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analyse ~
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MevBe, Sort —> Tlnl=T(xp) +T(L¥al)+n —> Tn)= @(wlod(h))



Tais Week

o lalk élrwaujt\ i e)@lmp/er [{avotsuba Multiplication

So/viy vecarrence relabions with and without the [Master Theorem

Fast Fourier Transform
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Conocexite of Muctibtication ?

o Castant time, ©, for eg, int 6y s

o But whal about “Big int’s

— /fo/mogoml/ covy'caéwed < {95'0’ ;}éﬁﬁ;

where “n” is the nmber o(diﬁn‘:s in te Iar&est— facfor.

— Kavafsaba [ﬂmst 23).0.')’ n {)&,' @(nég,z(z))
SEill used |

— Cwrvent theorebical best :
Harvey and van der Hoeven, 201¢( : O[nlgj n)



HARATSUBA'S  TRICK
Given a,belu) and Beirs ...} wrike

a = a173 1+ Qo b= 51(@1"50-
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HARATSUBA'S  TRICK
Given a,belu) and Beirs .. ) wrike

a = a173 1+ Qo b= 51(@‘1’50-

77'|U’l.' ab = 0‘-1“6, Bz‘f—(&o.‘h + bo-ay)’IS + & - b,

K multiplicatons of nambrs at best Yo the siae.

Bt abo:
a-b= a '.A{ B+ ([aow,)'( both)=Ciby —a -b)TB+ @ bo

'a,uﬁ(: 3 mu\ti})\icaﬁomfp g do-bo andk @y
con be ‘Zwea”

@aﬁ wore aMf‘bM;)



EXAMPLE

U ° —c '
123 - 4567 = 145 0" + @oei) (hsebp)~ 145 — 3367 10 + BG
= 45 0" 4—@ —4«9- {00 +@

O 24112 = 2&10+({13 2-8)-t0 + &
= 2200+ 480 +3 = 2488
O 23-0F = 11fo*~+ (5:13-12-2 ) fo+2
= 1200 + 320 +21 = 1541
— 45100 + (2688 ~ 45 —1541) - 100 + 1541

4S 0000
110200
15’411—

561741

|




KARATSUBA( 2 &)
let 1 = wax ( [emgéh(a.)‘, lem‘jéln (b )
if L = 1 : retwa OrRowARcHuLTPUCATICV (& b)
wribe = (@1 | a0 ]
b = (B _&ko]

lef ¢, = HARATSURA (e, by)

ZCé Co = /'("’72/\T§U73A [ao, 60)
Jet Ct = HARATSURA (cotaq, bo+by)

yebarn = — C

The Sum 0( : [ < 1

L Co




p PLERITX AVALCSES

Kararsupa(a 6): &
let 1 = max( length(al, length(P)) ©)X0)

if N = 41 : retwan ORIWARSMULTIPUCATICV (a.b) @)

wribe. = (@ | a0 1]
b= [E 2] E(n)
let ¢, = HaraTsusa(ey, b)  TITAL)

ZCé Co = /'(472AT§U73A (ao, éo) - TCL”/)_J)
let Ct = HARATSURA (ado+ iy, 1>,,+b4) T(,—n/Z]H)

Yebarn — — C -
The sum of : [ - 1 —~ o)
— Co ]




KaraTsuBA MucTipLicaTian  (BHPLexTy

T(n) =T L) + T(M41) + T +1) + ©¢)



SoLuNG T(n)=T L) + T(mal) + T +1) + ©¢)

T < 3T(T4a7+1) + O ))
T) = 3T(4+1) + 00"

The Moster Theovem still dloes y apply to T

bat € will € Some S;(n) = T(n+d) wher deZ -

Sat) = 3T (™ +d+7) + On)
< 3T (Mh'+ad) +0wm) if 2d2 A+
= 354(™A') +OMW,

Thus - Si-6(:%)

Ly > 1

Thus, when d21,
San)= 3 S4(M47) +®(r:)



SoLvNG T(n)=T L)+ T(rmal) + T(Me+1) + © @)

Since Tn+2d) = @O’Lbjl(g));

we & Tn)= Th—24) +2d)
= O (o)) < & (7).



Com,;u_&in ' whether )[Cn\ = ( ginl)

EXAMPLE < : - }1,,__4) C
1. (+dy On) ”’” ER #’i‘l.(’w
b C
=m/£9nzb | ‘i’g) = |

N

) as n""&
Sine — 0
N



A “?oljnomialn HasTeR TrHeorEM

le€t qé€lt, =) and 56(1100) and  T:IN—> [o,®) Lej;ven. Write {::]yb(a).

CoxeT Tal=©(n) 4= Toy= aT(1) +60)
for some  d<y

Case L Tl= @@ logem) <= Tt = a7 (") + O(n7)

: _ y L= Tou= aTll*ul)+OnY)
Case T=B6MW) ey : for some. d>y




MASTER TreEOREM from the book
Teus .‘ca[g bhe same as Ehe cholynanzolz‘“ Master “Theorem |

except for case I :
((Po(jwomiaZ"
Cae][ Th=O@m!) <= Tw=a7llz) +OmY
for some d?d’
Becomes :

T = aTUW%])+ f(n)

r Some. TWI = Y\d
Case Il Tl=O(ft) <= f'c:r S fé‘?o:illébci)

PV‘OVfdfd f IS yeayiar‘:
af("') < cftn
“Polynomial " Gase T can'€ deal with
Tn= T("2")+ KJDJOL)



Rexorwo Master Tweorem ($43 ana $4.4)

T = n+ TR + 2Tls) = (D)

Guess : @(r) & (O n L))
’F}d N andl >0 s.f

VosN TW =Ch by shoy wduche
LefF new be 7Ner- such Fht

Vwmen T(m £Cwm- 2 T < Cn

TOn) = m+ T(TA7) + 2 T(L%)) N=Zo
< nt C™M7 4+ 2 CLY Ct%vytr—n’\—(o)
gC("é-‘—Fn/zT* oL "/s",j) V.. vT(»)
<C ("t "/2+I 4.2”/3’)
=C n(-—+—/ )CC" 1 Cz20

é ,"; <‘19 h220
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APPLICATIOWS :

. SOW\d Covnlorces:bn
(mp3)

[ ma ge Compression

noise fi/écnnﬂ
e aubotune_

e fast polyomial malbiplication & Wl shoo Gris!
o fast integer wulbiplicakion
’ §olvmj difftrential e,fuﬂéian.s
. Fo«céwmg inteqers inko prime nwmbers in Po{jnomia? bimme_
on o quonbwm Compuber using Shor's aljo/}éhm
(bﬂ’—aki"ﬂ RSA enc_rjl)t&ow.')



Before we start, we need some  Erigonometry..

Recall Gwt Sin(20) = 28inb cx 8
(65(20) = 1— 2Sin“0



B@fc sbart | we need some Eri

We ov\(j need Comlolex wuw bers



CompLex MUMBERS

.. We Just  pairs of veal numbers,
C=% a+ib: obelRf
with a new constant 7.

Addibion S Paiv\fW(-ge-;
otib + ctid = (arc) +ilbrd].

MulﬁpliCabwn is [ixed bj the vule: 2%2=—1

@uib )(u—id) = ac + i(be+ad) + 17°bA
= ac~bd + i(bcrad)

*a+ib



MuLTPLicaTiov BY

z(aTil))t "L + la

Mulbiplication by 1
is rotakion over §o° !



—en?
EOULER’S FORMULA

1 0
e!” = cosO + 1§n0

iSin0

cos 6



EULER’S FORMULA

16

e'? = cosb + i5in0 " N
COV\Se?uemceS : e
— Any 2¢Q can be written
e=r Bie for sume  relord Q¢ lo,2n)
“'MU/éi/)(iCaéion _@ s=re’® ® e 0
1(O+p) A\e \

(re'®) (s e';‘f’) —rse

Scaling by v and yotukion by O.



MoRAL :

While o veal mwber vepresents yust  Scale
@ Complex namber  represents Scale and robation.

Some. noabion

Pe (arib) = @
lm(afib).:.- b

[afibl = Pazi-bz




Pure tones

Ave. Yepresented bﬁ Y I AN B N P
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Pure tones

Ave Yepresented 593: Na R
' B o ' o e Y
sri k€ NV "
e N_ - - '
Re 5) = cos( 2 3‘)
/ —
Doaere g G
R | RAMIORYK ( ds e ) QG:
in (30 ju-‘)e@, ’W'H‘\
1 M
__ * -kt )
at= 5D  Ykw ) N
k=o W ere w= CN )

(éo be consicben€ withth /oaak)



N-1
1 ~kt
S’InCe_ =g Yk w Wwe MVQ'
k=o
a
a° \ f 1~, 11 4 Jo
1 i 1 W M.ZWB W= y‘
= ""\; 1 &_f'z Wt w* Y2
Qu-1
/ 1 W w w3 Wt 3N‘I

SO we h&VE t‘) inver€ éhis malvix 9\




C 11 . -1 1 1 11 1
i i w' h-zwz ! 1_ wv hzwl ‘J'i
- 1 w‘iwhw6 w* — 1 “_’2“"’“6 cj}l
L w ; 1 W & w
n
AR=T () )= (o
Q Yy
N-t K k if m=n N
-km n m-n —— k
beCause, Z w S Z( ) 5 tEN
=0

e M- -
fuie 10 12@T) [ =1
— 1 _ wm-n - wm'" D 1—w'"'" .

71—
é%i)N§ e?ll =1

wh=



DiscreTe TOURIER TRANSFORM

/MS: Oléwks
"-.'... D FT !
3 | |

... ' po-{

. IDFT J

’ = _1/
ag=13 yuud'
! -
§9n&
(Bt ... ) € C N fm{awues
(4o, 90, . o) C"



FAST FOURIER TRAMSFORM (FFT)

Compubing e DFT (forgom Gu) from (0ot au)
’naivc(j takes @(Nz) aribhmebic opemh‘am on C ,
bCCaMSC of Ge watrix times vedor involved :

(9)=( ()

And tor amarbiémrj mabrix s is Pvabﬂog e best we can do.
Mower, Chic wafrix s nol QVBZHW)/ and we @1 U
Ct c,(eve,v divide-and- com(uelf Cride Yo Jejr down Lo @(N /‘g—(“)) l

. if \VATS aFowero} 2.



FFT : Divide and Covyuer

L £ N be o powes of 2. Wrife , jiWn (o, 1ay-4) € N

2y

N-1
ks\ N-L
) Whem CON:C N

FDFT(“D,M ,ay-f) = (% oy Wiy

S=o

77)0'\, S/)Iiﬁfikﬁ even and odd terws :

Ma~t

Ma-1
_ . Z 2ks z 2(k+
DF/ (aOI-" 1aﬂ—7)§ - alk Wy + aZk"" w/V(k "
k=o

h=o
Na-1

— ga o ks S ks
= = M(w/v) T w Zazkﬁ (w,é)
k=d bccwe
2 mg
?W(&o,d;,.,.,aﬁ_})s DFT(Q;,“;,'.. By . wN‘ c = OON/Z



7:?7——( aOr' - aN‘l) :

it =1 return (@)

Z(,é— ) = e.zni/N

let ws = 1

2t Veven= FFT (s a2, au-2)

(et Yod = FFT(an ds, -, dw-2)

wLar‘ S =0 o Nj-1:
Let Yy = O'evcn)g + WS'(jodd):
Wws = Ws -w

reFurn (Yoo Yy



(o
7:?7—( aO;" ° aN“l) " AMA\I(S\S

it =1 reburn (@) /\g oW

AT /N

leb w = ¢€
let ws = 1

Zek )’e,ven: FF7 (o) @z, , An-2 } ZT(N/Z)
le€ Youd = FFT(ar a5, -, Au-1)

r S =0 o Ni2-1: G
F [et y = ()’e,vm)g + W.S“(joda‘): O( N>
Ws = Ws -w

rebury (Jor Yn=1)



X

FFT
(Qo,-
if /vo.'- Q1) R
=1 : retwrn (Q,) ANAV{S\S
,i @(_1)

ani/n

lek
W =
let w =
Ze€ 2t
/ )'e,vena
e Yodd = gr(dw i
7 (s ﬂs’ G e
/"‘7””‘1) } T(A//
2)

T(N) =
(V)= 2T(M,) + ow)

Faf‘s_—o -] “‘/21: " :_)
(N —

y
Coc = “’s o (ye U")S’ S'
A)

'reﬁ'«.ry’ (‘,a,.._, Y )
N IVE]



Twverse ?

Foy the inwese DF(, IDF[, thoe is &
similar algoribm wi varbime QN (ogCu)



Application :  fas¢  plynomial  multiplication
Recall tht a. l:oljnomiaz over € is of the form
f(l) = 0o+ QX+t - f a,,,_,’J.M1 = leakx””‘)

<=0

where Qo) @y, -, Q-1 @R e coefficients q( f

M“(W‘ji"j Po!jﬁnmiak is nok SiMP‘S a wotter of wulhrlym}
coefficients, kcause e g

(ﬂof a;’*) (bo f’bfl) = aoh) + (ao‘h + atbo)l + a4b4 I%

IV\ ger\UfaJ:
(U" L M- : 2. Kk N n cheézﬂ\eéh
s Y1V orcénm
éakl ) (Z bkl) g— - (Z C(ébk_()x an ebt : 3@(7’-2)

o
=

k=2



We cAv Do ReTTER ...
753 mulh'pljt'hﬂ DFTrs. 9ivu) a be @N, se€3o, ..., N-1}

DFT(a)s + DFT(b)s =(Niakwsk ) {i be wsf)

k=o

A'M ost e Same.

o
Kk,l=o / as |oo(3h0mial mulf,
IN-2. K

— i{w—l Om bp-m ml") wsh \ %(e%aeb“)xk

N=0 \m=o
Ruf w ‘wraps
around
wN+k___ wk

L
Mz x



We cAv Do ReTTER ...
753 mulh'pljt'hﬂ DFTrs. 9ivm a be @N, se€3o, ..., N-1}

-1 < -t S
DFT(2)s - DFT(b)s =(Zakw">{§ bewf)

k=o

A'Wl ost e Same.

w
Kk,l=o / as |oo(3h0mial mulf,
V-1 /v-1 sk N2 K 3
pu— :g { Qlm b mw) o \ %((%aebu)x

LR 1
,\)0&,}0,0{ b:/» Sl Buk o Wrep>
o< 4 A sk around
w S(o" N—— Am En-m | W n+k k
L AKX



FAST PoLywoMiAL MuLTiPLicATION
To Compuj‘g the wefficiants o,[
Zo\kx (§b7’>

@ wrife 0= (e, ay-1,0,0,.. 0), b= (bo--- bu,0,0,.-.,0) € CM;
whee M i< a power o{ 2 with M > ZN,

(L compuke §:= DFT(a) and 2:= DFT(b),
@ MK‘E‘P‘S ’3 Md 2 [)Ol'MéklkSQ s Us= (ys'és)io,

@ Cowilou,(ie, c:= IDPT(w), at vebarn Ehe (irs€ 2N elements o{c,.



FAST PorxwoMiaL MuLTriPricATiov
To Compute the oelficiants o][

( %O\kx") (éabkx‘) ,

= (ao,--.,a,u-i,o,o,.. '0)7 b: (&”—w, bu.l,o,o,.—o.O) c C't
whee M ic a power of 2 with M > 2N, O (N)

COMFW“O ﬂ-"—f”DFT[a) and  2:= DFT(b), @wlgw)

®

wrife

@ ®

‘Mul(:ipls Y and 2 /oo(méwksef U= (ys'és');\i. (V)

&

Comlou,(:e, c:= IDPT(w), ad vebumn b fist 2V «(@(NyN)

Over alL:  O(V lcﬁ N)
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MNext week : no ledbare

Maiy 9: start of //)aré_[T



