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Aim of the paper

e Polymorphic typed lambda calculus (\2)
e Set theoretic model cannot exist
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¢ an infinite countable set T of type variables
¢ an infinite countable set V of ordinary variables

Definition of Q

Q is the least set of type expressions such that:
o ifrinT,thenT € Q
o ifw,w e€Q thenw —»w €0
e ifre Tandw e Q,then Atrw e Q
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Free type variables

The set of free type variables FTV is defined as
® FTV(7r) = {7}
* FTV(w — ') = FTV(w) U FTV(')
* FTV(Ar.w) = FTV(w) — {7}

Let T={...,X,Y,Z, ...}, then

FTV(X — (AZ.Y)) = FIV(X)UFTV(AZ.Y)
= {X}UFIV(Y) - {Z}
= {X’ Y}

v
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Alpha conversion and substitution

Renaming bound variables

We can rename bound variables like we are used to. We will regard
alpha-variants of an expression as equal.

We will write (w'/7 — w) to denote the type expression obtained
from w’ by substituting w for every free occurrence of 7

.

Example substitution
Letw’ =X = Y,w=Z, then

(W/rT=w) = (X=>Y/X—=2)
= Z-=Y
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Type assignment

Definition 7
The function 7 basically assigns type expressions to ordinary

variables. We call 7 a type assignment.
m € F — Q where F is a finite subset of V

Let F={x,y,z} C V,
T={..,X,Y,Z,...}

and Q={..., X=X, Y > X,AZZ— X,...},

then we could definer ={x—» X > X,y = X, z— AZ.Z — X}.

And we get:
m(x) =X — X.
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Set of type assignments

Defintion Q*

We define Q* as the set of all type assingments (r)
Q* = {r|r € F — Qfor some finite F C V}

Q* basically defines all the possible contexts of ordinary variables
and their types.
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Syntax of ordinary expressions

To define the syntax of ordinary expressions (or lambda
expressions), we define the familiy of sets:

(Erw|m € Q" 0w € Q)
If we take a set E,, from this family of sets, we get the set of
ordinary expressions:
e whose free variables are in the domain of =

e which takes on the type w under the assighment of = to its
variables.

Letr={f— (X—=>X)=> (X—=X)},andw =X — X.
Then we have (f(A\y : X.y)) € Er..
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Syntax of ordinary expressions

Variable
If v € dom(r), thenv € E; v

Application
If e1 € E; r @nd e € Eq,, then ej(e2) € E; o

Abstraction
If e € Ejrjv)r then Av:w.e € E; 0

Type S-reduction
If e € Eﬂ',AT.w/ then e[w] S E7r,(w’/7—>w)

Polymorphism
Ifec E,—,.thenAr.e € Ex arw
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Set assignment

For the set-theoretic semantics, we assume that every type
expressions denotes a single set.

Definition set assignment
A set assignment S is a function from T to the class of sets

LetS={... . X>N,Y—>B Z—1Z,...}
Then we have:
S(X) =N
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Mart Rietdijk, Martijn van de Wouw (RU) Type theory



Set assignment

Note that S does not map every type expression. It maps only the
type variables. We need to extend the definition of S to include the
other expressions.

Definition S#

A set assignment S* is a function from Q to the class of sets. Such
that S#(w) is the set denoted by w under assignment S.
We require that S(7) = S#(r) forallT € T

Example S#

LetS={... . X>N,Y—>B Z—Z,...}

Then we have:

S#(X)=N, §S#(Y)=Band S*(2) =Z

S#(X — Y) = S#*(X) —» S#(Y) = N — B, i.e. the set of all functions
from the natural numbers to booleans.

™ = — — SR
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Set assignment

Finally, we define the set of all possible environments defined by =

Definition S#*

We define S#* to be the function from Q* to the set of class
assignments which maps each = € Q* into the cartesian product
over v € dom(r) of the sets S#(n(v))

Example S#*r

Letr={x— X, y— Y}, S={.... X—>NY—B, ...} then:
S#*r = {(0, true), (0, false), (1, true), . . .}
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Semantic rules: 1.

The definitions of S, S# and S#* as given before. |
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Semantic rules: 2.

Definition p
For every 7 € Q* and w € Q we have:

firw € Ery — Ngesa(S#*m — Stw)

You can read this as p,, is the family of semantic functions i.e. how
to interpret expressions in E.,. We can extract the semantic
meaning by passing an expression e € E,,, a set assignment, and
some n € S**7 t0 i,

Letr=n=[lw=X—=>X,e=Xx:Xxand S={..., X — N,...}.
Then we have: u.,[€]Sn = the identity function on the N
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Semantic rules: 3.

The ‘meaning’ of a type w should only depend on the free variables
(FTV(w)). More precisely:

If St = S'7 forall 7 € FTV(w) then S#w = S*w |
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Semantic rules: 4.

If two set assignment functions S and S’ assign the same sets to all
of the free type variables in our 'known universe’, then we expect
semantic interpretation using both functions to be the same on the

same input.

Assume:
e ec E,.,
o nec St
Then:
If we have St = S'r for all 7 € FTV(e) U FTV(w) U Uy cgom(x) FTV(7V),
then we have p,[€]Sn = ur.[€]S'n.
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Semantic rules: 5.

Extra unused information should not change the semantic
meaning of the function.

Assume:

* ec E,,

e 7’ extends 7

e y € S’ extends n € S**r
Then:
prwle]Sn = Mw’wl[e]lsn/
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Semantic rules: 6.

SH(w — ') = S*(w) — S*(W') ]
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Semantic rules: 7.

The semantic meaning of an ordinary variable is its value.

If we have v € dom(r), then we have ji, -, [v]Sn = nv J
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Semantic rules: 8.

The semantic meaning of a function application is the same as the
semantic meaning of one function applied to the semantic
meaning of the other function.

Assume:
e cEr
°* ecEy,
Then:
i [€1(€2)1SN = pir w—swr [€1]SN(pr[€2] SN)
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Semantic rules: 9.

The semantic meaning of a substitution of an ordinary variable in a
lambda expression, has the same semantic meaning as the body of
the lambda expression with the ordinary variable substituted for
the argument of the lambda expression.

If e c E[7r|V:w],oJ’
Then pig s [AV : w.e]Sn = Ax € S#w.u[ﬂ|v:w]7w/|[e]]8[n|v 2 X] J
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Semantic rules: 10.

Given 3 expressions ey, ez, €3, if e3 is the result of substituting e, in
to ey, then ez has the same semantic meaning of the substitution
of (A\v:w.er)(e2).

Assume:
* &1 € B
°* ecEq,
°® 3= (e1/v—e) € Ey
Then:
frr [V 2 w.€1)(€2)]SN = irur [€3]S
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Semantic rules: 11.

If two type abstracted (i.e. we have Ar.w as the type) expressions
which have the same functions defining the semantic meaning,
then we expect the meaning of the expressions to remain the same
when applying beta reduction on the type.

If we have p; aror[€1] = pr,arwr[€2] (NOte the absence of some S
and some 7).
Then we have :u’fr,(w//fﬁw)ﬂ:e1 [w]]] = :U’7r,(w//7'~>w)|[eZ [w]]]
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Semantic rules: 12.

If we have an expression e where T does not occur as a free type
variable in the range of 7, then the semantic meaning of e with an
additional type abstraction on which we apply 7 is the same as the
'inside’ of that function (so we have (Ar.e)[r] which we expect to
equal e).

If we have e E;_,,,
Then we have i, [(A7.€)[7]] = pr—rwlel J
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We are going to prove that there exists a type expression B for
which the set given by S# B has more than one element
independent of S.

If the polymorphic typed lambda calculus has a set theoretic model,
then there exists a type expression B such that FTV(B) = (), and
B = S* B contains more than one element.
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Lemma 1 continued
Bis independent of S by semantic rule 3.

Let B= As.s — (s — s) and S be an assignment mapping s to
some set s where s has more than one element.
Then B contains:

* uplAs.Ax sy : s.x]S[]
* uplAs.Ax s )y : s.y]|S[]

From here on out, you can interpret B as the definition of the
boolean type.
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Lemma 1 continued

let X = As.Ax:s.\y :s.xand let Y = As.\x : s.\y : s.y We are going
to prove this by contradiction.

Assume that B has only one element. In other words, we have:
p.eIX1S[] =y elY1SI]
ts—s—s) [XISIISI] = pppso(s—s)YISIISI] 11
H[],s—(s—s) |[)\X :S.\Y SX]]S[] = ,u[],sﬁ(s%s)[)\x 1Sy : sy]]S[] 12
Thenforall x,y € s
We get:

® [l s—(s—s)[AX : 8.y : 8.X][S[]xy = x (by 9 and 7)
® Hls—(s—s)[Mx: 82y - 8.Y]S[]xy =y (by 9 and 7)
But this implies that x = y and thus that s only contains one

element which contradicts our definition of s. Thus we have shown
that B contains more than one element. ]
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Lemma 2: Define Functor

Definition of functor T

e T(X)= (X — B) — Bwhere X is a semantic domain and B is
the boolean class.

elfpes—sthenT(p)=Xhe(s—B)—-Blges — Bh(gop)

Soifpes— ¢, thenTpe Ts— TS
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Lemma 2: Define Functor T

Example of a Functor:
Let B = {true, false}, s = {0,1}, s’ = {a, b, ¢}

let p: s — s’ with p(0) = a,p(1) = ¢

let g : s — Bwith g(0) = true, g(1) = false

leth: (s — B) — Bwith h(g) = g(0)

That is, hlooks at a predicate g : s — B and returns its value at 0.
let g’ = s’ — Bwith g’(a) = false,g’(b) = true, g’(c) = true
Then Tp(h)g' = h(g’ © p)

first calculate g’ o p for domain of s:

(g’ 0 p)(0) = 9'(p(0)) = g'(a) = false
(g’ op)(1) =9'(p(1)) = g'(c) = true

so now Tp(h)g' = h(g' o p) = (g’ o p)(0) = false
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Lemma 2: Define T-algebra

Definition T-algebra

A T-algebra is a pair (s, H) with s is a semantic domain and
HeTs—s

Example of T-algebra:
B = {true, false}, s = {0,1}

let h: (s — B) — Bwith h(g) = g(0)

That is, hlooks at a predicate g : s — B and returns its value at 0.

then H(h) =0
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p B,

Figure: Morphism between 2 T-algebra'’s

we want to proof this property, or put otherwise pgr o H = fo T(psf)
with the following functions:

e fecTs—s
e He TP — P
® pss€P—s
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Lemma 2: Defining H and P

We define the type expression:
e W=((s—B)—B)—+s)—s
e P=AsW
e P=S%P
And we define the ordinary expressions:
* M= X:((s—B)—B)—sf(A\g:s— Bh(\p:P.g(p[s]f)))
* M€ Eph.(p—B)—BLW
* H=)Xh:(P— B)— B.AsM
* He By (p—B)-B)—P
it follows that:
* ugplAsM]S € S#(P) =P
* H=pyp-8)—8)—p[HIS € S#(P—+B)»B) - P=TP - P
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Lemma 2: Defining f and p

e fe((s—+B)—+B)—-s=Ts—s
* pstP = ppp:pwIPISII[SIs : s][p : pIf
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Lemma 2: Defining f and p

Lo,

TP Ts
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Lemma 2: Proof

Now we want to proof for any set s, f € ((s - B) — B) — s, and
he(P—B)—B=TP

(pst o H)h = (fo T(psr))h
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Lemma 2: Proof

pst(Hh) = pst(i1p,((p—B)—B)—pr[HIS[]H)

Definition of H
H = up,p—.)—B)—r[HIS
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Lemma 2: Proof

pst(1p,((P—B)—B)—P[HIS[h)
= ps(p,(P—B)—B)—p[AN : (P — B) — B.As.M]S[]h)

— pss(\h: (P — B) - B.ug p[As.M]S[)h)

= pst(Lifn:(p—8)-B1,P[AS.-M]S[h : h])

Definition of H
H=h:(P—B)— BAs.M

Semantic Rule 9: Semantics of \

If e e E[7T|V:w],w/
Then firwouw [AV : w.€]Sn = Ax € S*w.pipm|vuy o [€]SINIV : X]
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Lemma 2: Proof

pst(Kn:(p—B)—B],p[AS-M]S[h : h])

= pp-pLwlpP[SI[SIs : sl[p : ph:.(p—B)—B),P[AS-M]S[h : h]]f

Definition of pg
psiP = ey wiPISIIISIs : s[p : plf
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Lemma 2: Proof

P wIPISII[SIs : S|P : pn:(p—B)—B),P[AS-M]S[h : h]]f
= fih.(p—8)BLWI(AP : P.p[s])(As.M)][S|s : s][h : h]f

Semantic rule 9: Semantics of A

M w—sw! I[)‘V : w'e]]ST] =Ax € S#w'u[ﬁ\v:w],w’ |[e]]3[77|v : X]

Semantic rule 5: Environment extension
if r C«’ and n C n' then pro[€]Sn = pro, [€]ST

Semantic rule 4: Free variable dependence
if St = S'r for all = € FTV(e) U FTV(w) U Uvedom(m) FTV(7Vv), then prw[€]Sn = prwle]S'n

Semantic rule 8: Application

Hrw! |[e1 (62)]ISTI = Hr,w—w! |[e1]]Sn(iuﬂ'w |192]|STI)
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Lemma 2: Proof

th:(P—B)—BLWI(AP : P-p[s])(As.M)][S]s : s][h : h]f
= ph:(P—B)—B,WIAS.-M[s]][S]s : s][h : h]f
= fih:(P—B)—Bw[M][S|s : s][h : h]f

— P8y B WM : (s > B) = B) = s.5(0g : s — B.h(Ap : P.g(p[sIf))I[Sls : sl[h : filf

Semantic rule 10:; Value reduction
Mo’ |[()‘V : We1)(e2)]]sn = Hrw! |[33]|S77

Semantic rule 12: Type reduction
If e € Ex—+w Then we have pr 7 o [(A7.€)[7]] = pr—rw €]

Definition of M
M= X:((s — B) — B) — s.f(A\g: s — B.h(\p : P.g(p[s]f)))
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Lemma 2: Proof

tin(p—B) B WM (5 = B) = B) > s£(Ag : s — Bh(\p : P.g(pIsIN))ISs : slih - hlf

= f(Ag € s B.h(Ap € P.g(upp,wPISIIISIs : sllp : £11)))

Semantic rule 9: Semantics of A

o s [NV 1w ]S = Ax € SFw iy, 7 [€1SINIV : x]

Semantic rule 8: Application

B lei(@)ISn = py s [e]Sn(knrwle15n)

Semantic rule 7: Semantics of ordinary variables

If v € dom(r) then pr ~v[v]Sn = nv

Semantic rule 5: Environment extension

if  C «’ andn C 1’ then ury, [e]Sn = u,"/w[e]Sn'
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Lemma 2: Proof

f(Ag € s = B.h(Ap € P.g(pp.p wlp[S]I[SIs : s][p : pIf)))

Definition of pg
pstP = wp:p wlP[SI[S|s : s][p : p]f

= f(A\g € s — B.h(\p € P.g(psP)))

Definition of T

T(p)=Xh:(s— B) — B.\g:s — B.h(gop)

= f( Tpsfh)
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Lemma 2: Conclusion

We have proved for any set s, f € ((s -+ B) — B) — s, and
he(P—B)—-B=TP

(pst o HYh = (fo T(psr))h

PL)S

Figure: Morphism between 2 T-algebra’s
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The End

Questions? Comments?
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