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Parametricity: Stracheys vs Reynolds

@ Strachey: Uniform under simple types

e not a formal definition

o this paper: same type -+ same erasure = strachey parametric
@ Reynolds: Relational parametricity

e This notion of binary relational parametricity in the reynolds sense can
be extended. Either to "kripke" semantics or N-ary relational
parametricity.

o will be seen as provable equality in this logic

@ Conjecture: Strachey implies Reynolds, but not Reynolds implies
Strachey. (Or: Dinaturality is a consequence of the schema expressing
binary relational parametricity)
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Goal of the paper

@ Provide a formal system for arguments that exploit relational
parametricity. (Section 2)
e Standard rules for the connectives and quantifiers
e Axioms and rules for the equational part of System-F
o A schema to express relational parametricity
@ Provide a system to reason with denotational semantics (recursion
and arithmatic, future work)
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Recap: A-Calculus vs System-F

Types: AB:=a|lA—>B
Terms: M;N:= x| Ax: AM| MN
Context: M= -|Nx:A
VAR
———  for (x:A)erl
MN-=x:A
ABs App
Nx:AEM:B rN-M:A—-B TEN:A
N-(Mx:AM):A— B = MN:B
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Recap: A-Calculus vs System-F

Types: AB:=a|A— B|VYaA
Terms: M,N:= x| Ax:AM| MN | A\a.M |MA
Context: M= -|Nx:A
VAR
———  for (x:A)erl
MN-=x:A
ABs App
Nx:AEM:B r’-M:A—-B THEN:A
N-(MAx:AM):A— B r-MN:B
TYPE ABS TyYPE ApPP
Mx:AFM:A =M:VaA
M= (Ax:a.M): A e MB: Ala:= B]
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System-F: differences in notation
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System-F: a la Plotkin & Abadi

Types: AB=X|A—-B|VX.A
Terms: ut= x| Ax At | u(t) | AX.t] t(A)
Context: N=-|Nx:A
VAR
———  for (x:A)erl
MN=x:A
ABs App
Mx:A+u:B lFu:A—-B TFt:A
N=(Ax:Au):A— B MN-uw(t): B
TypPE ABS TyPE ApPP
Mx:AFu:A N=u:VX.A
M= (Ax: X)) : A = u(B): AlX = B]
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Syntax: Formulae

= R(t,u) (A typing relation between terms t and u)
(t =a u) (Equality relation on type A between t and u)
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Syntax: Formulae

o, = R(t,u) (A typing relation between terms t and u)
(t =a u) (Equality relation on type A between t and u)
Vx: A (V values)
VX.¢ (V types)
VRCAxB.g (V relations between A and B)
Ix : Ap (3 value)
IX.¢ (3 type)
dJRC Ax B.¢ (3 relation between A and B)
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Syntax: Formulae

o, = R(t,u) (A typing relation between terms t and u)
(t =a u) (Equality relation on type A between t and u)
Vx: A (V values)
VX.¢ (V types)
VRCAxB.g (V relations between A and B)
Ix : Ap (3 value)
IX.¢ (3 type)
dJRC Ax B.¢ (3 relation between A and B)
6 (¢ implies 1)
o NY (conjunction)
oV (disjunction)
1 (falsum)
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Syntax: Definable Relations

Definable relation

pi=(x:Ay:B).¢x,y]

p CAxXB

p is a definable relation between A and B
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Syntax: Definable Relations

Definable relation

pi=(x:Ay:B).¢x,y]

p CAxXB

p is a definable relation between A and B

Examples:
eqga = (x 1 A,y 1 A)(x =ay)

(f)=(x:Ay:B).(y = f(x))

if f is of type A — B then f is a well formed relation
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Syntax: Usage p

p(u, t)

or

upt
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Semantics

Meaning of typing these relations

When the formula type they are well-formed and we can extract which
terms have which types.

finite sequence of X or x:A where all x are unique

finite sequence of definable relations between types
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Semantics: Typing Judgements

Well formed term

EF-x:A

Well formed type

EFA: Type

Well formed relation environment

| A\

EF G: REnv
where VR C Ax B € G, A and B must be well formed given E.

A. van Abkoude, A. Bonten (RU) A logic for parametric polymorphism December 11, 2025 12 /30



Semantics: Relations

Relation from type A to A

EFt:A EFu:A EFR G: REnv
E;GFt=pu: Prop

| A\

Relations from type A to B

EFt:A EFu:B ERG:REnvwhere RCAxXxBeG
E;GF R(t,u): Prop

Definable relations

| A\

E;G,x:Ay:BF¢: Prop
E;GF(x:A/y:B.¢ CAxB): Prop

.
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Semantics: Propositional Formulae

E,X;GF ¢: Prop
E;GF (VX.9): Prop

v

VRC Ax B.¢

E;G,RCAXxBF¢: Prop
E;GF(YRCAXB.¢): Prop

E;GF¢:Prop E,GF1: Prop

E,GF(¢NV): Prop

etc.
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Semantics: Substitution

Combining definable relations

elf pCAxBandp C A xB
@ Then (p — p') C (A— A') x (B — B’) is defined by
flp— pg =x: A¥X : Al(xpx’ D f(x)p'g(x))
@ Thus if p and p’ are definable relations p — p’ is definable as well

o lfpc Ax B

@ Then VYVZVR C Y x Z.p C (VY.A)x(VZ.B) is defined by
y(VYVZVYR C Y x Z.p)z=VYVZVR C Y x Z.((yY)p(22))

@ Thus, if p is well-formed given E, Y, Z; G,(R C Y x Z) then
VYVZYR C Y x Z.p is well-formed given E; G .
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Semantics: Substitution

Let X = Xi..X,, and 7 = p1...on

Definition substitution

By cases:

o if Ais X; then A[7] is p;

o if Ais A — A” then A[p] = A'[p] — A”[p]

o if Ais VY.A[X, Y] then A[P] = VYVZVR C Y x Z.A[7,R]
If each p; is well formed given E; G, then so is A[?]

.
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Semantics: Natural Deduction

Intuistionistic Logic

Moklecv NecoDY Thego Mex.6 ¢[X]
FI—E;G quQ,/) H—E;Gw FI—E;G \V/qu[X]
Mec VX.0[X] EFA: Type [ FE.6,rRcaxB O[R]
MFec oAl [Fec VR C Ax B.g[R]

NecVRCAXB@IR] E;GEpCAXxB
r'_E;Gﬁé[p]
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Semantics: Axioms

Reflexivity

VXVx 1 X.(x =x x)

VXVYVR C X x YVx: XVx': XVy: YVy : Y.

(Rx,y) Ax=xx'"Ny =y y)DR(X,y)
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Semantics: Schemas

Congruence

Terms:
(Vx: At =p u) D (Ax: At) =a5 (Ax: Au)

Types:
(\V/X.t' =B u) D) (/\Xt) =VX.B (/\Xu)
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Semantics: Equalities

[-equalities

Terms:
Vx: A((Ax : At)x =g t)
Types:
Vx.((AX.t)x =g t

n-equalities

Terms:
VAVBYf : A — B.((Ax: A.fx) =p5 )
Types:
Vf . (VXB)((/\XI‘)() =VX.B f)
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Semantics: Parametricity Schema

Full definition

VYi1...Y Vo (VX.A[X, Y, ..., Ya]).
u(VX.A[X, equ, ...., eqn])u

Simplifies to

V(u: X AX]).YYVZYR C Y x Z.
u(Y)A[R]u(Z)

Said plainly
The relation R is kept between parametric instantiation of u with Y and Z
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|dentity Extension Lemma

|dentity Extension Lemma (Lemma 1)

For any A[X] with free variables in X it is provable in the logic that:

VX Vu A.(uAlegz]lv = (u=av))

A. van Abkoude, A. Bonten (RU) A logic for parametric polymorphism December 11, 2025 22/30



Logical Relations Lemma

Logical Relations Lemma (Lemma 2)

- - = -
Let A1[X], ..., Am[X], B[ X] have free type variables in X. Suppose
t[x1, ..., Xm] : B given the environment X, xq : A1, ..., Xm : Am. Then the
following is provable in the logic without using the parametricity schema:

VXVYVR c X x ¥
Vxq : Al[)_g],...,xm ; Am[)_g]
Wyi ALY, ym s Am[Y].
AR A - A xenAm[R1ym) D tlxt,s-eos X AR [1, -evs yin]
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Dinaturality

Dinaturality
@ bi(endo)functors A,B: C? x C — C

@ can be seen as set of morphisms on functors to itself

AlX, X] %> BIX, X]
Alfidx] Blidx.f]

AlY, X] B[X,Y]

A[MYX AX]

AY,Y] —— BIY.Y]

Dinaturality simplified

fouX:uYof
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Graph Lemma

Graph Lemma (Lemma 3)

Let A[Y Y] be a type all of whose free variables appear in the list 7 Y
and such that all type variables in X have only negative occurrences, and
all type variables in Y have only positive occurrences. Then it can be
proved in the logic that:

VXY, XY NF X o XYY = YL(AF, Z]) = A[FP), (2)])

@ Graph of the functor commutes with the functor of the graph.

@ Note: 'op’ stands for the opposite, on p C A x B, the opposite is
defined as p°%? = (y : B,x : A).xpy
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Easier graph lemma

simplified Graph Lemma

For any functor A[X], with X occurring positively we have the following
statement:

VXXV TE X = XL(AF]) = ALFY)

@ graph of the functor = functor of the graph
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ALTERNATIVE: Per model

We could have started from the Per (or Perp) model.
@ normal per models use universal types as the intersection of all the
instances
@ so polymorphism could be modeled as having the same realisor as any
other type
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Looking ahead

In section 3, the paper starts generating properties of this logic using the
lemmas shown above, some of the theorems (properties) are shown below:
@ unit type is inhabited
@ taking the graph of the fst, snd of a pair is the same as the graph of
the pair
this logic is distributive over the relations

binary sums are expressible, using the identity expansion lemma

... (non exhaustive list)
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Looking back

What did we actually do during this talk?
@ Introduced a logic system for parametric polymorphism in System-F
@ Looked into category theory (Dinaturality, co- and contra- variant)
@ Introduced some lemmas to prove (read: reason about) properties
e Had fun!
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Q&A

Are there any questions?
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