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Basic goal

In a 1-HIT, we need introduction rules for two kinds of objects:
® Points: Basic elements of the type.

® Paths: Higher-dimensional constructs representing equality between points.
A 2-Hit needs these as well as introduction rules for a third kind of object:

® Surfaces: Higher-dimensional constructs representing equality between paths
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Reminder: Notation

® J(A,a,a’) will denote the general identity former, elements of which are
proofs (or paths) that a and a’ are equal elements of type A
® Instead of I(A,a,a’), we will write

a=4ad.
type by

® For a type family B : A — Type, we will denote the heterogeneous identity
b=lv =@l =v),

where b : B(a), b’ : B(a’) and g:a =4 a’
® For a function f : (z : A) — B(z), we have

apd;(g:z=a2'): f(2)
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(Simplified) form of constructors

Let H be a 2-Hit.

® Point constructors (same as 1-HIT)

co:A—H — H
® Path constructors (same as 1-HIT)

c1:(z:B) — (y: H) — pi(z,y) =n a1(z,y) — p2(2,y) =1 ¢2(,y)
® Surface constructors

c2:(z: D) — (y: H) — (z:p3(x,y) =r g3(z,y))
— g1 (:v’ Y, Z) “pa(z,y)=gaa(z,y) hi (1:7 Y, Z)

— 92(2,9, 2) =ps(a.9)=pas(z,y) "2(@Y,2)

N
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(Simplified) form of constructors
Let H be a 2-Hit.

® Point constructors (same as 1-HIT)

co:A—H—H
¢ Path constructors (same as 1-HIT)

c1:(r:B)— (y: H) —pi1(z,y) =5 q1(z,y) — p2(2,y) =5 q2(=,y)
® Surface constructors

c2: (v D) — (y: H) — (2 :p3(z,y) =n q3(z,y))
— 91(2,4,2) =py(ay)=pas(zy) M (@Y, 2)

— gz(l‘, Y, Z) “ps5(z,y)=gas5(z,y) hQ(xa Y, Z)
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(Simplified) form of constructors
Let H be a 2-Hit.

® Point constructors (same as 1-HIT)

co:A—H—H
® Path constructors (same as 1-HIT)

c1:(r:B)— (y: H) —pi1(z,y) =5 q1(z,y) — p2(2,y) =5 q2(=,y)
® Surface constructors

c2:(v: D) — (y: H) — (2 : ps(z,y) =n as(z,y))
— 91(2,4,2) =py(ay)=pas(zy) M (@Y, 2)
— 92(2, 9, 2) =ps(@,y)=p a5 (z,y) P2(2,9,2)

Here, p;, q; are point constructor patterns with syntax

pu=y|co(a,p)
and g;, h; are path constructor patterns with syntax

gu=z|eci(bp,g)|goglid|g™"

N
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Operations on paths
°

g:z=y

h:y=z
goh:z=z2

DA
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Example: the 2-sphere as a 2-Hit

Conclusion
[}

We define the 2-sphere S? inductively:
® Point constructor

® Path constructors

base : S?

None!
® Surface constructor

surf : reflp, g “base=g> base reflpase
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Example: the 2-sphere as a 2-Hit

Conclusion
[}

We define the 2-sphere S? inductively:
® Point constructor

base : S?
® Path constructors

None!
® Surface constructor

In this case:

surf : reflp,age “base=g> base reflpase
® cg: A—H —H
® o

(x:D) — (y: H) — (2 : p3(z,y) =n q3(z,9))
— 91(2, 9, 2) =p,(ey)=paa(ey) M1(2,9,2)

— 92(%, ¥, 2) =ps(a,p)=pas (.y) P2(2,Y,2)
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Example: the torus as a 2-Hit
We define the torus 72 inductively:

® Point constructor

® Path constructors

base : T2

path; : base =2 base
path, : base =2 base
® Surface constructor

surf : path; o path, =base= .o base pathy o path;
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Example: the torus as a 2-Hit
We define the torus 72 inductively:

® Point constructor

® Path constructors

base : T2

path; : base =2 base
path, : base =2 base
® Surface constructor

surf : path; o path, =base= .o base pathy o path;

a—2 b

e |
C:
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Example: the torus as a 2-Hit

We define the torus 72 inductively:

® Point constructor

® Path constructors

base : T2

path; : base =2 base
path, : base =2 base
® Surface constructor

surf : path; o path, =base= .o base pathy o path;
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Example: the torus as a 2-Hit

We define the torus 72 inductively:
® Point constructor
base : T?
® Path constructors
path; : base =;2 base
pathy : base =,2 base

® Surface constructor

surf : path; o path, =base=. base path, o path,
In this case:
® co: A—H—H
*ca:(z:B)—(y: H) — pi(z,y) =g a1z, y) — p2(2,y) =n ¢2(z,y)
®co: (z:D)— (y: H) — (z:p3(z,y) =n s3(z,y))
— 91(2,4,2) =py(ay)=pas(zy) P12y, 2)

— 92(%,Y,2) =ps(a,y)= a5 (a,y) 12(T:9,2)
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Example: free groups as a 2-Hit
with the following constructors:

Conclusion
[}

Let A be a set. The free group F(A) can be defined as a higher inductive type
® Point constructors

n:A— F(A)
m: F(A) — F(A) — F(A)
e: F(A)

i: F(A) = F(A)
® Path constructors

assoc : Vz,y,z : FI(A).

(z,m(y,2)) =

unity : Va : F(A).m(z,e)
unity : Vo : F(A).m(e,z) =z

invy : Vo : F(A).m )

(z,i(2))
(

invg : Vz : F(A).m(i(z),z)

m(m(z,y), 2)

xT

® Surface constructor

e

e
trunc:Vz,y:F(A).Vp,q::v:F(A) Y-P =a=payy q

[m]

=

N
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Example: free groups as a 2-Hit
with the following constructors:

Conclusion
[}

Let A be a set. The free group F(A) can be defined as a higher inductive type
® Point constructors

n:A—= F(A) = F(A)
m:A— F(A) —» F(A) —» F(A)
e: A— F(A) = F(A)

i: A— F(A) - F(A)
® Path constructors

assoc : Vz,y,z : FI(A).

(z,m(y, 2)) =
unity : Va : F(A).m(z, e

units : Va : F(A).m(

m(m(z,y), 2)

)=z
e,x) =
invy : Vo : F(A).m(z,i(z))
(

invg : Vz : F(A).m(i(z),z)

e
® Surface constructor

e
trunc:Vz,y:F(A).Vp,q::v:F(A) Y-P =a=payy q

[m]

=

N
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Example: free groups as a 2-Hit
with the following constructors:

Conclusion
[}

Let A be a set. The free group F(A) can be defined as a higher inductive type
® Point constructors

n:A—= F(A) = F(A)
m:A— F(A) —» F(A) —» F(A)
e: A— F(A) = F(A)
i: A— F(A) - F(A)
® Path constructors

assoc:x: F(A) 5 y: F(A) = z: F(A) = m(z,m(y, z))

m(m(z,y),z)

unity : z: F(A) = m(z, e

)=z
units : z : F(A) = m(e,z) =z
invy :z: F(A) = m(z,i(z)) =e

T
invg : z: F(A) - m(i(z),z) =e
® Surface constructor

trunc : Va,y : F(A).Vp,q: o =p(a) Y-P =a=payy q

[m]

=
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Example: free groups as a 2-Hit
with the following constructors:

Conclusion
[}

Let A be a set. The free group F(A) can be defined as a higher inductive type
® Point constructors

n:A—= F(A) = F(A)
m:A— F(A) —» F(A) —» F(A)
e: A— F(A) = F(A)
i: A— F(A) - F(A)
® Path constructors

assoc:x: F(A) 5 y: F(A) = z: F(A) = m(z,m(y, z))

m(m(z,y),z)

unity : z: F(A) = m(z, e

)=z
units : z : F(A) = m(e,z) =z
invy :z: F(A) = m(z,i(z)) =e

T
invg : z: F(A) - m(i(z),z) =e
® Surface constructor

[m]

trunc:x:F(A)—}y:F(A)—}p:x:F(A)y—}q:zzp(A>y—>p=z:F(A)yq

=
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Elimination Rules

Goal: Define a function f: (z: H) — C(z)

Assume we have step functions ¢o and ¢; (from last presentation):
co:(z:A) — (y: H) — Cly) — Cleo(z,y))
. cri(z:B)— (y: H) — (¥:C(y)

— (z:p1 =5 @1) — To(p1) =< To(a1)
— To(p2) =¢, (.. To(a2)

and moreover

e (z: D) — (y: H) — (¥: C(y))

— (2:p3 =n g3) — (Z: To(p3) =< To(g3))

T = T
5 (5 91 =pyyras h1) — Ti(gr) = 0 PD== 00 7y gy

_To(ps)="

— (92 =y,

To(g5) T (h2)

u]
8]
I
i
it
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Elimination Rules

Goal: Define a function f: (z: H) — C(z)

Assume we have step functions ¢o and ¢; (from last presentation):
€ (v A)— (y: H) — Cly) — Cleo(z,y))
° ér:(r:B)—(y: H) — (7: Cy))

— (z:p1 =n ¢1) — To(p1) =¢ To(a1)
— To(p2) =¢, (.. To(a2)

and moreover

G:(r: D) — (y: H) — (§: C(y)

— (2 :p3 =11 a3) — (Z: To(ps) =5 To(as))

T = T
5 (5 91 =pyyras h1) — Ti(gr) = 0 PD==T00) 7y ()

_To(ps)="

— (92 =y,

To(g5) T (h2)

N
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Elimination Rules
Goal: Define a function f: (z: H) = C(z)
Assume we have step functions ¢y and ¢ (from last presentation):
co:(r:A)—(y: H) — C(y) — Cleo(z,y))
L]
o ci:(z:B)—(y: H) — (y:Cly))
— (z:p1 =5 @1) — To(p1) =S To(ar)
— To(p2) =C, (1...) To(a2)
and moreover
. G2 D) — (y: H) — (7: C(y)
— (2 :p3=m q3) — (z: To(ps) =7 To(qs))
T
— (t ‘91 =pa=mgaa h1) — Ti(g1) =t
_To(ps)=HTo(g5)
— Ti(g2) Tea(w,y,z,t)
To(p) : C(p)

b (pa)=F"To(q4) Ty (hy)
Ty (h2)
= lifting of p: H
T1(9) : To(p) =§ To(q)

= liftingof g: p=p q
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Lifting

Lifting of a point constructor pattern p : H by induction on the form of point
constructor patterns:

p =1y |co(a,p)

°* To(y) =¥

® To(co(a,p)) = co(a,p, To(p))
How to lift a path constructor pattern g : p =g ¢ by induction on the form of path
constructor patterns:

gu=z|ci(b,pg)lgoglid| gt

T (Z) =7z

® Ti(c1(b,ps 9)) = éi(b,p, To(p), 9, T1(9))
® Ti(gog') =Ti(g) o' T1(9")

e Ty(id) = id

* Ti(g7) =Ti(g)~"

u]
8]

I

i
it
N
»
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Operations on liftings of paths

o 9iT=VY h:y==z
goh:zx =z
G:T=¢7 h:§=pz
Go' h:Z=gop Z
° d:z==x

g:x=y
° -1
g ry==x
g:T =49y
glig=pa T

it
)
»
i)
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Equality Rules

Goal: Define a function f: (z: H) = C(z)
The equality rules for f are:

* fleo(r,y))

° apdf(cl(:p,y, Z)) = c~1(:p,y, f(y)»z7apdf(z))

* apdj(c2(z,y, 2, 1) = (2, y, [(y), 2, apd (=), t, apd} (1))

DA
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Equality Rules

Goal: Define a function f: (z: H) = C(z)
The equality rules for f are:

* fleo(r,y))

° apdf(cl(:p,y, Z)) = a($7y7 f(y)»z7apdf(z))

* apdj(c2(z,y, 2, 1) = (2, y, [(y), 2, apd (=), t, apd} (1))

But: what is apd??

DA
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What is apd f?

Reminder: Let B be a type family over A. Let x,z’ : A. For a function
f:(z:A) — B(x), we have

apd;(g:a =4 ') : f(a) = f(a)).

Let B be a type family over A. Let x,2’ : A and g,h : x =p z’. For a function
f:(z:A) — B(x), we have

apd?«(r 19 =p—pa h) rapdy(g) =5 apd(h).
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Elimination Rules
Goal: Define a function f: (z : H) — C(z)
. o (x:A)—(y: H) — Cly) — Cleo(z,y))
° (z:B)— (y: H) — ( :C(y))
— (z:p1 = @1) — To(p1) = To(a1)
— To(P2) =¢, (2,y,-) T0(q2)
° c2 i (w2 D) — (y: H) — (

y:C(y))
— (z:p3 =g q3) — (Z: To(

p3) =< To(gs))

— (t: g1 =py=pgas 1) — T1(g1) =
— Tate) =105

The equality rules for f are

To(P4)— To(qa) T1(hy)
® f(co(z,y))

To(as) T1(ha)

=co(z,y, [(y))
® apdg(ci(v,y,2)) = ci(z,y, [(y),z,apd;(2))
¥

* apd?(ca(r,y,2,1) = @(r,y, f(y), z,apd (=), t,apd} (1))

DA
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Back to the example of the 2-sphere

Two constructors of the 2-sphere S2:
® base : §?

® surf: reﬂbase :base:SQ base reﬁbase

DA
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Back to the example of the 2-sphere

Two constructors of the 2-sphere S2:
® base : §?

® surf: reﬂbase :base:SQ base reﬁbase
In this case:

® co: A— H—H
®co: (z:D)— (y: H) — (2:p3(z,y) =n g3(z,y))
— 91(%, 4, 2) =py(a,)=paa(ey) M (T:Y,2)

— 92(%, 9, 2) =ps(2,0)=pras (z,y) h2(, Y, 2)



General Schema

— W:CW)
— (2:p3=p q3) — (Z: To(ps) =< Tb(gs))
— (L 91 =ps=pgas 1) — T1(g1) =
s Ti(go) = _To(ps)=H

Tea(w,y,2.0)

TO(P4)7 To(qa) T1(hy)
To(as) T (h2)

DA
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Elimination of the 2-sphere
Two constructors of the 2-sphere S2
® base : S?
® surf : reflpase base=3 base reflpase
Thus:
. € :(x:A) — (y: H) — Cy) — Cleco(=,y))
° ér:(z:B) — (y: H) (ZJ:C(y))
— (z:p1 =g @1) — To(p1) =; To(q1)
— To(p2) = (a,y,) To(a2)
c:(x:D)— (y: H)



General Schema Examples Elimination and equality rules Examples Conclusion
00000 000000 00000000 00®@0000000000 o
Elimination of the 2-sphere

Two constructors of the 2-sphere S?:
® base : S?

® surf: reﬂbase :base:SZ base I‘eﬂbase
Thus:

® & : Cleo(w,y))
_H
° Eé . T1(92) _TO(Z’S)*_

To(g5)
=co(rmet)  Ti(h2)
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Elimination of the 2-sphere

Two constructors of the 2-sphere S2:
® base : S?

® surf: reﬂbase :base:SZ base I‘eﬂbase
Thus:

® base : C(base)

L4 S,llvrf HVYAT (reﬂbase)

_To (base):f" To (base
“surf

) T (reflpase)
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Elimination of the 2-sphere

Two constructors of the 2-sphere S2:

® base : S?
® surf: reﬂbase :base:SZ base I‘eﬂbase
Thus:

* base : C(base)

— base=Cbase ——
° . IE— - .
surf : reﬂbase surf Tell Case
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Equality rules for the 2-sphere

Assume we have
® base : C(base)
L4 s/li;f : rgﬁii

base="base —~—

base ~ surf

refl 25

Then there exists a function f : (z : S?) — C(x) such that
o f(base) = base

° apd?(surf) = surf

DA
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Back to the example of the torus

Four constructors of the torus 7°2:
® base: T2
® path; : base =2 base

® path, : base =2 base

® surf: path; o path, =base= .2 base path, o path;

DA
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Back to the example of the torus

Four constructors of the torus 72:
® base: T2
® path; : base =2 base
® path, : base =2 base
® surf: path; o path, =base= .2 base path, o path;
In this case:
® co: A—H-— H
®ci:(z:B)— (y: H) — pi(z,y) =n q1(z,y) — p2(z,y) =5 ¢2(z,y)
®c: (x:D)— (y: H) — (z:p3(z,y) =1 ¢3(x,y))
— 91(2, Y, 2) =p, (@) =paa(ey) P1(2,9,2)

— 92(%, U5 2) =ps(a,p)=pa5 (.y) P2(T, Y, 2)
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Elimination of the torus

Four constructors of the torus 7°2:
® base : T2
® path; : base =2 base

® path, : base =2 base

® surf: path; o pathy =pase—,., base Pathy o path,
Thus: G:(z:A) — (y: H) — C(y) — Clco(z,y))
. &:(x:B)— (y: H) — [7: Cy))
— (z:p1 =5 q1) — To(p1) =S To(q1)
— To(p2) :fl(nw@ To(g2)
° e (x:D)—(y:H) — (y:C(y))

— (2:p3 =g q3) — (Z: To(ps) =< To(gs))

T = T
— (£ 91 =pampraa h1) — Ta(gr) = 0 PV= 100 1y ()

_To(ps)=H

T
— Tl(gg) =co(z,y,2 t) o(as) T (hz)
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Elimination of the torus

Four constructors of the torus 72
® base : T?
® path; : base =2 base
® path, : base =2 base

® surf: path; o path, =base= .o base path, o path;

Thus:
® ¢ : Cleo(z,y))
* & :To(p2) =5, ) Tola)
To (p5)=""

° C~2 . T1(92) _ TD(‘ZS) Tl(hz)

ca(z,y,2,t)
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Elimination of the torus

Four constructors of the torus 72:

® base: T2

® path; : base =2 base

® path, : base =2 base

® surf: path; o path, =base= .o base path, o path;
Thus:

® base : C(base)

—

® path; : Tjy(base) :gatm To(base)

® path, : 7j(base) :gnr.hZ To(base)
_To(base)=_CTo (base)
“surf

o surf: Ty (path; o path,) T (pathy o path;)

u]
8]
I
i
it
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Elimination of the torus

Four constructors of the torus 72:

® base: T2

® path; : base =2 base

® path, : base =2 base

® surf: path; o path, =base= .o base path, o path;
Thus:

® base : C(base)

—

® path; : Tjy(base) :gatm To(base)
° [;Eh/Q : Ty (base) :gnr.hZ To(base)
— _c
e surf: Ty (path, ) o/ T} (pathy) :Z:j)r(fbase)—_ Tp (base) Ty (pathy) o T} (path, )

DA
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Elimination of the torus
Four constructors of the torus 72:
® base: T2
® path; : base =2 base
® path, : base =2 base
® surf: path; o path, =base=.o base path, o path;
Thus:
* base : C(base)
® path; : base :gathl base
o pathy : base =C,,,. bave
— —~— —~— Ya5e=Ctase ——
® surf: path; o’ path, :S:rsfe - 7% pathy of path,
or «F =) «=» = WACX
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Equality rules for the torus

Assume we have
® base: C (base)

® path, : base :gathl base
® path, : base :Sat}12 base

— o~ o~ Fa5eeChmme ——— | ——
® surf: path, o’ path, :Sjrs: - 7% path, of path,

Then there exists a function f : (z : H) — C(z) such that
® f(base) = base
® apdg(path;) = F;’E_h/l
¢ apdy(path,) = pat/\h/Q
. apdfc(surf) = surf
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® Extension from 1-Hit schema to 2-Hit schema
® Elimination rules for 2-Hits
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