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Recap: Second-level terms

Definition (Second-level system)
Given a PTS P = (S, A, R), define (P?). That is,

P2 = (82, A%, R?), where

S2=SU{[s]|seS}

A2 = AU{([s1], [2]) | (s1,52) € A}

R? =RU{([s1]. [%2],[s3]). (s, [s3], [s31) | (s1.2,83) € R}U
{(s1, [2], [s2]) [ (s1, %2) € A}

Example
The PTS F? is an example for P?, and will be used in further
examples.
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Recap: Intuition of 2nd level

» Type: term inhabiting a first-level sort (I': A:s)
» Program: inhabitant of a type (T : A: B :s)

» Formula: inhabitant of a lifted sort (I : A: [s])
» Proof: inhabitant of a formula (I : A: B : [s])
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Recap: Intuition of 2nd level

» Type: term inhabiting a first-level sort (I': A:s)
» Program: inhabitant of a type (T : A: B :s)

» Formula: inhabitant of a lifted sort (I : A: [s])
» Proof: inhabitant of a formula (I : A: B : [s])

So, Type and Program are first-level terms, Formula and Proof are
second-level terms.
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Recap: Lifting

Definition (Lifting)
[x] =X
5] = [s]
[Mx:A.B] =Tnx:[A].[B]
[Ax : A.B] = Xx:[A].[B]
[AB] = [Al[B]
[<>] =<>
[T, x: A] =[T],x:[A]
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Recap: Projection

Definition (Projection)

{XMJ — x5

HSH =

[Mx*: AB]  =|B]

Lnxﬂ ABJ =MNx*: |A].| B
IAx*:AB| =|B]
IMxIs1:AB| = Ax%: |A].|B]
[(AB)s] = =|A]
L(AB)[s1) = |Al|B]

| < J =<>

LM x% 2 A =[r]

L er1 Al =[x [A]

pause Note : |[A

i

|=A
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Parametricity

> Cc[T]n B
An n-tuple of programs C satisfies the relation generated by a
type T

> (CDn _
A proof that an n-tuple C satisfies the relation generated by
the type T, for a program C of type T

» The tuple A denotes n terms A;, where A; is the term A
where each free variable x is replaced by a fresh variable x;.
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Parametricity

> Cc[T]n B
An n-tuple of programs C satisfies the relation generated by a
type T

> (CDn _
A proof that an n-tuple C satisfies the relation generated by
the type T, for a program C of type T

» The tuple A denotes n terms A;, where A; is the term A
where each free variable x is replaced by a fresh variable x;.

Example
If A= A(x : @).x and we are considering a binary relation, then
A= (A1,A2) = (A(x: a1).x, A\(x : a2).x).
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Defining parametricity

In the case where n =2, C = (C1, G;) and we arrive at the
following definition.
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Defining parametricity

In the case where n =2, C = (C1, G;) and we arrive at the
following definition.

Definition (Parametricity, case n=2)
(Cl, C2) S [[S]] = C1 — C2 — [S~|
(G, @) € [Mx:A. B] = N(x1:A1)(x2:A2). Tx : (x1,x2) € [A].
(C1X1, C2X2) S [[B]]
(G, &) e[T] = (T) G G, otherwise
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Defining parametricity

In the case where n =2, C = (C1, G;) and we arrive at the
following definition.

Definition (Parametricity, case n=2)
(Cl, C2) S [[S]] = C1 — C2 — [S~|
(G, @) € [Mx:A. B] = N(x1:A1)(x2:A2). Tx : (x1,x2) € [A].
(C1X1, C2X2) S [[B]]

(G, &) e[T] = (T) G G, otherwise

(x) = X

(A\x:A. B) = A(x1:A1)(x2:A2). AX @ (x1,x2) € [A]. (B)
(A B) = (A)B.1B2(B)

(7 = MNz1:T1)(z2: T2). (z1,22) € [ T], otherwise
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Defining parametricity

In the case where n =2, C = (C1, G;) and we arrive at the
following definition.

Definition (Parametricity, case n=2)
(Cl, C2) S [[S]] = C1 — C2 — [S~|
(G, @) € [Mx:A. B] = N(x1:A1)(x2:A2). Tx : (x1,x2) € [A].
(C1X1, C2X2) S [[B]]

(G, &) e[T] = (T) G G, otherwise

(x) =X

(Ax:A. B) = A(x1:A1)(x2:A2). Ax @ (x1,x2) € [A]. (B)
(A B) = (A)B1B2(B)

(]TD = Mz: T]_)(Z2 Tg) (21,22) € [[T]], otherwise
(<>) =<>

(r,x:A) = (), x1:A1, x2: A2, x:(x1, x2) € [A]

8/23



Parametricity examples

Example

X € [[a]]z

= (x1,%2) € [o]
(a)x1x2
QX1X2
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Parametricity examples

Example

€ [a]2

(x1, %) € [d]
() x1x2
ax1 X0

(el

Dk, X a2

(o s *)2, x1:01, X010, X & (x1,%2) € [a]2

apsk, gk, &0 (o, a2) € [*], xiiar, xian, X 1 (X1, x2) € [
Qpk, apik, (D o — ap =[], x1ia, xpian, X L Gxxo

<
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Parametricity examples

Example

€ [a]2

(x1, %) € [d]
() x1x2
ax1 X0

(el

Dk, X a2

(o s *)2, x1:01, X010, X & (x1,%2) € [a]2

gk, ok, & (g, ) € [*], xiaq, xotan, X 1 (x1,x2) € [
Qpk, apik, (D o — ap =[], x1ia, xpian, X L Gxxo

<

Example

Take T =a — a=1Ilx:a.c. Then
CelTh

=Mx:alx:x € [a].Cx € [d]

= N(x: a)(x: ax).aCx

=M(x: a).adx — &(Cx)
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Abstraction

Theorem (Abstraction)
IFTHA:B:s, then (I) - (A) : (A e [B]): [s].
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Abstraction

Theorem (Abstraction)
IFTFA:B:s, then (M) F (A) : (A< [B]): [s].

Example

Consider o : %, x: a b x : v : .
Then (o : #,x:a) b (x) : (x1,%) € [a] : [*].

10/23



Realizability

» A program f realizes A € P2
» Notation: f I- A and (p).
» First: fIFA: " f realizes A"
» Then: translate proof p to proof (p); denotes that |p]
satisfies realizability predicate.
» Difference in A being a first-level or second-level term.
> (Ax®: A.B) =Xx": A(B)
> OxIsTAB) = A(x° 1 |A]) (X1 x I- A).(B)
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Realizability definition

Definition (Realizability)
CI- [s] =C—[s]
CIFNx*:AB =MNx*:ACIFB
CIFNxlsl:AB =n(: A xIFA).CxIFB
ClFF = (F)C, otherwise
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Realizability definition

Definition (Realizability)

Cl[s] =C—[s]

CHFMx*:AB =TMNx*:ACIB

CIFNxlsl:AB =n(: A xIFA).CxIFB
ClFF = (F)C, otherwise

<XM> — xIsI

(Ax®: A.B) = \x°: A.(B)

(AxIs1: A.B) = \(x*: [A])(xI]: x I A).(B)
((AB)s) = ((A)B)s

((AB)(s7) = (((ALB])s(B))fs]

(T) Az® | T|.zIF T, otherwise
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Realizability definition

Definition (Realizability)

Cl[s] =C—[s]

CHFMx*:AB =TMNx*:ACIB
CIFNxlsl:AB =n(: A xIFA).CxIFB
ClFF = (F)C, otherwise

<XM> — xIsI

(Ax®: A.B) = Ax°: A.(B)

(AxIs1: A.B) = \(x*: [A])(xI]: x I A).(B)
<(AB)S> = (<A>B)s

((AB)s1) = (((AYB])s(B))rs]

(T) Az® | T|.zIF T, otherwise
(r,xs: A =(N,x*: A

(r,x[st: A) = (N, x*: |A],xI*l . xIF A
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Realizability example

Example
(o %, x* : a)
= (" %), x* : «
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Realizability example

Example

(BIFT: T,y B>

<5fm (1), y* 18],y JIkB

=B85 [+, W MH 8Ly iy
B, BIET: B — 4],y Hyf*"<ﬂ>y'
B, IO 3 — ],y 1 | B), yI*: pIHy
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Adequacy - Example

IfT - A:B:[s], then (I (A): |A] IF B: [s].
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Adequacy - Example

IfTEA:B:[s], then (I F (A): |A|IFB: [s].

Example

Take I := B [«],y*1 : 8, A==y, B:=f, s: []. Then:
(B [,y B) = y) s Ly) IF B2 [#)
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Adequacy - Example

IfTEA:B:[s], then (I F (A): |A|IFB: [s].

Example

Take I := B [«],y*1 : 8, A==y, B:=f, s: []. Then:
BIPT Tx], y T B) () 2 Ly) I B2 [+]

iﬁﬂ ta, BIOV 5 [l 7 8L,y BTy T (B Ly )
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Adequacy - Example

IfTEA:B:[s], then (I F (A): |A|IFB: [s].

Example

Take I := B [«],y*1 : 8, A==y, B:=f, s: []. Then:
BIPT Tx], y T B) () 2 Ly) I B2 [+]

=7, 8012 5 = T[],y B,y 810y (B) [y ) -

*

= 7%, 8101 g [x],y% 0 18], y™1: 8100y byl By 4]
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Realizability increases arity of parametricity

Theorem B
For any tuple terms (B, C),

> (B,C) € [Alns1 = BIFC e [A],
> (]ADn-i-l = <(]ADn>

Proof.
By induction on the structure of A. O
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Realizability increases arity of parametricity - Example
(Baf) € [[A]]n-i-l =BIFC € [[A]]n

Example
(f,g) € [Ma:*x).a—aja=~FlFge[Ml(a:*).a—daq]
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Realizability increases arity of parametricity - Example

(B,C) € [Aln1 = B I C € [A],

Example
(f,g) € [Ma:*x).a—aja=~FlFge[Ml(a:*).a—daq]
We have: (f,g) € [M(a: x).a — a2
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Realizability increases arity of parametricity - Example

(B,C) € [Aln1 = B I C € [A],

Example

(f.g) e [Ma:*x)a—=ajo=~flFge[(a:*).a— o]

We have: (f,g) € [M(a: x).a — a2

= M(aq @ %) (a2 *).M(G& : (a1, a2) € [#]).(far, gaz2) € [Mx : a.a]
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Realizability increases arity of parametricity - Example

(B,C) € [Aln1 = B I C € [A],

Example

(f,g) e [Ma:*)a—aja=FflFge[l(a:*)a—da]

We have: (f,g) € [M(a: x).a — a2

= M(aq @ %) (a2 *).M(G& : (a1, a2) € [#]).(far, gaz2) € [Mx : a.a]
= M(a1 @ %) (a2 %) (& (a1, 02) € [*])(x1 : a1)(xe : a2)(x :
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Realizability increases arity of parametricity - Example

(B,C) € [Aln1 = B I C € [A],

Example

(f,g) e [Ma:*)a—aja=FflFge[l(a:*)a—da]

We have: (f,g) € [M(a: x).a — a2

= M(aq @ %) (a2 *).M(G& : (a1, a2) € [#]).(far, gaz2) € [Mx : a.a]
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Realizability increases arity of parametricity - Example

(B,C) € [Aln1 = B I C € [A],

Example

(f,g) € [Ma:*x).a—aja=~FlFge[Ml(a:*).a—daq]

We have: (f,g) € [M(a: x).a — a2

= M(aq @ %) (a2 *).M(G& : (a1, a2) € [#]).(far, gaz2) € [Mx : a.a]
= M(a1 @ %) (a2 %) (& (a1, 02) € [*])(x1 : a1)(xe : a2)(x :
(X]_,Xz) S [[oz]).(falxl,gOQXg) S [[Oé]]

=M(a1 %) (a2 %)(& a1 = ar = [*])(x1 1 a1)(xe : an)(X:
G x1x2).G(farxt)(gaoxo)

Working out the R.H.S.:

fIFM(ar:*)(&:ar — [*])(x1: a1)(x: dxi).q(gaixi)

= Mo @ *)(az 1 *)(& a1 = ag — [*])(x1 : a1)(x : a2)

(X : &x1x2).6(g a1 x1)(f az x2)
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Realizability to Parametricity

Using the theorem:

Theorem B
For any tuple terms (B, C),

> (B,C) € [A]nt1 = BIF C € [A]
> (A)nt1 = ((ADn)
We can prove:
Corollary
> Cec[Aln=CGlIF GlIF... Ik Gyl [A]
> (A)p = (... ([A])...)

Proof.
By induction on n, using (A)o = [A] for the base case. O
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Third level

Definition (Third-level system)

Given a PTS P = (S, A, R), define P3 = (P2)2, where the
sort-lifting [-] used by both instances of the -2 translation is the

same.
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Third level

Definition (Third-level system)

Given a PTS P = (S, A, R), define P3 = (P2)2, where the
sort-lifting [-] used by both instances of the -2 translation is the

same.
That is, P? = (S3, A3, R3), where
§*=SulSTu[[s]]
A= AUTATU[TA]]
R*=RU[R]U[[R]]
U{(s1, [s3], [s31), ([s1],
U{(s1, [s21, [s21), ([s1],

(51,52,53) S 73}
(51, 522) S ./1}

 [s3]1)
 [Ts211)

s3]

[Ts3]] |
[Ts2]] |
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Extensions of parametricity and projection

» Extend parametricity ( C € [T] ) to map second-level
constructs in P2 to third-level constructs in P3.

» Extend projection ( |-] ) to map third-level constructs to
second level

19/23



Parametricity to realizability

Lemma
If A is a first-level term, then

A= |C € [A]1] and (A) = [(A)1].

Proof.
By induction on the structure of A. O
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Parametricity to realizability

Lemma
If A is a first-level term, then

A= |C € [A]1] and (A) = [(A)1].

Proof.
By induction on the structure of A. O

Theorem (From parametricity to realizability)

If A is a second-level term, then
CFA=[[C]€[Al:] and  (A)=[(A)]

Proof.

By induction on the structure of A, using the above lemma. O
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From parametricity to realizability - Example

Theorem (From parametricity to realizability)

If A is a second-level term, then

CFA=|[Cle[Al] and  (A)=|[Al1]

Example
Consider A= & — &. Then

1CT € [ = )
= [N(x: &).ax — &([C]x)]
=MN(x: a).adx — &(Cx)
while
CF&—&

=M(x: a)(x: xIF&).¢(Cx)
MN(x : a).ax — &(Cx)
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Conclusion

» PTS P
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» PTS P
> P?

» From realizability to parametricity: n-ary parametricity is the
composition of lifting and n realizability steps

Cel[Aln=ClF Gl ...IF CylF [A]
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Conclusion

A\

PTS P

P2

From realizability to parametricity: n-ary parametricity is the
composition of lifting and n realizability steps

Cel[Aln=ClF Gl ...IF CylF [A]

P3
From parametricity to realizability: realizability is the
composition of parametricity and projection

ClFA=|[C] € [A]1]
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Q& A
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