12 2))

zero = sup 02 (Ax2 : No. Rg x2)
one :=sup 1o (Ax; : Nj. zero)

add one one = (Am : Nyy. wreconef) one

= (Am : Nyy. wrec (sup 1 (Axy : Nj.zero))f) one

= (Am : Ny f1p (Axq : Ni.zero) (Av : Nj.wrec ((Ax; : Nj.zero) v) f)) one

= (Am.Ra1ym(sup 15 (Av : Nyi.wrec ((Axq : Nyi.zero) v) f))) one

= (Am.sup 1o (Av : Ni.wrec ((Ax1 : Nj.zero) v) f)) one

= (Am.sup 1 (wrec (Axg : Nj.zero) f)) one

= (Am.sup 1 (f 02 (Ax2 : No. Ro x2) (Av : Np. (wrec ((Ax2 : Ng. Rgx2) v) f)))) one
= (Am.sup 1o (R2 02 m(sup 1z (Av : No.wrec ((Ax2 : Ng. Ro x2) v) f)))) one

= (Am.sup 12 (Axp : N;. m)) one

=sup 1y Axg : Ni.one
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Intermezzo: ordinal numbers

Introduction rules:
a: 0O b:N—O

0:0 —
a:0O supb:O

Elimination rule:
c:0 d:CO0
e:(MNx:0.My: Cx.Cx") f:Nz:(N—O).Nw: (Mn:N.C(zn)).C (supz)

ordreccdef:Cc

Term Computation:

ordrec0def=d:CO ordreca’ def=ea (ordrecadef): Cd

ordrec (sup b) d e f =f b (Ax.ordrec (bx) d e f): C (sup b)
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Ordinal numbers as a W-type

OW = WX:N3.R3XN0N1N

Zero ordinal:
0 :=sup 03 (Ax : Ng. Rg xp)
Successor:
S:=MXa:Ow.sup 13 (Ax : Nj. )
Supremum:
lub = Aa:Opy.

(sup 23 (Ax : N.natrec x a (Aa: N.\b: Oy.S b)))
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Binary trees

Consider a binary tree with Ns at the leaves

How could we turn this into a W-type?
Recall sup: A— (B x - Wx: A B) - Wx:AB
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Binary trees as a WW-type

Let us take edge labels in Nj: Now, the root node of every subtree either
i) has no value and has two descendants

ii) has a value but has no descendants
(it is a leaf)
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Binary trees as a WW-type

Let us take edge labels in Nj:

Now, the root node of every subtree either
i) has no value and has two descendants
ii) has a value but has no descendants

(it is a leaf)
So the node value must depend on the node

type, and so must the amount of
descendants.
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Intermezzo: dependent pairs

Perhaps you recall (lecture 5, CIC):

Inductive sigT (A : Type) (P : A — Type) : Type =
| existT:Vx: A, Px — sigT AP.
Arguments sigT [_] _.
In Coq, @sigT A (A x: A, B). is usually written as { x: A & B }.
For example:

Definition test :={ x : bool & if x then nat else string }.

Check existT _ true 0 : test.

Check existT _ false "asdf" : test.
Fail Check existT _ true "asdf" : test.
Fail Check existT _ false 0 : test.
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Intermezzo: dependent pairs

We will use the notation Xx : A. B. Then

NFa: A N b: Blx = a]
N-(a,b): Xx: A B

We have the eliminator srec for X-types:

N-c:(Xx:A.B) N=d:Ma:AMb:B[x=a].Cab
Fsreccd:Cc

So, for example, we can project out the components:

71 = Ac.srec ¢ (Axy.x)

7 = Ac.srec ¢ (Axy.y)
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Binary N trees as a W-type

Node type t = X x:No. Ry xNN; ~ Yx:bool. if x then unit else N
Tree type 7 = Wx : t.Ra(m1 x)NgNp  ~  Wx : t.if m; x then Ny else L
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Binary N trees as a W-type

Node type t := x : No. Ry xNN;
Tree type 7 = Wx : t.Ra (m1 x)Ng Ny

~

~

Y x : bool.if x then unit else N
W : t.if w1 x then Ny else L

0>

(true, tt)

1>

(true, tt)

(false, 5)

02

1o

(false, 45)

(true, tt)

0>

1

(false, 32) (false, 11)
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Binary N trees as a W-type

Node type t := x : No. Ry xNN;
Tree type 7 = Wx : t.Ra (m1 x)Ng Ny
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Y x : bool.if x then unit else N

W : t.if mp x
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Binary N trees as a W-type

Node type t = Xx: No. Ry xNNy, Ny
Tree type 7 = Wx : t.Ra (m1 x)Ng Ny
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Y x : bool. if x then unit else N

W : t.if mp x

then N, else L

(true, tt)

0>
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Thank you for listening!

Questions?
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