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@ No preterms and typability relations = directly well-typed objects
defined inductively

No type preservation theorems needed = preservation by construction

Typed metaprogramming

We start with a representation of simply typed A-calculus

Then we introduce Quotient Inductive Types (QITs)

In the second part, QITs are used to represent dependent types in
Type Theory



Simply typed A-calculus

data Ty : Set where

L Ty

= Ty=Ty =Ty
data Con : Set where

° . Con

- : Con — Ty — Con

data Var : Con — Ty — Set where
zero : Var (I, o) o
suc : VarTo—=Var (I, 7)o
data Tm : Con — Ty — Set where
var : VarT o—=Tm Tl o
CH : TmT(c=7)=>Tmlo—-TmTl 7

A . Tm (T, 0)7—=TmTl (6 =1)
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de Bruijn indices

Ax.x  — A0
AxAyAzxz(yz) — AAA20(10)

Az.(Ay.y (Ax.x))(Ax.zx)  —  A(AO(A0))(A10)
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Simply typed A-calculus

l:Tme (=)
| = A (var zero)

K:Tme (t= (t=1))
K = A (A (var zero))

Iagain :Tme (L = L)
lagain = A (A (var (suc zero)) @ var zero)



ctive-inductive types

data Con : Set
data Ty : Con — Set

data Con where
. : Con
_,_: (" :Con) - Tyl — Con
data Ty where
U :V{T} - Tyl
I :V{T}(A: TyT)(B: Ty(T',A) —» Tyl



Inductive-inductive types

data Con : Set

data Ty : Con — Set
data Con where
. : Con

_,_: (" :Con) - Tyl — Con
data Ty where
u :V{T} - Tyl
I :V{T}(A: TyT)(B: Ty(T',A) —» Tyl

module RecConTy where
record Motives : Set; where

field
Con™ : Set
WM : Con™ — Set

record Methods (M : Motives) : Set: where
open Motives M

field
oM : Con™
M (FM : ConM) — WM™ - ConM
uM {TM: Con™} —» TYMTM
o {T™ : ConM} (AM : TYM M)

(B : TyM (M, CM AM)) —» TyMTM
module rec (M : Motives) (m : Methods M) where
open Motives M
open Methods m
RecCon : Con — Con™
RecTy : {I': Con} (A : TyI') — TyM (RecConT)
RecCon o =M
RecCon (I', A) = RecCon I',C™ RecTy A
RecTy U = uM
RecTy (IIAB) = I (RecTy A) (RecTy B)



Inductive-inductive types

data Con : Set

data Ty : Con — Set
data Con where
. : Con

_,_: (" :Con) - Tyl — Con
data Ty where
u :V{T} - Tyl
I :V{T}(A: TyT)(B: Ty(T',A) —» Tyl

module RecConTy where
record Motives : Set; where

field
Con™ : Set
WM : Con™ — Set

record Methods (M : Motives) : Set: where
open Motives M

field
oM : Con™
M (FM : ConM) — WM™ - ConM
uM {TM: Con™} —» TYMTM

™ : {T™ : ConM} (AM : TYyM M)

(B : TyM (M, CM AM)) —» TyMTM
module rec (M : Motives) (m : Methods M) where
open Motives M
open Methods m
RecCon : Con — Con™
RecTy : {I': Con} (A : TyI') — TyM (RecConT)
M

RecCon o = o
RecCon (I', A) = RecCon I',C™ RecTy A
RecTy U = uM

RecTy (IIAB) = I (RecTy A) (RecTy B)

Motive explaining what is to be achieved by elimination
Methods explaining how the motive is to be pursued for each constructor
in turn
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leaf : Tg
node : (N — Tgy) — To
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Quotient types

data T, : Set where
leaf : Tg
node : (N — Tg) — To

data = To — To — Set where
leaf : leaf ~ leaf
node : {fg:N — To} = (V{n} - fn~gn)
— node f ~ node g
peem  : (g : N — Ty)(f: N —» N) — islsof
— node g ~ node (g o f)
T : Set

T:Tn/_"_



Quotient types

data / (A : Set)(R: A — A — Set) : Set where
[1:A—=A/R
postulate
[]J=: V{A}{R:A — A — Set}{ab: A}
—+ Rab — [a] = [b]
module Elim_/
(A:Set)(R:A -+ A — Set)
(Q“ : A/ R — Set)
(LM:(@:A) - Q"[a])
(=" : {ab:A}(r: Rab)
= [aM=[apQ" [r]=]=[b]")
where
Elim: (x: A/ R — Q"x
Elim[x] = [x]"



Quotient inductive types

Quotient inductive types are HITs with only strict equality (no higher
paths)



Quotient inductive types

Quotient inductive types are HITs with only strict equality (no higher

paths)
data T : Set where
leaf : T
node : (N —» T) -» T
postulate

perm @ (g: N = T)(f: N » N) — islsof
— node g = node (g o f)
module ElimT
(T © T = Set)
(leaf™ ;' TMleaf)
(nodeM : {f: N - T} (™ : (n: N) - T™M(fn)
— T™ (node f))
(perm™ : {g: N — T}(@E" : (n:N) - ™ (gn))
(f: N - N)(p : islsof)
— nodeM gM =[ap TM (perm g f p) |=
node™ (g" o )

where
Elim: (t:T) » T™¢t
Elim leaf = leafM

Elim (node f) = node™ (An — Elim (fn))



