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Overview

@ Recap

@ Programming and proof language
@ Realizability

© Examples
@ Extracting programs from proofs

@ Realizing non-informative propositions
@ Consistency



nming and proof language
bility

The aim of the paper (1)

Defining a notion of realizability for a proof language to a
programming language

proof language =)C ~ Rocq

J extraction

%

programming language = \w Haskell /Ocaml
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Recap Programming and proof language
Realizability

The aim of the paper (2)

@ We use an extraction function £

@ And realizability predicate R

Informative proposition M (AC)

Proof t of proposition M (AC)
extracted data £(M) (\w) proof that R(M) is a proposition (AC)
extracted program £(t) (Aw) proof that £(t) properly realizes M (\C)

Recap 4/38



Recap Programming and proof language
Realizability

Programming language: \w

@ Basic theory behind Haskell/Ocaml
@ No dependant types
@ Ap the set of all possible terms we can make in this system

@ The programming language works with orders, data type
schemes and programs
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Recap Programming and proof language
Realizability

Proof language: AC

@ M\C is a language where we write proofs.
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@ Here AC is presented as the Calculus of Constructions
(CoC) with realizations.

Recap — Programming and proof language 6/38



Recap Programming and proof language
Realizability

Proof language: AC
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Recap Programming and proof language
Realizability

Proof language: AC

@ M\C is a language where we write proofs.

@ Here AC is presented as the Calculus of Constructions
(CoC) with realizations.

@ In the original CoC, we have one type for propositions: Prop.

@ CoC with realizations instead has two versions of propositional
types: Spec and Prop.
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Recap Programming and proof language
Realizability

Proof language: AC

AC is a language where we write proofs.

Here AC is presented as the Calculus of Constructions
(CoC) with realizations.

In the original CoC, we have one type for propositions: Prop.

@ CoC with realizations instead has two versions of propositional
types: Spec and Prop.

The key idea: Spec and Prop are used to mark which
propositions are meaningful in a programming context.

Recap — Programming and proof language 6/38



Recap Programming and proof language
Realizability

Proof language: AC

Three levels of terms:

@ Propositional types (terms of type Type)
e Spec: Type
e Prop: Type
o (Mx:AB): Type if type(B) = Type
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Realizability

Proof language: AC

Three levels of terms:

@ Propositional types (terms of type Type)
e Spec: Type
e Prop: Type
o (Mx:AB): Type if type(B) = Type
@ Propositional schemes (things of type a propositional type)
e even 2: Prop
o (Ax: Prop.x): (Mx : Prop.Prop)
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Recap Programming and proof language
Realizability

Proof language: AC

Three levels of terms:

@ Propositional types (terms of type Type)
e Spec: Type
e Prop: Type
o (Mx:AB): Type if type(B) = Type
@ Propositional schemes (things of type a propositional type)
e even 2: Prop
o (Ax: Prop.x): (Mx : Prop.Prop)
Propositions (terms of type Prop, Spec)

e even 2 : Prop
e even 2 : Spec
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Recap Programming and proof language
Realizability

Proof language: AC

Three levels of terms:

@ Propositional types (terms of type Type)
e Spec: Type
e Prop: Type
o (Mx:AB): Type if type(B) = Type
@ Propositional schemes (things of type a propositional type)
e even 2: Prop
o (Ax: Prop.x): (Mx : Prop.Prop)
Propositions (terms of type Prop, Spec)
e even 2 : Prop
e even 2 : Spec
@ Proofs (things of type a proposition)
e evenproof : even 2
Terms form Aw are also included, using a p notation (example:
Ax :p A.x)
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Recap Programming and proof language
Realizability

Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative

Recap — Programming and proof language 8/38



Recap Programming and proof language
Realizability

Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative

if M = Prop

Recap — Programming and proof language 8/38



Recap Programming and proof language
Realizability

Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative
if M = Prop

if M=x, x: N with N non-informative

Recap — Programming and proof language 8/38



Recap Programming and proof language
Realizability

Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative
if M = Prop
if M=x, x: N with N non-informative

if M=TIx: P.Norlx:p P.N with N non-informative

Recap — Programming and proof language 8/38



Recap Programming and proof language
Realizability

Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative
if M = Prop
if M=x, x: N with N non-informative
if M=TIx: P.Norlx:p P.N with N non-informative
if M=Xz:P.Nor ) x:p P.N with N non-informative

Recap — Programming and proof language 8/38



Recap Programming and proof language
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Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative
if M = Prop
if M=x, x: N with N non-informative
if M=TIx: P.Norlx:p P.N with N non-informative
if M=Xz:P.Nor ) x:p P.N with N non-informative
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Recap — Programming and proof language 8/38



Recap Programming and proof language
Realizability

Informative vs non-informative terms

For a term M € Ar we have that:

M is non-informative
if M = Prop
if M=x, x: N with N non-informative
if M=TIx: P.Norlx:p P.N with N non-informative
if M=Xz:P.Nor ) x:p P.N with N non-informative
if M= (NP)or(pNP) with N non-informative

otherwise M is informative
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Recap Programming and proof language
Realizability

Realizability

@ We can extract informative propositions (M : Spec) to get
'set’ of candidate realizers (x : £(M))

@ We build a realizability predicate to get the 'good’ candidates

F M : Spec
Ft:M
£ R
Faw E(M) : Data x:EM) F R(M,x) : Prop
Faw E(t) 1 E(M) Fou:R(M,E(t))
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Recap Programming and proof lar
Realizability

Realizability

We can do more
©@ We can extract programs from proofs
@ We can realize non-informative propositions

© We can describe properties we want and if they are realizable
we can add them as axioms. (Consistency)
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Recap Programming and proof language
Realizability

Extraction: &

£ is a function that returns the term, type, environment, but with
non-informative parts removed.

Theorem

IfT' = M : N with M an informative term, then
EMN) Faw EM) - E(N)
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Recap Programming and proof language
Realizability

Extraction on informative propositional types

& is defined for informative propositional types (M = Spec or
M=1NX:A.B)

o If M = Spec, then £(M) = Data

e If M=T1X: A.B, then

E(A) — E(B) if Ais an informative propositional
E(M) = type or an order
E(B) otherwise
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Recap Programming and proof language
Realizability

Extraction on informative propositional schemes

£ is also defined for informative propositional schemes
o If M is a variable X, then £(M) = X
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Recap Programming and proof language
Realizability

Extraction on informative propositional schemes

£ is also defined for informative propositional schemes
o If M is a variable X, then £(M) = X
o If M =TlIx: A.B, then

£(M) Mx: E(A).E(B) if Ais informative or in Ap
1 &(B) otherwise
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Recap Programming and proof language
Realizability

Extraction on informative propositional schemes (2)

o If M = MAx: A.B, then

Ax 1 E(A).E(B) if Ais informative propositional type
E(M) = or an order
&(B) otherwise
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Recap Programming and proof language
Realizability

Extraction on informative propositional schemes (2)

o If M = MAx: A.B, then

Ax 1 E(A).E(B) if Ais informative propositional type
E(M) = or an order
&(B) otherwise

o If M = AB, then

E(A)E(B) if B is an informative propositional
E(M) = scheme or a data type scheme
&(B) else
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

@ R is defined for propositions

e Informally: R(M, t) is condition that 'checks’ that t is a
proper realizer of proposition M.

A term t realizes an informative proposition M in I if R(M, t) is
provable in R(I). Thatis: R() F u: R(P,t).

Definition

An informative proposition M is realizable if there is a term t that
realizes it.
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

@ If P = Spec, then
R(Spec,r) =r — Prop , where r : £(Spec) = Data.
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

@ If P = Spec, then
R(Spec,r) =r — Prop , where r : £(Spec) = Data.
o If P=X and X : M, then
R(X) =X , where X : R(M, X) and X : £(M).
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

@ If P = Spec, then
R(Spec,r) =r — Prop , where r : £(Spec) = Data.
o If P=X and X : M, then
R(X) =X , where X : R(M, X) and X : £(M).

o If P=TIx: M.N with N an informative proposition, and let r
be a variable of type £(P). then

If M is informative:
R(P,r)=MNx:EM).Nx : R(M,x).R(N, (r X))
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

e If P = Spec, then
R(Spec,r) =r — Prop , where r : £(Spec) = Data.
o If P=X and X : M, then
R(X) =X , where X : R(M, X) and X : £(M).
o If P=TIx: M.N with N an informative proposition, and let r
be a variable of type £(P). then
If M is informative:
R(P,r)=MNx:E(M).Nx : R(M,x).R(N,(r X))
If M is non-informative:
R(P,r)=Nx:R(M).R(N,r)
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

e If P = Spec, then
R(Spec,r) =r — Prop , where r : £(Spec) = Data.
o If P=X and X : M, then
R(X) =X , where X : R(M, X) and X : £(M).
o If P=TIx: M.N with N an informative proposition, and let r
be a variable of type £(P). then
If M is informative:
R(P,r)=MNx:E(M).Nx : R(M,x).R(N,(r X))
If M is non-informative:
R(P,r)=Nx:R(M).R(N,r)
If MeAp:
Mx : MR(N, r X)
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

o If P=MAx: M.N with N an informative propositional scheme:
e For propositional schemes M we have that R(M, r) = R(M) r
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Recap Programming and proof
Realizability

Realizability predicate: ‘R

o If P=MAx: M.N with N an informative propositional scheme:
e For propositional schemes M we have that R(M, r) = R(M) r

if M is an informative propositional type
R(P) = Ax: E(M).Ax : R(M,x).R(N)
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Realizability

Realizability predicate: ‘R

o If P=MAx: M.N with N an informative propositional scheme:
e For propositional schemes M we have that R(M, r) = R(M) r

if M is an informative propositional type
R(P) = Ax: E(M).Ax : R(M,x).R(N)

if M is non-informative propositional type
R(P) = Ax : R(M).R(N)
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o If P=MAx: M.N with N an informative propositional scheme:
e For propositional schemes M we have that R(M, r) = R(M) r

if M is an informative propositional type
R(P) = Ax: E(M).Ax : R(M,x).R(N)

if M is non-informative propositional type
R(P) = Ax : R(M).R(N)

if M is an informative proposition
R(P) = Ax : E(M).R(N)

Recap — Realizability



Recap Programming and proof language
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Realizability predicate: ‘R

o If P=MAx: M.N with N an informative propositional scheme:
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Recap Programming and proof language
Realizability

Realizability predicate: ‘R

o If P=MAx: M.N with N an informative propositional scheme:
e For propositional schemes M we have that R(M, r) = R(M) r

if M is an informative propositional type
R(P) = Ax: E(M).Ax : R(M,x).R(N)

if M is non-informative propositional type
R(P) = Ax : R(M).R(N)

if M is an informative proposition
R(P) = Ax : E(M).R(N)

if M is an non-informative proposition

@ "The other cases may be deduced easily”

Recap — Realizability



grams from proofs
non-informative propositions
Examples

Examples

Things we can do with this notion of Realizability
@ Extracting programs from proofs

e Booleans
o Non-informative Disjunction
e Existential quantifier

@ Realizing non-informative propositions
o Absurdity

© Consistency
e Subset

Examples 18/38



programs from proofs

on-informative propositions
Examples

Booleans

bool =TC : Spec.C - C — C
true = AC : Spec. A\t: CAf: C.t

F bool : Spec
F true : bool

& R
Faw €(bool) : Data x : E(bool) F R(bool, x) : Prop
Faw E(true) : E(bool) F u: R(bool, E(true))
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ing programs from proofs

on-informative propositions
Examples

Booleans

bool =TC : Spec.C - C — C
true = AC : Spec. At : C.Af: C.t

&(bool)

|

E(MNC : Spec.C - C — ()

: E(Spec).£(C — C — ()

: Data.£(C) — £(C — C)

: Data.£(C) — £(C) — £(C)

:Data.C - C— C

1
a1 J O 3
o O Oy O
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ing programs from proofs

on-informative propositions
Examples

Booleans

bool =TMC : Spec.C - C — C
E(bool) =NC : Data.C - C — C
true = A\C : Spec. At : C.Af: C.t

E(true) = E(AC : Spec. At : C.Af: C.t)

= A\C : £(Spec)E(At : C.Af : C.1))
= AC : Data\t : £(C). ()\f C.t)

= \C : DataAt: £(C).\f : £(C).E(t)
= \C : DataAf: C.\f: CE

Examples — Extracting programs from proofs 21/38



Extracting programs from proofs

= non-informative propositions
Examples
Consistency

Booleans

bool =TC : Spec.C - C — C
E(bool) =NC : Data.C - C — C
true = AC : Spec. A\t: CAf: C.t
E(true) = \C : Datart: CAf: C.f

R(bool,r) = R(NC : Spec.C — C — C,r)
=MNC : £(Spec).NC, : R(Spec, C).R(C — C — C,r C)
=MC : Data.NC, : C — Prop.R(C — C — C,r C)

R(C—C—C,rC)=

=MNx:&(C).R(C,%) = R(C — C,(r C) x)
=MNx:&(C).R(C,%) = Ny : E(C).R(C,y) = R(C,((r C) %) ¥)
=Nx:C.C,x—=Ny:C.C,7— C, ((r C) %) y)



ing programs from proofs

on-informative propositions
Examples

Booleans

bool =TC : Spec.C - C — C
E(bool) =NC : Data.C - C — C
true = AC : Spec. A\t: CAf: C.t
E(true) = AC : Datat: CAf: C.t
R(bool,r) = NC : Data.NC, : C — Prop.
Mx:C.Co,x—=MNy:C.Co y— G, ((r C) X) y)

We have that A\C.AC,. AX.Ap1. Ay Ap2.p1 : R(bool, &(true)) so
E(true) is a proper realizer of bool.

Examples — Extracting programs from proofs



Extracting programs from proofs

Re -informative propositions
Examples
Co

Non-informative disjunction

A, B non-informative
AVB=TC:Spec.(A—=-C)—=(B—-C)—C
inl=MXa: AXC:SpecAf:A— CAg:B— C.fa

FA— AV B : Spec
Finl:A— AV B

R
/E(A—>A\/B) F R(A— AV B,x) : Prop

E X
F o 8(A—>A\/B):Data F U:R(A—>A\/B,5(in|))
Faw E(inl) 1 E(A— AV B)

Examples — Extracting programs from proofs



ing programs from proofs

on-informative propositions
Examples

Non-informative disjunction

A, B non-informative
AVB=TC:Spec. A—-C)—»(B—=C)—C
inl="TMa: AXC :SpecA\f :A— C.A\g:B— C.f a

E(A— AV B)=E(AV B)
=&(NC : Spec.(A— C)— (B— C)— C)
=NC :Data.£(A— C) = E(B — C) — £(C))
=NC : Data.£(C) — £(C) — £(C))
=MNC:Data.C - C—C

= bool

Examples — Extracting programs from proofs



ing programs from proofs

on-informative propositions
Examples

Non-informative disjunction

A, B non-informative
AVB=TC:Spec(A—=-C)—=(B—-C)—C
E(A— AV B)=nNC :Data.C — C — C = bool

inl=MXa: AXC:SpecAf:A— CAg:B— C.f a

E(inl) Aa: AXC :SpecA\f : A— CA\g: B — C.f a)

&(
(AC : Spec.Af : A— C.A\g: B— C.f a)

£

AC : E(Spec) M : E(A = C). Mg : E(B — C).E(f a)
AC : Data A f : £(C).\g : £(C).E(F)
A
tru

C :Data.Af:CAg: C.f

Examples — Extracting programs from proofs



Extracting programs from proofs

= non-informative propositions
Examples
Consistency

Non-informative disjunction

A, B non-informative
AVB=TC:Spec.(A—=-C)—=(B—-C)—C
E(A— Av B)=TC :Data.C -+ C — C = bool

inl="Ma:AXC :SpecAf :A— CA\g:B— C.f a
E(inl) = A\C : Data.Af : C.A\g : C.f = true

R(A— AV B,r)=R(AV B,r)

=R(NC :Spec.(A— C)—= (B—C)— C,r)

=MC : &(Spec).NC, : R(Spec, C).R((A— C) = (B— C) — C,r C)
=MNC : Data.NC, : C = Prop.R((A— C) = (B— C) = C,r C)

Examples — Extracting programs from proofs 27/38



Extracting programs from proofs
Realizing non-informative propositions

Examples
P Consistency

Non-informative disjunction

R(A— AV B,r)=R(AV B,r)
=NC :Data.NC,: C — Prop.R((A— C) = (B— C)— C,r C)

R(A—=C)—=(B—=C)—=C,rC)=
Nx:&A— C).R(A— C,x) = R((B— C)— C,(r C) x)

=MNx:8(A— C).R(A—C,X)—

Ny:&(B — C).R(B— C,y) = R(C,((r C) %) y)
=MNx:E(A— C).(R(A) — R(C,X)) —

Ny:&(B — C).(R(B) = R(C,¥)) = R(C,((r C) %) ¥)
=Mx:C.(R(A) = C X) —

Ny : C.(R(B) = G, 7) = G (((r €) %) 7)

Examples — Extracting programs from proofs



ing programs from proofs

n-informative propositions
Examples

Non-informative disjunction

A, B non-informative
AVB=TC:Spec.(A—=-C)—=(B—C)—C
E(A— AV B)=NC :Data.C — C — C = bool

inl="Ma:AMC :SpecA\f :A— CA\g:B— C.f a
E(inl) = AC : Data.Af : C.\g : C.f = true
R(A— AV B,r)=
nc: Data.NC, : C — Prop.
Nx: C.(R(A) — C, X) —
N7 C.(R(B) > G 7) = G (((r €) %) 7)

We have that AC.AC, AXAF A7 Ag.Cp X : R(A — AV B, E(inl))
so E(inl) = true is a proper realizer of AV B.

Examples — Extracting programs from proofs 29/38



Extracting programs from proofs
Real non-informative propositions

Examples Consis

Existential quantifier

We define an existential quantifier:
YA(P)=NC: Spec.(MNx:A.(¢x)—>C)—=C

With environment A : Spec, ¢ : A — Prop

Examples — Extracting programs from proofs 30/38



Extracting programs from proofs

non-informative propositions
Examples )

Existential quantifier

YA(P)=NC: Spec.(Mx:A.(Px)—C)—C

Examples — Extracting programs from proofs 31/38



Extracting programs from proofs
n-informative propositions

R
Examples Co

Existential quantifier

YA(P)=NC: Spec.(Mx:A.(Px)—C)—C
YA(P) = A= (NC: Spec.(Nx:A.(Px) - C)—-C)—A

Examples — Extracting programs from proofs 31/38



ing programs from proofs

on-informative propositions
Examples

Existential quantifier

YA(P)=NC: Spec.(Mx:A.(Px)—C)—C
YA(P) = A= (NC: Spec.(Nx:A.(Px) - C)—-C)—A
t= A ZA(P).f A(Xa: Adp: (P x).a)

Examples — Extracting programs from proofs 31/38



Extracting programs from proofs

= non-informative propositions
Examples
Consistency

Existential quantifier

YA(P)=NC: Spec.(Mx:A.(Px)—C)—C
YA(P) = A= (NC: Spec.(Nx:A.(Px) - C)—-C)—A
t= A ZA(P).f A(Xa: Adp: (P x).a)

F XA(P) — A: Spec
F ot Ta(d) > A

N

£ R
Faw E(Za(P) > A):Data x: E(Xa(P) — A) F R(Za(P) —
Frw (1) : E(Ta(®) — A) A x):Prop
Fou R(Za(®) — A E(1))

Examples — Extracting programs from proofs 31/38




Extracting programs from proofs
Real informative propositions

Examples
p Consistency

Absurdity

1 =MNC : Prop.C, non-informative

except = C : Spec. L — C, informative

E(except) = E(MNC : Spec.(MNC : Prop.C) — C)
=MNC : &(Spec).£((NC : Prop.C) — C)
=NC : Data.£(C)
=MNC : Data.C

Examples — Realizing non-informative propositions



rams from proofs

Examples nformative propositions

Absurdity

1L =NC:Prop.C, &(L)=undefined, R(L)=_1
except = C : Spec. . — C
E(except) = NC : Data.C = L

R(except, r) = R(MNC : Spec.L — C,r)
: Data.lNC : R(Spec, C).R(L — C,(r €))
:Data.NC : C — Prop.R(L — C,(r C))

: Data.lNC : C — Prop.R(L) = R(C,(r C))
: Data.NC : C — Prop.L — R(C) (
: Data.NNC : C — Prop.L. — C (r C)

(@Y

(@Y

I
O 33 3 3 3
(@Y

(@]

(@]

Examples — Realizing non-informative propositions



ams from proofs

Examples formative propositions

Absurdity

1L =NC:Prop.C, &(L)=undefined, R(L)=_L
except = NC : Spec.L — C
E(except) = NC : Data.C = L

R(except, r) = NC : Data.NC : C — Prop.L — C (r C)

Examples — Realizing non-informative propositions
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Examples formative propositions

Absurdity

1L =NC:Prop.C, &(L)=undefined, R(L)=_L
except = NC : Spec.L — C
E(except) = NC : Data.C = L

R(except, r) = NC : Data.NC : C — Prop.L — C (r C)

@ | has no closed inhabitant

Examples — Realizing non-informative propositions



ams from proofs

Examples formative propositions

Absurdity

1L =NC:Prop.C, &(L)=undefined, R(L)=_L
except = NC : Spec.L — C
E(except) = NC : Data.C = L

R(except, r) = NC : Data.NC : C — Prop.L — C (r C)

@ | has no closed inhabitant

o R(except, E(except) also doesn't.

Examples — Realizing non-informative propositions



ams from proofs

Examples formative propositions

Absurdity

1L =NC:Prop.C, &(L)=undefined, R(L)=_L
except = NC : Spec.L — C
E(except) = NC : Data.C = L

R(except, r) = NC : Data.NC : C — Prop.L — C (r C)
@ | has no closed inhabitant

o R(except, E(except) also doesn't.
@ so &(except) = L is not a proper realizer of except
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grams from proofs

Examples informative propositions

Absurdity

1L =NC:Prop.C, &(L)=undefined, R(L)=_L
except = NC : Spec.L — C
E(except) = NC : Data.C = L

R(except, r) = NC : Data.NC : C — Prop.L — C (r C)

@ | has no closed inhabitant
o R(except, E(except) also doesn't.
@ so &(except) = L is not a proper realizer of except

@ we can add except as an axiom

Examples — Realizing non-informative propositions
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non-informative propositions

Examples .
P Consistency

Consistency

@ In the previous examples we have used extraction to turn
proofs into programs.

@ The following example will show that we can create types and
axioms that cannot be proven in AC, but can be realized.

@ This means that the proof system stays consistent i.e. by
introducing the new stuff, we are not introducing
contradictions.
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informative propositions

Subset type

e We want to create a subset type {A|P} with A : Data and
P : A — Prop.

e We want the type {A|P} to be inhabited by all elements of
type A for which the predicate P holds.

@ We will discuss the following properties

© {A|P} : Spec
@ subintro : Mx : A.(P x) — {A|P}

Examples — Consistency
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Consistency

Subset type

We want that

{A|P} : Spec

@ This is not provable in CoC because there is no way to build a
subset type.

e But we can define realizability i.e. define what R({A|P},r)
means.

@ That is, we can define the type of r and define a function that
says " r is a valid realizer".

We say that the type of r is A.

And we define the function "r is a valid realizer” as P.
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Subset type

@ We want that

subintro : Mx : ANy : P x.{A|P}
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non-informative propositions

Examples .
P Consistency

Subset type

@ We want that
subintro : Mx : ANy : P x.{A|P}

@ Not provable in CoC: there is no way to prove {A|P} : Spec
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Extracting programs from proofs
Realizing -informative propositions

Examples .
P Consistency

Subset type

@ We want that

subintro : Mx : ANy : P x.{A|P}

@ Not provable in CoC: there is no way to prove {A|P} : Spec
@ But is realizable:
R(subintro,r) =R(MNx : ANy : P x.{A|P},r)
=MNx: A.R(My : P x{A|P}, r x)
=MNx: ANy : R(P x).R({A|P}, r x)
=Mx: Aly: R(P x).R(P(r x))
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Examples .
P Consistency

Subset type

@ We want that

subintro : Mx : ANy : P x.{A|P}

@ Not provable in CoC: there is no way to prove {A|P} : Spec
@ But is realizable:
R(subintro,r) =R(MNx : ANy : P x.{A|P},r)
=MNx: A.R(My : P x{A|P}, r x)
=MNx: ANy : R(P x).R({A|P}, r x)
=Mx: Aly: R(P x).R(P(r x))

@ Realizer r = Ax : A.x works.

Examples — Consistency 38/38
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