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Abstract

In this thesis, we extend the Control Improvisation (CI) framework to tree-
structured data using tree automata. CI is a method for generating random
outputs that are both valid according to strict rules and diverse within
specified probabilistic limits. The primary research question asks how CI can
be adapted to generate random tree structures that satisfy its strict validity
requirements while remaining within its probabilistic diversity limits. Using
deterministic finite tree automata, we develop algorithms for feasible control
improvisation, including uniform generation methods for both top-down and
bottom-up tree automata. The results demonstrate that CI can be applied to
tree structures, enabling the generation of diverse and valid tree-structured
data.
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Chapter 1

Introduction

In modern computational applications, systems often need to generate out-
puts that are not only valid according to strict rules but also diverse or
unpredictable. This balancing act is critical in domains like software test-
ing, robotic control, and music generation [11, 2]. Control Improvisation
(CI) addresses this need by generating sequences (or ‘words’) that conform
to predefined constraints while maintaining a degree of randomness. These
sequences, generated by a probabilistic algorithm, meet hard constraints
to ensure validity and soft constraints to incorporate variation and unpre-
dictability [6].

While CI has been applied in areas like software testing, music generation,
and robotic surveillance, most applications focus on words [5, 7]. This lim-
itation raises the question of whether the CI framework can be extended
to more complex structures, such as trees, which are used in many compu-
tational fields, such as in areas like natural language processing and tree-
structured data representation.

This thesis explores extending CI to tree structures, using tree automata as
a formal framework to manage structural and improvisational constraints.
Tree automata are a generalization of finite automata, capable of operat-
ing on tree-like data structures instead of simple words. By extending CI
to tree automata, we can handle more sophisticated data representations [4].

Control Improvisation, formally introduced by Fremont et al., is a frame-
work for generating random but constrained outputs. The CI problem is
typically formalized over regular languages, where the improviser generates
words that meet both hard constraints (e.g., syntactic correctness) and soft
constraints (e.g., randomness, diversity, or resemblance to a template) [6].
A key contribution of this framework is the guarantee of feasibility: the im-
proviser must be able to produce an output whenever one is possible.

Tree automata generalize the CI framework from words to tree-structured



data, enabling validation and generation of tree-structured outputs. Tree
automata have been extensively studied and are useful in various contexts
such as XML document validation, semantic parsing, and verification of re-
cursive programs [4, 3]. Unlike classical automata that process strings, tree
automata operate over terms or trees, allowing for a more expressive han-
dling of tree-structured structures.

Combining CI with tree automata introduces theoretical challenges, espe-
cially in ensuring feasibility under tree-based constraints.

The primary research question guiding this work is: Can the Control Impro-
visation framework be extended to tree structures using tree automata? This
research seeks to investigate how CI can be adapted for generating random
tree structures that satisfy both hard and soft constraints. Specifically, the
objective is to develop an improviser capable of efficiently producing diverse,
structured outputs that adhere to predefined rules while introducing a con-
trolled level of randomness.

To address this question, we establish the following objectives:

1. Analyze the principles of Control Improvisation as applied to linear se-
quences, as described in [6], and identifying key challenges in extending
these principles to tree structures.

2. Investigate the properties and capabilities of tree automata, focusing
on their applicability to tree-structured data and their potential for
integrating with CI.

3. Design and implement an improvisation algorithm based on tree au-
tomata that can generate random tree structures while respecting both
hard constraints (valid tree forms) and soft constraints (diversity).

The remainder of this thesis is structured as follows:

e Chapter 2: Preliminaries introduces the concepts needed for the
rest of the thesis. It reviews automata theory, including both deter-
ministic and non-deterministic finite automata, and provides a detailed
introduction to Control Improvisation. The chapter concludes with an
overview of tree automata, including both top-down and bottom-up
variants.

e Chapter 3: Research presents the original contributions of the the-
sis. It begins with a discussion of the restrictions imposed by determin-
istic finite tree automata, then develops formal definitions for Control
Improvisation in the tree setting. Two improvisation algorithms are
proposed: one for top-down deterministic tree automata and one for
bottom-up variants. Their feasibility and correctness are discussed.



e Chapter 4: Related Work surveys existing literature related to
automata theory, probabilistic generation, and applications of Control
Improvisation.

e Chapter 5: Conclusions summarizes the main contributions, re-
flects on the findings, and outlines directions for future work.



Chapter 2

Preliminaries

In this chapter, we introduce the core concepts of Control Improvisation
(CI), along with the necessary basics in automata theory used to apply it.
We start by introducing DFAs and NFAs, which are needed to understand
CI. These automata are the building blocks for the models we use to under-
stand and apply CI.

The automata theory follows standard conventions as presented in [9]. For
Control Improvisation, we adopt the definitions and results from [6], which
form the basis of the theoretical framework and problem formulation.

2.1 Automata Theory

2.1.1 Basic Definitions and Notation

This section introduces the automata theory needed to understand and apply
Control Improvisation.
We begin with basic notations,

e Y. The alphabet for a given language is a finite set of symbols,
e |A|: The size of set A, i.e., , the number of elements in A.

e P(A): The power set of A, i.e., the set of all subsets of A.

To work with a language, we must first understand what its elements are,
namely words defined over the alphabet.

Definition 1 (Words). A word over an alphabet ¥ is a finite sequence of
symbols from X. The set of all such words, including the empty word, is
denoted by X*.

Examples for a word, over the alphabet ¥ = {0, 1}, are ‘0101’, ‘1’ , ‘0000’,
etc.
Using these notations, we now define the notion of a language.



Definition 2 (Language). A language L over an alphabet ¥ is any subset
of ¥*, i.e., L C ¥*.

We often need to refer not only to the length of a word but also to how
frequent certain symbols appear within. And here the length of a word w is
the number of symbols in w.

Definition 3 (Length of a word and symbol count). The length of a word
w, written as |w|, is the amount of symbols in its sequence. The number
of occurrences of a symbol ‘a’ from the alphabet ¥ in a word w is denoted
by |w)q.

Here we show a couple of examples:
o If w = aab, then |w| = 3 and |w|, = 2.
o If w = aabbb, then |w| =5 and |wl|, = 3.

We now introduce regular languages, a fundamental class of formal languages
with limited but useful expressive power. These languages are precisely char-
acterized by two equivalent formalisms: they can be described by regular
expressions (patterns using concatenation, union, and repetition) and recog-
nized by finite-state machines called deterministic or nondeterministic finite
automata (DFAs/NFAs), which we will define in the next section.

2.1.2 Deterministic Finite Automata (DFA)

A Deterministic Finite Automaton (DFA) is a mathematical model used to
define regular languages in a structured, finite way. The way to define this
is:

Definition 4 (DFA). A Deterministic Finite Automaton (DFA) is
represented as a tuple D = (Q, %, d, qo, F), where:

e () is a finite set of states,
e 3 is a finite alphabet,

e ):Q XX — (Q is the transition function, which maps each state and
symbol to a new state,

e qo € Q is the initial/starting state,
o [ C Q is the set of accepting/final states.

Definition 5 (Acceptance of a word). A word w € X¥* is accepted if
0*(qo,w) € F, with qo the initial state



When we are given a DFA D = (Q, %, 6, qo, I), the language recognized
by D is the set, L(D), of all words that are accepted. This is formalized in
the definition below, where we expand the notion of §, with 6* : Q x¥* — Q.
Here the function §* is the inductive extension of § to words, and it returns
the state that the automaton reaches after processing the word w.

Definition 6 (Recognized Language of a DFA).
L(D) ={w e X" | §(q,w) € F},with 6" : Q x ¥* = Q

Example 1 (DFA Accepting Strings Ending in ‘ab’). Consider the DFA
below, over the alphabet ¥ = {a,b} that accepts all words ending in ‘ab’.
The DFA tuple looks like this: D = (Q,%,0,qo, F'), and is further defined as

follows:

e Q={qo,q1,q2}, the set of states.
o ¥ = {a,b}, the alphabet.

e 0, the transition function:

— (q0,b) = qo
— (q0,a) = q1
— 8(q1,b) = @2
— d(q1,0) = q1
— d(q2,0) = @1
— (g2,0) = qo

® qo, the initial state.
o F'={q2}, the set of accepting states.

The DFA accepts strings like ‘ab’, ‘aab’, ‘bbab’, but does not accept ‘ba’
and ‘bb’.  The language recognized by this DFA is L(D) = {w € ¥* |
w ends in ‘ab’}. The DFA D is visually represented as:

b a
a b
wart—(w0 ] ()
a
b



2.1.3 Operations on DFAs

We can perform operations on the languages recognized by DFAs, such as
intersections, unions and making the complement, which correspond to con-
structing new automata from existing ones.

Definition 7 (Intersection of DFAs). The intersection of two DFAs D

and Ds, denoted as Dy x Do, is a DFA that accepts a word if both D1 and

Do accept it.

To deﬁne a DFA D XDQ, let D1 = (Ql, E, (51, q0, » Fl) and Dy = (QQ, E, 52, q05» Fg)
then D1 x Dy = (QD1><D25Ea5D1><D27q0D1><D25FD1><D2)7 where we use pairs

of states of the original automata and make transitions simultaneously.

We can define the components of Dy x Dsy as follows:

e Qpixp, ={(q1,92) | ¢1 € Q1 and g2 € Q2}

L 5D1><D2 : QD1><D2 X X — QD1><D27
dp1xD,((q1,92), @) = (61(q1, @), 02(q2, a))

® 4op,xp, = (901> q0)
e F'pixp, ={(q1,0) | 1 € F1 and g2 € F>}

Lemma 1. The language recognized by the automata denoted as D1 X Ds is
L(Dy x Dy) = L(D1) N L(D3)

Definition 8 (Complement of a DFA). The complement of a DFA D,

denoted L(D), is the DFA that accepts all words that D does not accept.

The complement of a DFA is constructed by turning all accepting states into
non-accepting states, and vice versa.

Definition 9 (Union of DFAs). The union of two DFAs Dy and Da, de-
noted as D1 U Do, is a DFA that accepts a word if D1 or Do accepts it.

Lemma 2. The language recognized by the DFA denoted as Dy U Do, is
L(Dy) U L(D3).

We can construct the union using De Morgan’s Law, resulting in:

L(Dl) U L(Dg) = L(Dl) N L(DQ)

Which means that we first take the complement of both languages, take the
intersection of the resulting language, and then take the complement of the
intersection to obtain the language for the union.

Example 2. Let Dy be the DFA that accepts the language {w € X* |
|w|, is even}. The DFA can be visually represented as follows:



a

start H e
a

Thus, D1 = ({qo0,q1},{a,b},01,q0,{q0}), where the transition function 6y is
defined as:

01(q0,a) = q1, 91(q0,b) = qo, d1(q1,a) =q0, d1(q1,0) = q1.

Now, let Dy be the DFA that accepts the language {w € ¥* | w ends in ‘a’}.
The DFA can be visually represented as follows:

Thus, Dy = ({q2,q3},{a,b}, d2,q2,{q3}), where the transition function dy is
defined as:

92(q2,a) = g3, 92(q2,b) = q2, 92(g3,a) =q3, 92(q3,b) = qo.

Now, using the previously defined notions of the complement and intersec-
tion of DFAs, the new DFA D3 = Dy N Dy accepts the language {w € ¥* |
|w|, is odd, and w ends in ‘a’}. The DFA Ds is visually represented as fol-
lows:

start —



Thus, D3 = ({(q0,42) (90, 43), (q1,92), (q1,43)}, {a, b}, 03, (90, q2), {(q1,43)}),

where the transition function 03 is defined as:

3((q0,42), @) = (q1,93), d3((90,g2),b) = (o, ¢2),

03((q1,92),a) = (q0,43), 03((q1,42),b) =
03((q1,93),a) = (q0,q3), 93((q1,43),b) =

(

03((q0,43),a) = (q1,43), 03((q0,43),b) =
( q1,492),
(

~—~ o~ o~

)
40, G2),
)
)-

q1,92

2.1.4 Non-Deterministic Finite Automata (NFA)

A non-deterministic finite automaton (NFA) is defined as a tuple N =
(Q>E>q0757 F), where:

e () is a finite set of states,

e Y is a finite set of input symbols (alphabet),

e ¢p € (@ is the initial state,

e §:Q XX — P(Q) is the transition function, and
e I C (@ is the set of final/accepting states.

A word w € ¥* is recognized by an NFA if there exists at least one path from
the initial state to a final state. In contrast to deterministic finite automata
(DFAs), an NFA can have multiple possible transitions for the same input
symbol, or even no transitions at all.

Example 3. Consider the NFA N = ({qo,q1},{a,b,c},0,q90,{q1}), where
the transition function § is defined as:

5(qo,a) = {q0. 1}, 6(qu,b0) = {q1}.

This NFA accepts the language {a®ab¥ | x,y € N}. We can visualize this
NFA as follows:

a

start H

Although any NFA can be converted to an equivalent DFA by creating states
representing all possible combinations of NFA states (yielding a DFA with
up to 219 states, where |Q| is the number of states in the original NFA),
both models have identical expressive power. They recognize exactly the
class of regular languages, which are also describable by regular expressions.

10



2.2 Control Improvisation

Control Improvisation is a framework for generating words that satisfy both
hard constraints (ensuring all generated words are valid) and soft constraints
(allowing some variability). The goal is to ensure randomness while adher-
ing to the required specifications. In particular, the framework guarantees
that the generated words are not only valid but also sufficiently diverse, by
enforcing probabilistic bounds. This typically means that no single word is
generated with a too high probability.

2.2.1 Specifications and Improvisations

In Control Improvisation, we distinguish between two types of specifications:

e Hard specification (#): A DFA as representation of a finite lan-
guage that describes a strict set of rules that all generated words must
satisfy.

e Soft specification (S): A DFA as representation of a regular lan-
guage that describes a more relaxed set of rules, where at least (1 —
€) *100% percent of the generated words should adhere to these rules.
Which we do for a chosen error probability € € [0,1] N Q

To ensure finiteness, we restrict the hard specification H to a finite language.
This means the automaton for H must not contain cycles that generate
infinitely many words. Namely, any cycles must lead to a sink state from
which no accepted words can be formed. As a result, the set of valid outputs
is finite and can be fully explored. While [6] enforces finiteness through
explicit length bounds on words, our method naturally prevents repetition of
elements in accepted words, making it particularly suitable for applications
where such patterns are undesirable.

When H is finite, all generated words come from this fixed set. The soft
specification S then serves only as a probabilistic preference: it does not
change which words are allowed, only how frequently they should appear.
Therefore, S itself need not define a finite language.

Definition 10 (Improvisation). An improvisation is any word w accepted
by the chosen hard specification H. The set of all improvisations is defined
as I:

I={weL(H)}

While the set I is equivalent to the language L(H) recognized by the hard
specification, we adopt the I notation following the convention established
in the Control Improvisation literature [6], where it serves to emphasize the
distinction between the improvisation space and general language accep-
tance.

11



Definition 11 (Admissible Improvisation). An admissible improvisa-
tion is any itmprovisation that also is accepted by the soft specification S.
The set of all admissible improvisations is denoted A:

A={wel|we L(S))

Since L(H) is finite, the sets I and A are also finite, and therefore |I| and
|A| are finite as well.

We introduce the concepts with an example.

Example 4 (Running example). Our goal is to generate variations of the
word w = 1001. So, to generate words of length 4, that start with a 1 and
end with a 1.

For that task, we use the alphabet ¥ = {0,1}* and the hard specification H,
which is defined as a finite DFA that accepts all words of length 4 that start
with 1 and end with 1 and where the middle two have to be either 0 or 1.
To ensure that the generated words remain close to the word w, we define
the soft specification S as a DFA that accepts words that differ from w in
at most one position. The set of improvisations I contains the words: 1001,
1011, 1101 and 1111. And the set of admissible improvisations A contains
only the words: 1001, 1011, 1101. We wvisually represent the DFA for the
hard specification H as below:

0 0
1
1 1
0
@ 0’1

0,1

As we can see, some transitions will send us to a state that will leave us
stranded, they are going to the state qsnr. We can also remove the state
all together and keep the arrows, it will represent the same, but it will be
less visually crowded. Using this way of using the sink state, the visually
representation of the DFA for the admissible words A looks like this:

12



This example shows how the constraints determine which words can be gen-
erated. But to really call it improvisation, we also want some randomness,
so that the same word does not always come up, and every valid word has a
fair probability of being chosen. This idea is captured by what is called an
improvising distribution.

2.2.2 Improvising Distribution

Definition 12 (Control Improvisation problem Instance). A Control Im-
provisation problem instance is a tuple

C:(H78767)\7p)

where H denotes a hard specification, S denotes the a specification, € €
[0,1]NQ s the error probability, A € [0,1] NQ is the lower bound on proba-
bility and p € [0,1] N Q is the upper bound on probability.

Definition 13 (Improvising Distribution). Given C' = (H,S,€,\, p), with
the variables as described above, an improvising distribution D, D :
¥* — [0,1] is a probability distribution over I that satisfies:

1. Hard constraint: Prjw el |w+ D] =1
2. Soft constraint: Priw € A|w<+ D] >1—¢
3. Randomness: A < D(w) < p for allw € I
To better understand the ideas presented here, we will go through each part:

e Hard constraint: Prjw € I |w + D] =1:
w < D is a notation where w is generated by improviser D. The
equitation can also be written as: ) _; D(w) = 1. This says that the
probability (Pr) that W is generated from D is 100%. This means
that the improviser must always ensure that it is generating words
according to the set of all improvisations.

13



e Soft constraint: Prjw € A|w <+ D] >1—e

The probability of the generated w’s from D that are a part of A
must lie between 1 and 1 — €. Where the equation can be written
again as a sum, namely > . D(w) > 1 — . Which means that the
probability of the words that are in I, but not in A are together at
most €. In other words, there is a probability of at most € that a word
is generated without satisfying the soft constraint. This requirement
can be left out, because € operates like a skewed coin flip controlling
whether the soft constraint is applied.

e Randomness: A < D(w) < p for all w € I:
This represents the domain where the probability of each word lies.
The smaller the domain, the more uniformly the words must be gen-
erated. The bigger the domain, the more random.

Example 5 (Running Example). Using the same example as above, we
consider the set of improvisations I = {1001,1011,1101,1111} and the set
of admissible improvisations A = {1001,1011,1101}. We now introduce a
probability distribution D over the set I, which assigns probabilities to each
word in I while satisfying the conditions of the definition. And we are using
A=0.1,p=0,5 and € = 0,2. For instance, the distribution D could assign
the following probabilities: D(1001) = 0.3, D(1011) = 0.3, D(1101) = 0.2,
D(1111) = 0.2 This distribution satisfies all the conditions of definition 13:

o Requirement 1. The total probability of improvisations is 0.3 + 0.3 +
0.2+ 0.2 = 1, which satisfies the requirement.

o Requirement 2. The total probability of the inadmissible improvisation
1111 4s 0.2, which is within the allowed limit of € = 0.2.

o Requirement 3. Fach improvisation has a probability of at least 0.1.
And no improvisation has a probability exceeding 0.5.

Now, consider distributing the probabilities uniformly over the set I, with a
A of 0.3. A uniform distribution would give each word in I a probability of
|Tl‘ = % = 0.25. Howewver, this would violate the conditions of D:
Requirement 2. The inadmissible improvisation 1111 would have a probabil-
ity of 0.25, resulting in exceeding the allowed limit of € = 0.2.

Requirement 3. Each of the improvisations has a probability of 0.25, which
1s lower then A = 0.3 requires.

Thus, a uniform distribution, while easiest to generate, is not allowed under
the given constraints. To satisfy the conditions, the probabilities must be
carefully assigned to ensure that the total probability of inadmissible impro-
visations does not exceed e, while also respecting the lower and upper bounds
A and p for all improvisations.

14



2.2.3 Feasibility and Improvisation Algorithms

To make use of the control improvisation framework in practice, we first
need to understand when a problem can actually be solved.

Definition 14 (Feasible). The tuple C' = (H,S,€, A, p) is said to be feasi-
ble if there exists an improvising distribution D that meets the constraints
described in definition 13.

Once feasibility is established, the next step is to actually generate words
according to such a distribution. This is done by a special kind of algorithm,
called an tmproviser.

Definition 15 (Improviser Algorithm). An improviser is an algorithm
that generates words according to an improvising distribution D for a feasible
Control Improvisation problem C'.

The overall task of control improvisation is not just to check whether a
solution is possible, but also to build such an algorithm if it is.

Definition 16 (Control Improvisation Problem). A Control Improvisa-
tion problem is the task of determining whether a given problem C =
(H,S, €, \, p) is feasible, and, if feasible, generating an improviser.

2.2.4 Feasibility Theorem

This section presents a theorem that characterizes when a Control Improvi-
sation problem is feasible, by giving necessary and sufficient conditions for
the existence of a valid improviser. The result aligns with [6] but uses our
control improvisation instance C, rather than their instance with n and m
as parameters, without affecting the theorem’s validity.

Theorem 1 (Feasibility of Control Improvisation). For any Control Impro-
visation problem C' = (H,S, €, \, p), the following conditions are equivalent:

1. C 1is feasible.
2. The following inequalities hold:
(a) 1/p <|I| <1/A

(b) (1—¢)/p <|A]
(c) [I] = [A] < e/A.

3. There exists an itmproviser for C.

To prove this theorem, we use the proof from [6], but written with more
steps for clarity and understandability.

Proof of Theorem. 1=2

15



a. We take D as an improvising distribution. Then the equality p|I| =
> wer p holds, where |I] is the number of words in /. Andso ) -, p>
> wer D(w) holds due to requirement 3 of definition 13. Where we can
say

> D(w)=Priwel|w+« D] =1,
wel

because of requirement 1 of definition 13. This leads to |I| > %. In
the same way using requirements 1 and 3 of definition 13, we get

A=Y A<Y Dw)=Prlwel|w+« D=1,

wel wel

which gives us |I| S . Using both results together we have <|I<
1

3

b. Using the definition of A, we can say that A C I, because of that
we also have p|A| = > cap > D ,ca D(w) using requirement 3 of
definition 13. Using the definition of the probability, we can write it
as: » caD(w) = Prlw € A | w < D], and using requirement 2 of
definition 13 this holds: Pr{w € A | w <— D] > 1 — e. Which leads to
plAl > 1—c€ e, |[Al > %.

c. We take A[I \ A| = 3, cp 4, Where we again take requirement 3 of
definition 13, which makes > ,cn 4 A < > ,en 4 D(w). Again using
the definition of the probability we write it as

Priwe INA|lw <« D|=Prlwel|w< D]—Prlwe A|w <« D],

so we are looking at the probability that w satisfies the hard constraint
minus the probability that w satisfies the soft constraint. Using both
requirements 1 and 2 of definition 13 on those probabilities, we write

Priwel|w<+ D]—Priwe Ajlw+ D] <1—-(1—¢€)=e

Combining this result with our starting value, we get Al \ 4| < e =
1= Al < 5

With this, we have showed that when C' is feasible, the inequalities of (2)
hold.

2=3 We define the improviser D to be the distribution on I which picks
uniformly from A with probability 1 — €., and otherwise it picks uniformly
from I\ A. Furthermore we define €, as max(1 — p|AJ, A1 \ A]), using
1 — p|A| from (2b) and A|I \ A| from (2c). Where the distribution D is
well-defined, since if A = ) then €, = 1, and if I\ A = (), then we can say
that p|A| = p|I| and with (2a) p|I| > 1, which shows €y = 0.

16



1. D satisfies the hard constraint, because from the definition it follows
that it picks from I, so Prjw € [ | w < D] = 1.

€

2. If we have €,y = 1 — p|A|,it follows that €, < 1 — p% = € due to
(2b). And if €,pr = AT\ Al, it follows that e, < A$ = €, due to (2c).
Where in both cases we have

Priwel|w< D] =1—¢€p >1—¢,
which satisfies the soft constraint.

3. We can say, due to the uniformness and the fact that the probability
that w € A is 1 — ey, that Vw € A : D(w) = 1‘|j;ipf. If €ppr = 1— p|A|,
then D(w) = % = p, using (2a) gives D(w) = p > \. And
otherwise, if €opr = A|1 \ AJ, then D(w) = %. We can write this
differently by splitting the |I \ A| and using (2a):

_ 1= M|+ A4 > 1 -1+ MA]| Y
|A] Al

D(w)

thus D(w) > X in both of the cases. Likewise, when Vw € I\ A we

€o AI\A . .
have D(w) = 5% > Jql = A due tlo (|2,:|) if fo”t‘; AL\ A|. And if
—plAl _ 1-p

eopt = 1 — p|A|, we can write D(w) = oA = 1otap and due to (2a)
1—plA] _

< T

which satisfies the randomness constraint.

p. So for any w € I we have that D satisfies A < D(w) < p,

Concluding, this shows that D is an improvising distribution. Because the
distribution has finite support and uses finite, rational probabilities, there is
a probabilistic algorithm that samples from it in expected finite time. This
makes it a valid improviser for C.

3=-1 This is immediate, because when there exist an algorithm, we can
get the distribution from it. O

2.2.5 Algorithm for Feasible Control Improvisation

To construct an improviser for a feasible Control Improvisation problem, we
use the following algorithm, which is based on the proof of Theorem 1:
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Algorithm 1 Improviser Algorithm
Input: C = (H,S,¢, A, p)
Output: Word w € 1
A < admissible improvisations
I + all improvisations
p—1—e
if Flip coin with probability p then
Pick uniformly w € A
else
Pick uniformly w € I'\ A
end if
Return w

— =
= o

Theorem 2. Algorithm 1 constructs an improviser for a feasible Control
Improvisation problem using a DFA to represent the hard specification H.

To prove this theorem, we provide an outline of the reasoning behind the
algorithm’s correctness.

Proof. This algorithm constructs an improviser for a feasible Control Impro-
visation problem by flipping a biased coin to decide whether to select a word
from the set of admissible improvisations A or from the set of non-admissible
improvisations I\ A. First, the sets A and I are initialized, where A consists
of admissible improvisations and I consists of all improvisations. A biased
coin is then flipped with probability p = 1 — €, where € is the allowed error
probability. If the coin lands on heads, a word is selected uniformly from
A. Otherwise, if the coin lands on tails, a word is selected uniformly from
I'\ A. The selected word w is then returned.

The algorithm guarantees that a word is always picked uniformly from either
A or I\ A, which is always possible because if A and p would not be in the
range to pick uniformly from it, it would not satisfy all the constraints, and
thus C' would not be feasible.

This algorithm satisfies the following conditions:

e Hard Constraint: The word is always chosen from I, ensuring it is a
valid improvisation.

e Soft Constraint: The probability of selecting from A is 1 — ¢, ensuring
that the majority of generated words meet the soft specification.

e Randomness: Words are selected uniformly from either A or I\ A,
ensuring that the probability of selection is always between A and p,
thus satisfying the randomness constraint.

By ensuring that all constraints are respected, this algorithm works as an
improviser in a feasible Control Improvisation problem. O
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2.2.6 Visual Improviser Algorithm

To not only construct an improviser but also visualize its behavior, we can
assign probabilities to each transition in the DFA. These probabilities re-
flect the likelihood of each transition being taken when sampling from an
improviser.

This is achieved by calculating the number of successful paths to final states
through each transition and distributing probabilities accordingly.

Algorithm 2 Visual Improviser Algorithm

1: Input: DFAs M representing A and Ms representing I\ A, error prob-
ability e

2: Output: Combined DFA with transition probabilities

3: Add a new initial state

4: Add transition from new initial state to M;’s initial state with proba-

bility 1 — €
5: Add transition from new initial state to Mbs’s initial state with proba-
bility €

for each state ¢ in the combined DFA do
paths(q) < #accepting paths from ¢

end for

for each transition (¢, ¢’) do

10 plg— )« Ll

11: end for

12: for each transition leading to a sink state do

13: Assign probability 0

14: end for

15: Return Combined DFA with transition probabilities

SuIn over successors g; of q

The algorithm first makes a combined automaton by joining two DFAs:
one for admissible improvisations (A) and one for inadmissible ones (I \ A).
Starting from the new initial state, we trace how many accepting paths come
from each state. Then, for each transition, we compute the probability of
choosing it by comparing how many accepting paths continue through that
transition to the total number of accepting paths from that state. This
models the behavior of a uniform improviser, by distributing probability
uniformly to accepted outcomes.

The algorithm assigns higher probabilities to transitions that lead more
words to a accepting state. In this way, the automaton ends up choosing
between valid improvisations uniformly. Transitions that lead to a sink
states, always get probability 0, so they are never used. As a result, this
shows how a uniform improviser would look used on the DFA.

Example 6 (Running Example). Using the algorithm to visualize the im-
proviser on the DFA, we get the following visualization:
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2.3 Tree Automata

We now introduce tree automata, a generalization of classical automata
for processing tree-structured data instead of strings, following the formal
framework of [4] In contrast to DFAs, which process linear sequences of
symbols, tree automata must handle nodes with multiple children simul-
taneously. This structural difference makes it impossible to simulate tree
behavior using standard DFAs, as they lack a mechanism to track multiple
subtrees concurrently.

To reason formally about trees and tree automata, we need new definitions
that capture the hierarchical and recursive nature of trees. In the follow-
ing, we lay the foundation for working with tree automata by defining the
key components, starting with ranked alphabets and the arity of function
symbols.

Definition 17 (Arity and Ranked Symbols). A ranked alphabet F is a
finite set of function symbols where each symbol f € F is assigned an arity
arity(f) € N, representing the number of children the symbol requires.

The set of symbols with arity zis denoted by F,. The arity of a function
symbol corresponds to the number of its arguments, which equals one plus
the number of commas in its notation. For example:

e f(,,) has arity 3 (two commas)

e g(,) has arity 2 (one comma)
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e A constant symbol a has arity 0 (no commas)

Definition 18 (Set of variables). x is a set of constants called variables.
Where the sets x and Fo are disjoint.

Definition 19 (Set of terms). The set of terms T (F,x) over the ranked
alphabet F and set of variables x is the smallest set defined by:

L4 ]:OQT(]:7X)
e X CT(F,x)
e ifp>1, feF, and ty,... t, € T(F,x), then f(t1,...,tp) € (F,X)

When there are terms in T'(F), that is, where x = (), then they are called
ground terms.
We use the name tree for a term that is represented graphically.

Example 7 (Arity). Let F ={a,b,c,g(),h(,), f(,,)} with:

arity(a) = arity(b) = arity(c) =0, arity(g()) =1, arity(h(,)) =2, arity(f(,,)) =3.

Using the functions from F together, we can make the ground term f(g(a), h(b,c),a),
which we can visualize in a graphical way as a tree:

f
/1IN

h a
/\

S —

b

Remark that a tree cannot be finite if there are no function symbols with
arity O i.e., constants. This is because it cannot stop growing downward,
since every node has a child.

Definition 20. A linear term C € T(F, xyn) is called a context, where xy,
is a sequence of X1, ..., Ty.

When we use the expression C[ty,...,t,] for t1,...,t, € T(F), it means
that for 1 <4 < n every variable x; in C is replaced by ¢;.

2.3.1 Bottom-Up Tree Automata

Now that we have covered the basics, we can define tree automata.

Definition 21 (Deterministic Finite Tree Automaton). A Deterministic
Finite Tree Automaton is a tuple A= (Q,F,Qf,A), where:

e () is a finite set of states,
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o F is a ranked alphabet,
o )y C Q are the accepting states,

o A is a set of rewrite rules of the following type: f(qi1(x1),...,qn(xn)) —

q(f(x1,...,zp)).

Wheren >0, f € Fn, q,...,qn€ Q, T1,..., T € X

No two distinct rules in A have identical left-hand sides for the same
function symbol and states.

Here we specifically say Deterministic and Finite, because it will narrow
down a lot of different possibilities. We say finite because it operates on a
finite set of states and a finite set of rules. Determinism of the automaton
in this scenario means that there are no two rules with the same left-hand
side.

Definition 22 (Transitions — ). Let A = (Q, F,Qy, A) be a Tree Automa-
ton over F. The relation t — 4 t' is defined by: let t,t' € T(FUQ),

IC e K(FUQ), Juq,...,u, € T(F),

. ) @@, an(@n)) = a(f(@, . a) € A,
= CLf @ () )],
t'=Clq(f(ui,...,uy))-

This means that if a node f has subtrees rooted in states gi,...,q,, and
there is a rule specifying how these combine into a parent state ¢, then the
automaton can rewrite the subtree rooted at f by replacing the children’s
states with a single state ¢ at the parent. The transition applies locally to
this node, while the surrounding tree remains unchanged.

Definition 23 (Reflexive-Transitive Closure of Transitions). Let A be a
Tree Automaton. We write t — t' to denote that t' can be obtained from t

through zero or more applications of the transition relation — 4. This is the
reflexive-transitive closure of — 4.

To demonstrate how transitions apply to a tree, consider the following ex-
ample.

Example 8 (Basic transitions). Let F = {a, f()}, with arity(a) = 0,
arity(f) = 1. Let Q = {qa,qs} and Q¢ = {qr}. Define the transitions:

A ={a— qu(a), flaa(z)) = qr(f(2))}

We look at the transitions of the ground term f(a).
We can apply a — 4 qa(a) just like this:
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qa

a

After that, we apply f(qa(x)) =4 qr(f(2)) like so:

af

f

a

Now we have seen how the transitions are used on initial rules, which are
transition rules for constant symbols, and transitions where the arity is only
1. The next example demonstrates how transitions can handle function
symbols with higher arity.

Example 9 (Transitions with higher arity). Given f(q1(z),q2(y)) — q3(f(z,v)),
we can use this transition on the tree below, substituting the variables x and
y as a and b respectively.

f(a1(a),q2(b)) —a q3(f(a,b))
qs

\ |
/\

a b a b

Definition 24 (Acceptance). A term t € T(F) is accepted by a tree au-
tomaton A if t i) q(t) and q € Qy.

Example 10. Let the ranked alphabet F = {a,b, f(,)} and state set Q =
{Ga> @, qr}, with Qf = {qs}. Define the transition rules:

A = {a — qa(a), b— Qb(b)> f(Qa($)7Qb(y)) — Qf(f(l:a y))}
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We want to show how the ground term f(a,b) is accepted. And that it follows
out of f(a,b) % f(a.)
Initial tree:

f
a b
Step 1: Apply a — qq(a)
f
da b
a
Step 2: Apply b — q,(b)
f
Ga /)
a b

Step 3: Apply f(qa(2), 0(y)) = a5 (f(2,y))

ar

f
a b
The final term q¢(f(a,b)) is accepted because qf € Q.

Definition 25 (Recognized Language). The language recognized by a tree
automaton A is:



The above language is the set consisting of all ground terms that are accepted
by A.

2.3.2 Top-Down Tree Automata

We distinguish between top-down and bottom-up tree automata. In the pre-
vious section, we discussed bottom-up automata, which start at the leaves of
a tree and move upward toward the root, following the typical tree diagram
with the root at the top.

In this section, we introduce top-down automata, which begin at the root
in an initial state and proceed downward along the tree, level by level.

Definition 26 (Deterministic Finite Top-Down Tree Automaton). A De-

terministic Finite Top-Down Tree Automaton is defined as A =
(Q, F,qo0,A), where:

e () is a finite set of states,
o F is a ranked alphabet,
e gy € Q is the initial state,

o A consists of rules q(f(z1,...,24)) = flqi(x1),- ., qn(zn))-
Wheren >0, f € Fn, ¢y, qn € Q, T1,...,Tn € X
No two distinct rules in A have identical left-hand sides for the same
function symbol and states.

Here we say it is Finite because it operates on a finite set of states and finite
set of rules. Determinism is ensured when there is exactly one initial state
and no two rules share the same left-hand side.

As we can see in the definition of the top-down automata, the transition
rules are different from the bottom-up automata, to accompany the change
in direction that the proceedings will use.

Definition 27 (Transitions (Top-Down)). Let A = (Q,F,qo,A) be a top
down Tree Automaton over F. The relation t —4 t' is defined by: let
t,t' e T(FUQ),

C € K(FUQ),Juy,...,u, € T(F),
/) Aq(f(x1),. .. zn) = flqi(x1), ..., qnlzn)) € A,
t=Clg(f(ur, ... un))]
t'=C[f(q1(u1), ..., qn(un))]-
This means that if a transition rule matches a node labeled f with state q,
then the automaton rewrites that node by assigning new states qi,...,qn

to its children, according to the rule. The tree is updated locally at that
position, while the rest of the tree remains unchanged.
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Definition 28 (Acceptance (Top-Down)). A term t € T(F) is accepted by
a top-down tree automaton A if qo(t) i—> t, qo as initial state.

Thus, a term t is accepted by a top-down tree automaton if, starting from
the root in gy, none or multiple transitions from A lead to leaf nodes, existing
of constants.

When we collect all the ground terms, it is the language recognized by the
automaton.

Definition 29 (Language Recognition (Top-Down)). The variables recog-
nized by a tree automaton A is:

L(A)={teT(F)| ql(t) i) t, qo as initial state}
In the following, we will show how the transitions work and when they are
accepted, using visuals to make it clearer.

Example 11 (Top-Down Acceptance). Let F = {a, f(,),9()}, the state set
be Q = {qo, 1}, with initial state qo, and define the top-down tree automaton
A= (Q7 J_-.a q0, A)? where:

00(f(f(g(a),a),a)) =a fla(f(g(a),a)), q:(a))
—a f(f(a(g(a), 1(a)), qi(a))
—a f(f(a(g(a)), q1(a)), a)
—a f(fla(g(a)),a),a)
—a f(f(9(qi(a)), a),a)
—a f(f(g9(a),a),a)
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\]1 a —A xl —A

q1 a —A a

j a
T 1

a

As we can see, the tree is accepted by the automaton, because qo(f(f(g(a),a),a)) i)

s

f(f(g(a),a),a) and qo is an initial state.
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2.3.3 Deterministic vs Non-deterministic FTA

When researching tree automata, determinism plays a big role in under-
standing its expressive power. The relation between deterministic and non-
deterministic models vary depending on whether the automaton operates in
a top-down or bottom-up way.

For bottom-up finite tree automata, determinism does not restrict the class
of recognized languages. Every tree language that is recognizable by a non-
deterministic bottom-up tree automaton can also be recognized by a deter-
ministic bottom-up tree automaton. Also it appears that non-deterministic
top-down tree automata and bottom-up tree automata have the same ex-
pressive power. These languages are known as the regular tree languages.
This equivalence is analogous to the result in DFAs and is confirmed in The-
orem 1.6.1 of [4].

The situation is different for top-down tree automata. A top-down tree
automaton is said to be deterministic if it has a single initial state and no
two transitions with the same left-hand side. Unlike the bottom-up case,
deterministic top-down tree automata are strictly less powerful than their
non-deterministic counterparts. This is formally established in Proposition
1.6.2 of [4].

The class of tree languages that can be recognized by deterministic top-down
tree automata is known to be path-closed. Intuitively, these are languages
that are closed under the removal of paths.

Definition 30 (Path Language of a Tree). Let t be a ground term over a
ranked alphabet F. The path language 7(t) of the groundterm t is defined
nductively as follows:

t if t € Fo (a constant)
U?:l{flw |w€7r(t2)} th:f(t1>7tn)

where f; denotes the function symbol f annotated with the child position 1,
and w is a path from the subterm t;.

m(t) =

The path language 7(t) of a term captures all root-to-leaf paths, where each
path is a sequence of symbols that record the structure of the term. If the
term is just a constant, its only path is itself. If the term is a function
symbol applied to subterms, each path from a subterm is prefixed with the
corresponding f; to indicate which branch it came from.

Definition 31 (Path Language and Path Closure of a Tree Language). Let
L CT(F) be a tree language. The path language of L is defined as:



The path closure of L is defined as:
pathclosure(L) = {t € T(F) | w(t) C n(L)}.

The path language m(L) collects all paths from all trees in L. The path
closure of L, written pathclosure(L), is the set of all terms whose paths are
entirely contained in m(L). Which means it includes every term that doesn’t
introduce any new path beyond those already in L.

Definition 32 (Path-Closed Tree Language). A tree language L C T'(F) is
said to be path-closed if:

pathclosure(L) = L.

A path-closed language is one that contains all terms that are consistent
with its set of paths. This means that if a term ¢ is in the language, then
any term ¢’ that results from pruning subterms (removing branches and thus
reducing paths) must also be in the language.

Due to their path-closed nature, deterministic top-down tree automata can-
not recognize all regular tree languages, nor even all finite tree languages.
For example, consider the finite language

L ={g(f(a),b), g(a, f(b))}.

If pruning either tree to g(a,b) (where all paths of g(a,b) exist in L), the re-
sulting term is not in L. Thus, L is not path-closed and cannot be recognized
by a deterministic top-down automaton.
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Chapter 3

Research

This chapter develops the theoretical and algorithmic foundations for ex-
tending the Control Improvisation framework to trees. We begin by analyz-
ing the structural restrictions necessary to ensure finiteness in the setting
of deterministic finite tree automata. With these constraints in place, we
adapt the general CI framework which we previously applied to word-based
inputs, to work with tree-structured data.

The chapter culminates with algorithms that implement uniform sampling
for feasible instances, both in the top-down DFTA (TDDFTA) and bottom-
up DFTA (BUDFTA) settings.

3.1 Restrictions on Deterministic Finite Tree Au-
tomata

In this chapter, there is one important restriction we impose, and it is a
bound on the height of trees. Without any restrictions, trees could be
made with a infinite hight, resulting in an infinite language. For such a
language, an improviser becomes impractical: either we must pick a finite
subset (which can then be described by its own tree automaton), or we keep
the infinite language, in which case the probabilities assigned to individual
trees become so small that they are essentially meaningless.

In the case of our defined Deterministic Finite Tree Automata (DFTA), we
observe that infinite trees can only arise if the automaton has cycles. More
specifically, a cycle occurs when the same state appears both on the left-
hand side and on the right-hand side of a rule. For example, consider these
rules from example 11:

qi(a) —a and qi(g(x)) = g(q1(x))

These rules allow the generation of terms like g(g(...g(a)...)), with arbi-
trary depth. To avoid such cases, we restrict our attention to DFTA that are
acyclic—that is, they contain no rules where a state recursively calls itself.
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As discussed in the Preliminaries, such automata recognize finite languages.
This ensures that all generated trees are of bounded height, keeping the
language finite and the improvisation problem tractable.

3.2 Control Improvisation for DFTA

To apply Control Improvisation to DFTA, we adapt the framework used for
DFA to trees by replacing words with trees and classical automata with tree
automata. The language of a tree automaton then consists of all accepted
trees, as defined earlier.

In Control Improvisation for trees, we again distinguish between two types
of specifications:

e Hard specification (#): A BUDFTA or TDDFTA as a represen-
tation of a finite tree language (or a path-closed tree language in the
top-down case), describing a strict set of rules that all generated trees
must satisfy.

e Soft specification (S): A BUDFTA or TDDFTA as a representation
of a regular tree language that describes a more relaxed set of rules,
where at least (1 — €) x 100% of the generated trees should satisfy it,
with € € [0,1] N Q the chosen error probability.

As with DFAs, it suffices to restrict the hard specification H to ensure that
the set of generated trees is finite.

Definition 33 (Improvisation). An improvisation is any tree t that is
accepted by the hard specification H. The set of all such trees is called I:

I={te L(H)}

As introduced in the Preliminaries, we denote the set of improvisations by
1, following the standard Control Improvisation notation. We continue this
usage here to avoid confusion with other language symbols, even though
I =L(H).

Definition 34 (Admissible Improvisation). An admissible improvisa-
tion is any tree t € I that is also accepted by the soft specification S. The
set of all admissible improvisations is denoted by A:

A={tel|te L(S)}.
To show how this is used with the DFTA, we will give an example.

Example 12 (Running example DFTA). In this example, we construct trees
that satisfy the following set of rules:
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o The function symbol f, of arity 2, must appear at the root of each tree.
e FEach child of f can be either a constant or a function g of arity 1.

o The function g can have only constants as a child.

o We only use constants a and b.

These rules are captured by the hard specification H. We model H using
both a BUDFTA and a TDDFTA, each accepting the same tree language.

TDDFTA: Let F1 = {CL, bvg()af(v)}} the state set be Ql = {QO7QI,Q2};

with initial state qo and define the TDDFTA Ay = (Q1,F1,{q}, A1), with
X1 = {z,y}, where:

Ay

I
[
=
A~ N N N N~/
&

BUDFTA: Let Fo = {a,b,9(), f(,)}, the state set be Q2 = {qo,q1,q¢},
with Q2, = {qy} and define the BUDFTA Ay = (Q2,F2,{qs},Az), with
X2 = {z,y}, where:

a— qo(a),
b — qo(b),
9(q0(x)) = q1(g(z)),

Az = ¢ flqo(®), 90(y)) — ar(f(x,v)),
flao(@), q1(y)) = a5 (f(z,y)),
fla1(@), q0(y)) = a5 (f(z,y)),

L@ (@), a1(y)) = ar(f(2,y))

These DFTA generate the set of improvisations I, which consists of the
following trees:
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To refine this set, we define a soft specification S requiring that each tree
must contain at least one occurrence of the constant a. This excludes all
trees in which both constants are b. Now we have the set of admissible
improvisations A, which consists of the following trees:

f
/\
f f f a g
/NN |
a a aby b a a
f f f f
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To formally define a Control Improvisation problem instance for trees, we
adopt the same tuple used in our DFA implementation. Each component
retains its original role, but now interpreted over tree languages. Without
modifications needed since finiteness is already ensured by the structure of

H.

Definition 35 (Control Improvisation problem instance). We define a Con-
trol Improvisation problem instance as the tuple

C=(H,S,eMp)

where H denotes a hard specification, S denotes a soft specification, € €
[0,1] N Q is the error probability, A € [0,1] N Q is the lower bound on proba-
bility and p € [0,1] N Q is the upper bound on probability.

Definition 36 (Improvising Distributionfor DFTA). Given a Control Im-
provisation problem C = (H,S, €, N\, p), where all variables are as described
above, an improvising distribution D is a probability distribution over
the set I of improvisations (i.e., accepted trees) such that:

1. Hard constraint: Prftc I |t «+ D] =1
2. Soft constraint: Pritc A|t< D] >1—¢
3. Randomness: A < D(t) <p forallt €1

There is no need to modify the constraints for the tree based scenario, since
they depend solely on inclusion in sets and probability bounds, not on the
underlying structure of the elements in I or A. Thus, the same constraints
apply regardless of whether we generate words or trees.

Example 13 (Running example DFTA). We continue with the sets and
transition rules defined in the previous example. In this example, we define
a probability distribution D over the set I. We use the previously defined
specifications H and S, with parameters e = 0.3, A = 0.01, and p = 0.1.
Suppose we want the probability of trees that include the function symbol g
to be at least twice as high as those that do not. Additionally, to show that
we do not require a uniform distribution, we add to the hard specification
the requirement that the total probability of trees containing two instances of
g must be exactly 0.06.

34



Looking at the trees in the set I, we construct the distribution D as follows:
The first 4 trees (those without g) each get a probability of 0.03. The next 8
trees (those with one instance of g) each get a probability of 0.08. The final
4 trees (those with two instances of g) each get a probability of 0.06.

This distribution satisfies all required conditions:

e Requirement 1: The total probability of improvisations is (0.03 x 4 +
0.06 x 4 + 0.08 x 8 =1, which satisfies the requirement.

o Requirement 2: The total probability of inadmissible improvisations is
0.03 4+ 0.08 + 0.08 + 0.06 = 0.25, which is within the allowed limit of
e = 0.03.

o Requirement 3: Fach improvisation has a probability of at least 0.01
and at most 0.1.

Definition 37 (Feasible). The tuple C = (H,S, €, N, p) is feasible if there
exists an improvising distribution D that satisfies the constraints above.

Since the definition of D is structurally identical, the notion of feasibility
remains unchanged.

Definition 38 (Control Improvisation Problem for DFTA). A Control
Improvisation problem is the task of determining whether a given tuple
C = (H,S,¢e, )\, p) is feasible, and if so, constructing an improviser.

Once feasibility is established, the next step is to generate trees according
to such a distribution.

Definition 39 (Improviser Algorithm for DFTA). An improviser is an
algorithm that generates trees according to the improvising distribution D
for a feasible Control Improvisation problem C.

Theorem 3 (Feasibility of Control Improvisation for DEFTA). For any Con-
trol Improvisation problem C' = (H,S,€, A, p), the following conditions are
equivalent:

1. C is feasible.

2. The following inequalities hold:
(a) 1/p < |11 <1/
(b)) 1—e€)/p<|A]|
(c) H] —[A[ < e€/A

3. There exists an improviser for C.

Since the construction of the sets I and A, as well as the process of generating
trees using DFTA, does not interfere with any assumptions in the original
proof of Theorem 1, the proof for feasibility carries over directly from the
string based framework.
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3.3 Algorithms for Feasible Control Improvisation
for DFTA

Having established that feasible control improvisation can be achieved through
uniform generation while satisfying both hard and soft constraints, we now
turn to concrete algorithmic realizations of this idea for tree structured
inputs. Specifically, we present two approaches for constructing uniform
improvisers: one for TDDFTA and another for BUDFTA. Both algorithms
generate trees that satisfy the hard and soft constraints of the control impro-
visation problem, while ensuring uniform distribution within the admissible
and inadmissible subsets. These methods a solutions for feasible control
improvisation over regular tree languages.

3.3.1 Uniform Improviser for TDDFTA

We describe a method for uniformly sampling trees from a TDDFTA, struc-
tured to enforce the required probabilistic constraints through recursive rule
weighting and selection.

We make an algorithm that operates in two main phases: a preprocessing
phase for counting and a generation phase for sampling. In the first phase,
it computes for each state in the given TDDFTA the total number of trees
obtainable from that state. This is done recursively using depth-first explo-
ration. For every rule of the form q(f(z1,...,2,) — f(qi(z1),...,qn(zn)),
the number of trees it can generate is calculated as the product of the num-
ber of trees derivable from each of the substates ¢; through ¢,. Summing
over all such rules for a state g gives the total count of derivable trees from
that state. These counts are memorized to avoid redundant computation.
We write this computation in a formal way using the recursive shape to de-
fine inductively the way we define the base step for Count and the inductive
step for Count respectively as:

Definition 40 (Count for TDDFTA). The number of trees that derive a
state q, denoted Count(q), is defined inductively as:

Count(q) = |{q(u) > u e Alue Fo}|+ Z H Count(q;)
Q(f(l“l:--~7In))ﬁf(q>1§fﬁl),-~~:Qn(90n))€A2'21

And with this we can make the following statement:

Lemma 3. Count(q) for TDDFTA equals the cardinality of the language
recognized from state q. Thus:

Count(q) = |[4]
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Algorithm 3 Preprocessing Tree Counts in a TDDFTA
1: Input: TDDFTA M = (Q, X%, A, qo)
: Output: Fill array count[q] represented number of trees derivable from
each state ¢
3: function COUNTTREES(q)
4 if count|g| already computed then
5 return count|q]
6: end if
7
8
9

[\]

total < 0
for all rules ¢ — f(q1,...,q,) € A do
: product « 1
10: for i =1ton do

11: product < product X COUNTTREES(q;)
12: end for

13: total < total + product

14: end for

15: count[q] < total

16: return total

17: end function
18: COUNTTREES(qo)
19: Return count

Algorithm 4 Uniform Tree Sampling from TDDFTA
1: Input: TDDFTA M = (Q, %, A, qo), precomputed count|q]
2: Output: Term t € L(M)
3: function SAMPLE(q)
4: Let rules < {q¢ — f(q1,...,qn) € A}
5: For each rule r € rules, compute:

n

weight(r] < H count[g;]

i=1
6: Choose rule r with probability proportional to weight|r]
T: Let r =q— f(qi,...,qn)
8: for i =1ton do
9: ti <= SAMPLE(q;)
10: end for
11: return term f(t1,...,t,)

12: end function
13: Return SAMPLE(qo)

Given the inductive definition of Count, which specifies the number of trees
derivable from each state, and lemma 3 that establishes Count(q) = |[¢]|,
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we use these values to guide the generation phase of the algorithm. Starting
from the initial state, the algorithm selects a rewrite rule with probability
proportional to the number of trees it can generate. Computed as the prod-
uct of the counts of its subtrees, according to the definition of Count. This
selection process goes recursively through the tree structure. Since each
derivable tree contributes equally to the total count and rules are selected
proportionally, the algorithm samples uniformly from [¢], and in particular
from [qo]], the language recognized by the automaton.

To implement the soft constraint, we treat the admissible set A and the
inadmissible set I \ A as being represented by two separate TDDFTA, M,
and Mo, respectively. The overall generation process performs a biased coin
flip at the start: a tree is sampled uniformly from M; with probability 1 —e
or a tree is sampled uniformly from M, with probability e. This corresponds
to assigning a multiplicative weight of 1 — € to each tree in A, and a weight
of € to each tree in I\ A.

Since tree sampling within each automaton is uniform (due to the recur-
sive rule weighting from the Count definition), and the selection between
M7 and M5 is independent and probabilistically fixed, the resulting process
respects the soft constraint: every tree in A is generated with equal probabil-
ity, scaled by 1 — €. And every tree in I \ A is likewise generated uniformly,
scaled by e. This guarantees that the output distribution satisfies both
the randomness and constraint requirements of the Control Improvisation
framework.

Theorem 4. Assume that the admissible set I\ A can be represented by a
TDDFTA. Then, the construction described above, including the handling of
the soft constraint, together with Algorithms 3 and 4, yields an improviser
for feasible Control Improvisation problems using TDDFTAs.

Proof. By construction of the algorithm, we can conclude that the con-
straints for an improviser are satisfied:

e Hard Constraint: Trees are always sampled from the set I = AU
(I\ A), as established in the proof of Theorem 1 and applied again
in Theorem 3. In the context of the control improvisation problem,
the sets I and I\ A can be constructed using automata. Specifically,
I = L(H), where H is a TDDFTA, and I \ A can be constructed as
described by the theorem.

e Soft Constraint: The trees from A are generated with probability
of at least 1 —e.

e Randomness: Each tree in A and I \ A is generated with an equal
probability within its set. This is due to the inductive use of uniform
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sampling, ensuring uniformness in every step, by Lemma 3 and the
definition of Count for TDDFTA. This guarantees that the probability
of generation is always between A and p.

Thus, the algorithm is a valid improviser for a feasible Control Improvisation
problem over TDDFTA. O

To illustrate an instance that satisfies the conditions of the theorem, we
present the following example.

Example 14. We illustrate our approach with a simple example. Suppose
the hard specification H is given by the following TDDFTA.

Let A= (Q ={q0,q1,92}, F ={f0,9(,),a, b},qo,A), where the transitions
are:

qo(g(21,22)) = g(q1(71), ¢2(22)),)
w0(f(x)) = flau(z)),

A= QO(G‘) — a,

q1(a) = a

QQ(b) — b.

The soft specification S states that no trees should contain functions symbols

of arity greater than or equal to 2. We use an error probability parameter e
to allow a relazation of this rule.

From H, the set of improvisations is:

1=

a b a a}

And the admissible set under the soft constraint is:
A=/{

We construct two TDDFTA representing A and I\ A respectively:
We give the automaton for the admissible set A:

A1 = (Q1 = {ro,m}, F1={f(),a}, ro, A1), with transitions:
ro(f(z)) — f(ri(x)),

Ay =< ri(a) = a,

ro(a) — a.
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We give he automaton for the inadmissible set I\ A:
Ay = (Q2 = {po,p1,p2}, Fo2={9(),a,b}, po initial, As), with transitions:

po(g(w1,22)) — g(p1(w1), p2(22)),
Ay = ¢ p1(a) — a,
pg(b) — b.

Using Algorithm 3 to compute the counts of trees derivable from each state,

we find:

Count(rg) = 1+ Count(ry), Count(r1) =1, Thus Count(rg) =1+ 1 =2,

Count(pg) = Count(p1)xCount(p2), Count(p1) =1, Count(pz2) = 1, Thus Count(py) =
1x1=1

Using algorithm 4 we know that the trees from A1 have a probability of being
chosen of 0.5 and the trees from Az have a probability of 1. And applying the
errorbound from the soft specification: Trees from Ay are chosen with probability 1—
€, and trees from Ag are chosen with probability €.

Within each automaton, trees are sampled uniformly. Thus, each tree in A

has probability %,and the unique tree in I\ A has probability €.

Owverall, the probability distribution over all improvisations sums to 1:

1_
2 X ¢

+1lxe=(1—€)+e=1.

This construction ensures uniform sampling within each set, with the soft
constraint encoded as a biased coin flip between the two automata, controlled
by e.

Note that the running example introduced earlier does not satisfy the re-
quirements of the theorem above, as A cannot be expressed using a TDDFTA.
We elaborate on this limitation in the extended discussion of the running
example below.

Example 15 (Running Example: TDDFTA Limitation). Using the previ-
ous example, we cannot split the TDDFTA representation of the hard speci-
fication H into a TDDFTA representation of A and a representation of I\ A.
This is due to the limited expressiveness of TDDFTA: they can only repre-
sent path-closed tree languages and therefore cannot enforce global structural
constraints such as ‘at most one occurrence of b’ in a tree.

Our language A includes terms such as f(g(a),b), which induce paths like
fiqra, fab, and so on. Therefore, the path language 7(L) includes strings
like fig1b, faa, and fia. Now consider the termt = f(g(b),g(b)). This term
has the path set w(t) = {f191b, f2g1b}, and each of these paths appears in
(L), so w(t) C w(L), implying t € pathclosure(L).
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However, t ¢ L because it violates the ‘at most one b’ constraint. There-
fore, L # pathclosure(L), meaning L is not path-closed and thus cannot be
represented by a TDDFTA.

In summary, we developed a method for uniformly sampling from tree lan-
guages recognized by TDDFTAs, and extended it to handle the constraints
of CI. Our approach combines a recursive counting procedure with proba-
bilistic rule selection to ensure uniform generation of terms. We showed how
to incorporate a soft constraint by constructing separate automata for ad-
missible and inadmissible trees and sampling between them using a weighted
strategy. This construction guarantees that the resulting distribution is uni-
form within each subset and satisfies both the randomness and constraint
conditions of the improvisation framework.

3.3.2 Improviser for BUDFTA

We now present a Bottom-Up counterpart to the previous section’s TDDFTA
based algorithm. This version, for BUDFTA, likewise ensures that all gen-
erated trees satisfy the hard constraint, respect the soft constraint with
probability 1 —¢, and are sampled uniformly within admissible and inadmis-
sible groups.

We make an algorithm that also proceeds in two stages: preprocessing and
sampling. In the preprocessing phase we start with the rules with constants
and then go upward through the automaton. For each rule of the form
fla(x1), ..o qn(zn)) = q(f(z1,...,2,)), the total number of trees it adds
to q is the product of the counts from each of the child states g; through ¢,.
We sum these outcomes iteratively until an accepting state is reached.

We write this computation in a formal way using the recursive shape to de-
fine inductively the way we define the base step for Count and the inductive
step for Count respectively as:

Definition 41 (Count for BUDFTA). The number of trees that derive a
state q, denoted Count(q), is defined inductively as:

Count(q) = {f = q(f) € A| f € Fo}l+ > [ T Count(gi(=:))

F@1(@1),@n (@)= q(f (@10 ) EA =1
n>1

Lemma 4. Count(q) for BUDFTA equals the cardinality of the language
recognized from state q. Thus:

Count(q) = |[4]
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Algorithm 5 Preprocessing Tree Counts in a BUDFTA

e e
e o

© P NPT Wy

: Input: BUDFTA M = (Q, %X, A, F)
: Output: Map count[s| of number of trees generating state s
: for all function symbols f € ¥ of arity 0 do
for all rules f — ¢ € A do
count[q] < count[g] + 1
end for
end for
repeat
for all rules f(q1,...,q,) = q € A do
product < [[ ;| count|g;]
count[q] < count[g] + product
end for
: until no updates to any count|q]
: Return count

Algorithm 6 Uniform Tree Sampling from BUDFTA

1
2
3

4:
5:

10:
11:

12
13
14

: Input: BUDFTA M = (Q, %, A, F), precomputed count[q]
: Output: Term ¢t € L(M)

: function SAMPLE(q)

Let rules < {f(q1,-..,qn) = ¢ € A}

For each rule r € rules, compute:

n
weight[r] < H count|g;]
i=1

Choose rule r with probability proportional to weight|r]
Let 7= f(q1,---,qn) = q
for i =1ton do
ti < SAMPLE(q;)
end for
return term f(t1,...,t,)
: end function

: Choose a final state gy € F' with probability proportional to count[gy]

: Return SAMPLE(qy)

Using the inductive definition of Count(q), the algorithm begins by select-
ing a final state ¢y € F with probability proportional to Count(gy), i.e.,
the number of trees that derive g¢. It then recursively constructs a tree by
,qn) — qf, with probability proportional
the product of Count(q;(x;)), as dictated by the recursive structure. By
Lemma 4, Count(q) = |[¢]|, so the weights used during rule selection re-

selecting a rule of the form f(qi,. ..

to
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flect the exact number of trees each rule configuration contributes. This
guarantees that each tree in [¢;] is sampled with equal probability, ensuring
uniform sampling across the language recognized by the automaton.

To implement the soft constraint, the algorithm uses two separate BUDFTA:
M, representing the admissible set A, and My, representing the inadmissi-
ble set I\ A. A biased coin flip is simulated at the root: with probability
1 — €, a tree is sampled uniformly from M;, and with probability €, from
Ms. This results in a uniform sampler over A scaled by a factor of 1 — ¢,
and over I \ A scaled by e.

Theorem 5. Thee construction described above, including the handling of
the soft constraint, together with Algorithms 5 and 6, yields an improviser
for feasible Control Improvisation problems using BUDFTA.

Proof. Since sampling within each automaton is uniform, and the proba-
bilistic selection between M7 and M, satisfies the soft constraint, the overall
tree generation meets all conditions:

e Hard Constraint: Trees are always sampled from the set I = A U
(I'\ A), as established in the proof of Theorem 1 and applied again in
Theorem 3. In the context of the control improvisation problem, the
sets I and A can be constructed using BUDFTASs, since they recognize
regular tree languages.

e Soft Constraint: The trees from A are selected with at least a total
probability 1 — e.

e Randomness: Within A and I \ A, all trees are selected uniformly.
This is due to the inductive use of uniform sampling, ensuring uni-
formness in every step, by Lemma 4 and the definition of Count for
BUDFTA. So the probability of generation lies between A and p.

Therefore, this algorithm defines a valid improviser for feasible Control Im-
provisation problems over BUDFTA. ]

Example 16 (Running example BUDFTA). We now illustrate Algorithm
5 and 6 with an example. Suppose we have a BUDFTA for the language
H from the previous example, and we want to split it into two parts: one
representing the admissible set A, and the other representing the inadmissible
set I\ A.

To ensure that no tree in A contains the constant b more than once, we
must encode this constraint explicitly. This requires explicitly defining all
admissible trees to ensure the constraint is respected.

Let Fa ={a,b,9(), f(,)}, the state set be Q4 = {qa> @, q1, G2, qr}, with final
states Qa, = {qs}. Define the BUDFTA Ay = (Qa,Fa,Qa;,An), with
variables x4 = {x,y}, and transition rules:
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(0 — qa(a), \
b — qp(b),
9(qa(x)) = q1(g(x)),
g(a(z)) = q2(g()),
f(qa(2), 9a(y)) = a5 (f(z,9)),
f(qa(2), au(y)) — a5 (f(2,y)),
f(a(%), qa(y)) — a5 (f(2,y)),
A= fa1(2),4a(y)) = qr(f(z,y)),
f(qa(2), a1 (y)) = qr(f(z,y)),
fla1(@), a(y)) — ar(f(z,y)),
fa(z), a1 (y)) — ar(f(z,y)),
f(@2(2), 4a(y)) = ar(f(z,y)),
f(qa(@), a2(v)) = qr(f(z,9)),
fla(@), q1(y)) = qr(f(z,9)),
fla1(2), a2(y)) = qr(f(z,9)),
Lf@2(2), q1(y)) — ap(f(z,y))

Applying Algorithm 5 to compute the count for each state:
Count(qy) = 0+Count(qa(x)) x Count(qq(y))+Count(qa(x))x Count(qs(y))+

Count(qy(z))x Count(qe(y))+Count(qi(x))x Count(qq(y))+Count(qe(z)) x
Count(q1(y))+Count(qi(x))xCount(gy(y))+Count(ga(z)) x Count(qa(y))+
Count(qq(x))x Count(qz(y))+Count(qy(z)) x Count(qi(y))+Count(qi(x)) x
Count(q1(y))+Count(qi(x)) x Count(qa(y))+Count(g2(x)) x Count(q1(y)),
Count(q1) = 0+ Count(q,),

Count(q2) = O + Count(qp),

Count(q,) =

Count(qp) = 1

Thus Count(Qf) =0+12x(1x1)=12

The inadmissible set I\ A consists of the remaining trees that do contain
two occurrences of b. Since only four such trees exist and their forms do not
overlap, we list all rules directly.

Let Fpoa = {b,9(), f(;)}, the state set be Qp\ 4 = {qo, q1, 4y}, with final state
@na, = {ar}. Define the BUDFTA Apa = (Qpa, Fra,Qna,,Ana),
with xp\ a4 = {x,y}, and transition rules:
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b— qo(b),
9(q0(z)) = q1(g(2)),

Apa— fao(@), q0(y)) = qr(f(z,y)),
flao(@), q1(y)) = ar(f(z,y)),
fla1(2), q0(y)) = a5 (f(z,y)),
flar(@), a1(y)) = qr(f(z,y))

Applying Algorithm 5 again:

Count(qs) = 0+Count(qo(z))xCount(go(y))+Count(qo(x))x Count(q:1(y))+
Count(q1(x)) x Count(qo(y)) + Count(qi(x)) x Count(qi(y)),

Count(q1) = Count(qo),

Count(qo) =1,

Thus Count(qs) =04+4x (1 x1)=4

When generating a tree, the algorithm samples from A4 with probability 1—e,
and from Ap 4 with probability €. Since the sampling within each automaton
s uniform, the final probabilities are:

o For each tree in A : %

o For each tree in I\ A: §

The total probability sums to 1, by 12 - % +4-7=1-et+e=1

This construction ensures that each tree in A is equally likely, with total
probability 1 — €. Each tree in I \ A is equally likely, with total probability
€. The overall sampling remains uniform within each partition and respects
the soft constraint.

To conclude, we developed a sampling algorithm for BUDFTA that satisfies
the requirements of the improviser of definition 36. Our method ensures that
all generated trees meet the hard constraint, and that the soft constraint
is respected with high probability. By computing the number of trees for
each state and using these counts during sampling, we guarantee that each
tree is selected uniformly. We also showed how to handle the soft constraint
by switching between two automata: one for admissible trees and one for
inadmissible trees. This approach extends the improvisation framework to
bottom-up tree automata, while keeping the guarantees of uniformity and
feasibility.
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Chapter 4

Related Work

Control Improvisation was first formalized by Fremont et al. [6], who intro-
duced efficient algorithms for generating strings for finite problems, while
ensuring that the output distribution approximately satisfies user-specified
probabilistic bounds (e.g., uniformity or diversity), within a tolerable error
margin. Earlier work by Valle et al. [11] applied similar principles to music
generation, using automata to constrain improvisation.

Subsequent developments expanded CI to reactive settings, where the impro-
viser must interact with an environment [5], and to cost- and diversity-aware
scenarios [7]. However, these frameworks are all restricted to flat string rep-
resentations, with no extension to hierarchical structures such as trees.
Tree automata are widely used in verification and XML document valida-
tion. For example, Cohen et al. [3] show how deterministic tree automata
can be efficiently evaluated over probabilistic XML data. While their focus
is on query evaluation, it highlights the potential of automata-based meth-
ods for reasoning under uncertainty in structured domains.

Random generation techniques for trees do exist. Chen et al. [2] review
fuzzing methods that generate structured inputs, including those based on
grammars, but these typically rely on heuristics and offer no guarantees of
uniformity or constraint satisfaction. Rodionov and Choo [10] present effi-
cient algorithms for generating random trees under structural constraints,
such as bounded node degrees, though their work focuses on network mod-
eling rather than formal language generation.

Other work focuses on the generation of trees with formal guarantees. Han-
neforth et al. [8] study the random generation of nondeterministic finite-state
tree automata, though their goal is to generate automata themselves, rather
than tree instances. Bacher et al. [1] present efficient uniform samplers for
binary and unary-binary trees using holonomic equations, offering practical
tools for uniform generation but without support for constraint-guided ran-
domness or general regular tree languages.

Our approach fills a gap by extending randomized synthesis techniques to
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tree-structured data. Specifically, we show that uniformly sampling trees
accepted by a regular tree automaton is feasible in randomized polynomial
time using dynamic programming. This forms the basis for applying CI in
tree domains, where the challenge lies in ensuring both structural validity
and controlled randomness.

While there has been work on the random generation of trees and on tree au-
tomata, we are not aware of any existing research that directly combines the
control improvisation framework with regular tree automata for structured
data generation. This thesis aims to explore that intersection by extending
CI to regular tree languages, enabling structured, constraint-guided gener-
ation of tree-shaped data under soft randomness bounds. This represents a
potential new application of both CI and tree automata theory.
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Chapter 5

Conclusions

This thesis extends the Control Improvisation framework to tree structures
using deterministic finite tree automata. The research demonstrates that the
principles of balancing hard and soft constraints with probabilistic guaran-
tees can be adapted to tree-structured data. Two key algorithms were de-
veloped: a uniform improviser for TDDFTAs and another for BUDFTAS,
both ensuring feasibility and correctness. The findings highlight the capabil-
ities of tree automata within random generation, while also emphasizing the
limitations of specific models. Since TDDFTAs are restricted to path-closed
languages, the top-down improvisation algorithm does not apply to all finite
tree languages. In contrast, the bottom-up approach supports any regular
finite tree language, making it the more generally applicable method.
Future work could explore relaxing the determinism requirement to allow
non-deterministic tree automata, potentially increasing the expressiveness
of the system. In addition, extending the framework to support infinite
tree languages or unbounded height could make CI applicable to a broader
class of problems, although this may require new strategies for maintaining
uniformity and feasibility guarantees. Another promising direction is the
development of a visualizer for tree automata, driven by the improviser to
produce probabilistic visual outputs—similar to the illustrative example in-
troduced in the preliminaries. Such a tool could aid in understanding the
structure and variability of generated trees, and serve as an educational or
debugging aid for users working with tree-based models.
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