Proving with Computer Assistance, 2IMF15

Herman Geuvers, TUE

Exercises on Polymorphic type Theory
1. Recall: 1L :=Va.a, T :=Va.a—a.

(a) Verify that in Church A2: Ax:T.aTz: T—=T.
ANSWEr: ...

T Voa.a—a

app, 1
app, 2
A:TxTz: T—=T Arule, 1,3

End Answer ...

(b) Verify that in Curry A2: Ax.zz: T—T
ANSWET: .

T Va.a—a

app, 1
app, 2
Axx: T —=T Arule, 1,3

End Answer . ...

(¢) Find a type in Curry A2 for Az.xzx

A DS W .

1 z:Va.a—a

2 x: T —=T app, 1

3 zx: T app, 2

4 zx: T =T app, 3

5 zrx: T app, 4

6| Xzxxzx:T—=T Arule 1,5
OR:

1

2 app, 1

3 app, 2, 1

4 app, 3, 1

5

Axzzzr: Ll — 1 Arule 1,4



End Answer
(d) Find a type in Curry A2 for A\x. (x z)(z x)

ANSWET:
1 x: L
2 rz:l—1 app, 1
3 xxr: L app, 2, 1
4| lxx: L — L app, 3
50| (za)(xz): L app, 4, 3
6| \e(zx)(rz): L—-L  Arule, 1,5

End Answer

(e) Find a type in Curry A2 for Az. z(A\z.x x)
2. Let z : T and remember that T := Va: x.a—a.
(a) Give a type to the term
Ay.xy x(Az. 22 2)

in A2 a la Curry and give the typing derivation of your result.

ANSWeEr:
1 |z:T
2 y: Ll
3 rz:1l—1 app, 1
4 xy: L app, 3, 2
) zy: T — L1 app, 4
6 xyx: L app, 4, 1
7 z: L
8 z: T — L app, 7
9 zx: L app, 8, 1
10 zx: Ll — 1 app, 9
11 zxz: L app, 10, 1
12 Azzrz: Ll — L A-rule, 7, 11
Bl|zyz:(L—>L1)—> 1 app, 6
14| |zyz(Azzxz): L app, 13, 12
15 | Ayzyx(Azzzz): L — 1L Arule, 2, 14

End Answer




(b)

Give a type to the term
Ay. 2y (x(Az. 2 2))

in A2 a la Curry. Also give the typing derivation of your result.

3. Define:

(a)
(b)

()

ox1 = VYa (o=17—2a)—a,

o+71 = Va. (o0—a)=(T—a)—a

Defineinl: o0 — o + 7.

Define pairing : [—,—]:0 =7 =0 X T
ANSWET: .

A0 Ay T. Aa. Ah i o—T—a hry

End AnsSwer . ...

Define the first projection : m; : 0 x 7 — o and show that 7 [z, y] =g
x.

ANSWer:
T =20 XT.zo(Ax 0. Ay T.x)

End Answer . ...

4. Define the type of binary tress with leaves in B and node labels in A:

(a)

Treea p = Va.(B—a)—=(A—a—a—a)—a.

Define leaf : B — Trees p and join : Treeq p — Treeap — A —
Trees B-

A DS WL .o
leaf := Ab : B Aa. \f : B—a. \h : A—a—a—a. fb and join is de-
fined as follows:

join = At :Trees p. Aty : Treey p. Aa : A.
Aa. Af 1 B=a. Ah: Ama—a—a.ha(tiafh)(taafh)

End AnNsSwer . ...

Give the Tree-iteration scheme for Tree4 p and define h : Treeq p —
Nat that counts the number of leaves of a tree.

ADNSWET: ..
The Tree iteration scheme is: given a type D and f : B—=D, g :
A—D—D—D, there is a term k : Tree4 p— D satisfying

k(leafb) = fb
k(jOiDath) = ga(kjtl)(kt2)



as a matter of fact k is just At : Trees 5.t D fg.
The function h that counts the number of leaves satisfies

h(leafb) = SO
h(joinatyts) = Plus(hty) (hts)

so we can take h := At : Treeyq p.tNat (Ab: B.S0) (Aa : A, Ang,ng :
Nat.Plusni ns).
End Answer ............ .

Define g : Tree4 g — B that computes the left-most leaf of a tree.
A DS WL .
Just the final answer: g := At : Treeyq .t Nat (Ab: B.b) (Aa : A, Aby, by :
B.by).

End Answer ... ..o



