Self-interpretation in lambda calculus



More on data types

A data type D is a set with some operations (functions) on it.
An k-ary operation is a function f : D*¥ — D.
Thereby a 0-ary operation ¢ : D’ — D is identified with a c€D.

A datatype is determined by its operations on D:
Cly.-yCly D'—-D =D
fll,...,f,i1 . D' D
fivo. ff, + D°—=D

Nat has z : Nat, s : Nat — Nat.

Tree has 1: Tree,p : Tree? — Tree
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Packing and unpacking A-terms

Given My, ..., M, define
(My, ..., My) := Az.zM; ... My
Define U,L-k, with 1 <17 < £k by
Uf = A\T1...TL.T;

Then
UFM, ... M, = M,

(My,...,.M\UF = UFM,...M, =

1

Note that K = U?
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Second translation (Bohm-Piperno-Guerini)

Consider the data type D with
c:D, f:D—D, g:D*— D
The second coding (also denoted by 't') is

¢ = leelUe
ft) = XeeUs'te
g(ti,t2) = deeUs't; 'ty e

PROPOSITION. There are lambda terms F, G such that
el — rf(t)j
G't't, = gt ts)
PROOF. Take

F = MXe.eUslte
G = )\tltge.GUgtltge..
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Recursion

THEOREM. Given A;, Ay, As€A there is an HEA such that

[_]rCT AlH
H(F't) = H(f(t)) Ayt H
H(G't,'"t2") = H( g(t,t2)) As'ty 'ty H

PROOF. Try H = <<B1,BQ,Bg>>.

H'¢c' = ((B1,B2,B3)) ¢
= '¢'(Bi1, Ba, Bs)
= (B, B2, Bs)U;(B1, B, Bs)
= B1(Bi, Bs, B3)
—  A,({(B1, B2, Bs)), if By = Az.A1(2).
= A1H

H'f(t)! = (By,Bs,B3)Us 't (B1, By, Bs)
= By't (Bi, B2, Bs)
= As't'H, if By := A\tz.A2t(z).
H'g(ti,t2)! = As't1''t2'H, if Bs := M1taz. Astito(z). B
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Data type for coding lambda terms

Consider the data type

var: D — D
app: D —D — D
abs: D — D

Define Var, App, Abs as follows

Var = MAwe.eUlze
App = Azye.eUsxzye
Abs = JAwe.eUjxe

Coding lambda terms M ~» ' M ' (Mogensen)

¢ = Varz

TMNT — AppTMTTNT
Ax.M' = Abs (\z.' M)
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Self-interpretation

THEOREM. There exists a A\-term E such that for all M €A

EM =M
PROOF. By recursion we can find an E such that
E(Var ) = «x
E(Appmn) = Em(En)
E(Abs m) = Mz.E(mx)
Then
E('z') = E(Var x) = x
E(MN') = E(App M 'N) = EM(E'N) = MN
E(Az.M'") = E(Abs(\z.' M )) = Mz.E'M = Az.M.

Filling in the details of E one has (writing C := \zyz.xzy)
E=((K,S, C)). |
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Application 1

If you see someone coming out of ‘arrivals’ in an airport,
you cannot determine where he or she comes from.

Similarly, there is no F' such that for all X, Y eA
F(XY)=X
PROPOSITION. There exists an F;€A, 1€{1,2} such that
F' XX, =X,
PROOF. We do this for : = 1. By recursion there exists F] s.t.
Fi(App 1 @2) = Asx129F) = x4, taking Ay = U3,
This suffices. W
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Second fixed point theorem*

LEMMA. There exists a term Num€A such that for all M €A
NumrMT =35 WMW
PROOF. Use recursion for the lambda calculus data type with
AixzN = App Var (Var z)

AomnN = App(App App (Nm))(Nn)
AsmN = App Abs'(Abs(Az.N(mx)))

SECOND FIXED POINT THEOREM. For all F' there is an X with
F'X' =5 X

PROOF. Let W := A\z.F(App z(Num z)) and X := W'W'. Then
X =ww
= F(App' W '(Num' W') = F(app W'''W ')
=FWW =F'X".1
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Application 2*

For a given 1" there exists a program P such that

Pc; Chil, if k£ is even,

T'P'c;,, otherwise.
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