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Termination

Definition: there is no infinite reduction sequence
s1 →R s2 →R s3 →R . . .

Put differently:
• a term s is terminating if every reduction sequence starting

in s is finite; i.e., there is no infinite reduction sequence
s →R t1 →R t2 →R . . .

• a HTRS is terminating if all its terms are

Definition: a HTRS is non-terminating if it has a non-terminating
term.

Example:
a → a
a → b
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Proving non-termination

Some ways to prove non-termination:

• Obvious self-loop: s →∗
R s

f(x,F) → f(F · 0, λy.x)

• Instantiated self-loop: s →∗
R sγ

f(x, y) → g(y,s(x))
g(s(x), y) → f(x,s(y))

• General self-loop: s →∗
R C[sγ]

f(x,F) → s(f(s(x), λy.g(F, y, x))

• Specialised methods: note the shape of an infinite
reduction

f(s(0),F) → f(0, λy.s(F · y))
f(0,F) → f(F · s(0),F)
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Finding self-loops

Question: how to automatically detect a self-loop?

f(x,F) → s(f(s(x), λy.g(F, y, x)))

Idea: for a rule ℓ → C[r] show that ℓγδ = rγ

Note: this is a first-order idea!

The primary higher-order difficulty is extending semi-unification
techniques.
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Non-termination of the untyped λ-calculus

Recall:
(λx.s) · t →β s[x := t]

Self-loop:
• Let ω := λx.x · x.
• Then: ω · ω →β ω · ω!

As a (simply-typed) HTRS:

L : [term ⇒ term] ⇒ term
@ : [term × term] ⇒ term

@(L(F), x) → F · x

Self-loop: Let ω := L(λx.@(x, x)).

@(ω, ω) →R (λx.@(x, x)) · ω →β @(ω, ω)
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The ωω self-loop

@(L( F︸ ︷︷ ︸
term⇒term
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term
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Finding ωω elsewhere

A different example:

f :: (A ⇒ B ⇒ C) ⇒ A
g :: A ⇒ B ⇒ A ⇒ C
h :: C ⇒ C

g(f( F ), y, z ) → h(F · z · y)

ω =

f(

λx

y

.g(x,

z

, x)

)

g(ω, z, ω) →∗
R h(g(ω, z, ω))
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Not examples

L :: (term ⇒ term) ⇒ term
@ :: term ⇒ term ⇒ term
c :: term ⇒ term

@(L(F), x) → F · c(x)

L :: (a ⇒ b) ⇒ b
@ :: b ⇒ a ⇒ b

@(L(F), x) → F · x
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The general shape of ωω occurrences

• Reduction: C[D[F], x] →∗ E[F · s1 · · · x · · · sk]

• Variables: F : σ1 ⇒ . . . ⇒ σi ⇒ . . . ⇒ σk ⇒ τ and x : σi

• C[D[F], x] : τ and D[F] : σi

• F and x do not appear at other positions in C or D

• Then let ω := D[λx1 . . . xk.C[xi, xi]]

• We have:
C[ω, ω] →∗ E[ (λx1 . . . xk.C[xi, xi]) · ω ] →∗

β E[ C[ω, ω] ]
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Exercises

Construct a (general) self-loop for the following HTRSs:

f :: o ⇒ o ⇒ o
g :: o ⇒ o
h :: (o ⇒ o) ⇒ o

f(y,h(F)) → F · g(y)
g(x) → x

f :: c ⇒ a
g :: a ⇒ c
h :: (a ⇒ b) ⇒ c
k :: a ⇒ c ⇒ b

k(f(h(F)),g(y)) → F · y



Bonus exercises

Construct a (general) self-loop for the following HTRSs:

f :: a ⇒ (a ⇒ a)
g :: (a ⇒ a) ⇒ a

f(g(x)) → x

f :: (b ⇒ a ⇒ b ⇒ a) ⇒ c
g :: b ⇒ c
h :: c ⇒ b
k :: c ⇒ b ⇒ b ⇒ a ⇒ a

k(g(x), y,h(f(F)), z) → F · h(g(y)) · z · x



Nasty example

map(F, []) → []
map(F,cons(x, y)) → cons(F · x,map(F, y))

Not terminating if:

[] :: o
cons :: (o ⇒ o) ⇒ o ⇒ o
map :: ((o ⇒ o) ⇒ o ⇒ o) ⇒ o ⇒ o

Proof: choose ω := cons(λxo.map(λyo⇒o.λzo.yo⇒o · xo, xo)).
Then:

map(λyo⇒o.λzo.yo⇒o · ω, ω)
→ cons( (λy.λz.y · ω) ⟨λx.map(λy.λz.y · x, x)⟩ , map(. . . ))
= cons( λz.⟨λx.map(λy.λz′.y · x, x)⟩ · ω,map(. . . ))
→β cons( λz.map(λy.λz′.y · ω, ω) ,map(. . . ))

(But is terminating if cons :: (a ⇒ a) ⇒ o ⇒ o.)
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Nasty example

map(F, []) → []
map(F,cons(x, y)) → cons(F · x,map(F, y))

Not terminating if:

[] :: o
cons :: (o ⇒ o) ⇒ o ⇒ o
map :: ((o ⇒ o) ⇒ o ⇒ o) ⇒ o ⇒ o

Proof: choose ω := cons(λxo.map(λyo⇒o.λzo.yo⇒o · xo, xo)).
Then:

(But is terminating if cons :: (a ⇒ a) ⇒ o ⇒ o.)


