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How to prove termination?

1. Embed the rewrite relation — in a well-founded ordering.

2. Pay special attention to function calls
(Use some form of the dependency pair frameworKk.)

To start: we will define a well-founded ordering
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Embedding — % in a well-founded ordering

Goal: find a well-founded ordering - and prove that s > ¢
whenever s — 1.

Difficulty: how to prove s > t whenever s — ¢?

add(0,y) — y
add(s(x),y) — s(add(x,y))

Needed: add(0,0) > 0, add(0, add(x,y)) > add(x,y),...
Solution: it suffices to orient the rules provided:

e if s = tthen so >~ to for all substitutions o
(we say: > is stable)

o ifs>rthen £(...,s,...) = £(...,z,...) forall £
(we say: > is monotonic)

Such an ordering is called a reduction ordering.
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Let > be a total, well-founded ordering on the function symbols.
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The (first-order) lexicographic path ordering

Let > be a total, well-founded ordering on the function symbols.

We define: £(s1,...,s,) =rLpo t if one of the following holds:
(sub) s; =1po t forsomei e {1,...,n}

(copy) t=g(ti,...,tw)and £ >gand £(si,...,s,) >Lpo
forallje {1,...,m}

(lex) r= £(t1,...,1,) and £(sy,...,s,) >=Lpo t; for all
ie{l,....n}, and [s1,...,su](>LPO)tex[t1, - - - » In;
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LPO example

add(0,y)
add(s(x),y)
mul(0,y)

_
N
-

mul(s(x),y) —

y
S(add(x7 y))

0

add(y, mul(x,y))

Automation
[e]e]
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LPO example

2dd(0,y)

-y

add(s(x),y) — s(add(x,y))
mul(0,y) — O

mul(S()C),Y) — add(y7mu:|-(x7JV))

We choose: mul > add > s >0

Automation
[e]e]
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add(0,y) — y
add(s(x),y) — s(add(x,y))
mul(0,y) — 0
mul(s(x),y) — add(y,mul(x,y))

We choose: mul > add > s >0

(sub) s; =rpo t for somei € {1,...,n}
(copy) t=g(ti,...,tm); £>g; £(s1,...,8,) >Lpo €ach ¢
(lex) t = £(t1,...,t,); s =Lpo €ach t;; 5(=1Lpo)exl;
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add(0,y) — y
add(s(x),y) — s(add(x,y))
mul(0,y) — 0
mul(s(x),y) — add(y,mul(x,y))

We choose: mul > add > s >0

(sub) s; =rpo t for somei € {1,...,n}
(copy) t=g(ti,...,tm); £>g; £(s1,...,8,) >Lpo €ach ¢
(lex) t = £(t1,...,t,); s =Lpo €ach t;; 5(=1Lpo)exl;

We orient the last rule:

mul(s(x),y) =Lpo add(y,mul(x,y))
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add(0,y) — y
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mul(0,y) — 0
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We choose: mul > add > s >0

(sub) s; =rpo t for somei € {1,...,n}
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(lex) t = £(t1,...,t,); s =Lpo €ach t;; 5(=1Lpo)exl;
We orient the last rule:

Y ZLPO Y

mul(s(x),y) >LPO mul(xv y)
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add(0,y) — y
add(s(x),y) — s(add(x,y))
mul(0,y) — 0
mul(s(x),y) — add(y,mul(x,y))

We choose: mul > add > s >0

(sub) s; =rpo t for somei € {1,...,n}
(copy) t=g(ti,...,tm); £>g; £(s1,...,8,) >Lpo €ach ¢
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We orient the last rule:

mul(s(x),y) >=rpo mul(x,y)
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add(0,y) — y
add(s(x),y) — s(add(x,y))
mul(0,y) — O
mul(s(x),y) — add(y,mul(x,y))

We choose: mul > add> s> 0

(sub) s; >Lp0 tforsomeic {1,...,n}

(copy) t=g(ti,...,tm); £>g; £(s1,...,8,) >Lpo €ach ¢
(lex) t = £(t1,...,t,); s =Lpo €ach t;; S(>Lpo )ext;

We orient the last rule:
mul(s(x),y) >rpo x
mul(s(x),y) >rpo ¥

S()C) >LPO X
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add(0,y) — y
add(s(x),y) — s(add(x,y))
mul(0,y) — O
mul(s(x),y) — add(y,mul(x,y))
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(sub) s; >Lp0 tforsomeic {1,...,n}

(copy) t=g(ti,...,tm); £>g; £(s1,...,8,) >Lpo €ach ¢
(lex) t = £(t1,...,t,); s =Lpo €ach t;; S(>Lpo )ext;

We orient the last rule:
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S()C) >LPO X
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add(0,y) — y
add(s(x),y) — s(add(x,y))
mul(0,y) — 0
mul(s(x),y) — add(y,mul(x,y))

We choose: mul > add > s >0

(sub) s; =rpo t for somei € {1,...,n}
(copy) t=g(ti,...,tm); £>g; £(s1,...,8,) >Lpo €ach ¢
(lex) t = £(t1,...,t,); s =Lpo €ach t;; 5(=1Lpo)exl;
We orient the last rule:
X Z1po X
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Exercise

Use LPO to prove termination of the well-known Ackermann
function, defined by:

A(0,x) — s(x)
A(s(x),0) = A(x,s(0))
A(s(x),s(»)) — A(x,A(s(x),y))
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Theorem
If ¢ =1po r for all rules in R, then the TRS with rules R is
terminating.
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Soundness of LPO

Theorem
If ¢ =1po r for all rules in R, then the TRS with rules R is
terminating.

Proof. >~ po is:
e stable: if s >LPO t then so >Lpo IO

® monotonic: if s =rpo tthen £(...,s,...) =rpo £(...,1,...)
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Soundness of LPO

Theorem
If ¢ =1po r for all rules in R, then the TRS with rules R is
terminating.

Proof. ~po is:
e stable: if s >LPO t then so >Lpo IO
® monotonic: if s =rpo tthen £(...,s,...) =rpo £(...,1,...)

e well-founded: there is no infinite decreasing sequence
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Well-foundedness of LPO

Define: s is terminating if there is no infinite sequence
s >Lpo 11 >Lpo 12 >=Lpo ... Startingin s.

Automation
[e]e]
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Define: s is terminating if there is no infinite sequence

s >=Lpo t1 >=Lpo h >Lpo -.. Startingins.

Claim: if (sq,...,s,) terminating, and £(sy,...,s,) >Lpo t, then ¢
terminating
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Well-foundedness of LPO

Define: s is terminating if there is no infinite sequence
s >Lpo 11 >Lpo 12 >=Lpo ... Startingin s.
Claim: if (sq,...,s,) terminating, and £(sy,...,s,) >Lpo t, then ¢
terminating
Proof: by induction on:
e £ first (using >)
® (s1,...,s,) ordered lexicographically by > po second;
e the derivation of £(si,...,s,) >Lpo ? third
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Well-foundedness of LPO

Define: s is terminating if there is no infinite sequence
s >Lpo 11 >Lpo 12 >=Lpo ... Startingin s.

Claim: if (sq,...,s,) terminating, and £(sy,...,s,) >Lpo t, then ¢
terminating
Proof: by induction on:

e £ first (using >)

® (s1,...,s,) ordered lexicographically by > po second;

e the derivation of £(si,...,s,) >Lpo ? third

Conclude: if there is a smallest non-terminating £(si, ..., sx),
then it must be terminating after all!
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Challenge: mutual recursion
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Extending LPO

Challenge: mutual recursion

s(x)) — g(x) £(x) = s(x)
g(s(x)) — £ —

Automation
[e]e]
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Extending LPO

Challenge: mutual recursion

£(s(x)) — g9(x) £(x) = s
g(s(*)) — £(x) £(x) = s()

Automation
[e]e]

Solution: allow an equivalence relation ~ compatible with >,

andset f ~ g
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Extending LPO

Challenge: mutual recursion
£(s(x)) — alx) £(x) — s()
g(s(x)) — £(x) £f(x) = s(x)

Solution: allow an equivalence relation ~ compatible with >,
andset f =g

Challenge: argument permutations
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Extending LPO

Challenge: mutual recursion

£(s(x)) — alx) £(x) — s(x)
g(s(x)) — £(x) £f(x) — s(x)

Solution: allow an equivalence relation ~ compatible with >,
andset f =g

Challenge: argument permutations

£(s(x),y) — £(,x%)
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Extending LPO

Challenge: mutual recursion

£(s(x)) — alx) £(x) — s(x)
g(s(x)) — £(x) £f(x) — s(x)

Solution: allow an equivalence relation ~ compatible with >,
andset f =g

Challenge: argument permutations
£(s(x),y) — £(»x)

Solution: allow some function symbols to order arguments
using the multiset ordering
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Extending LPO

Challenge: mutual recursion
£(s(x)) — alx) £(x) — s()
g(s(x)) — £(x) £f(x) = s(x)

Solution: allow an equivalence relation ~ compatible with >,
andset f =g

Challenge: argument permutations
£(s(x),y) — £(»x)

Solution: allow some function symbols to order arguments
using the multiset ordering

This yields the recursive path ordering (RPO).
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Applying RPO to higher-order systems

Challenge: £(g(x)) =Lpo x
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Applying RPO to higher-order systems

Challenge: £(g(x)) =Lpo x

Recall: if
fr:o=0=o0and
g:(0=0)=o0,

this is non-terminating!

Automation
[e]e]
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Applying RPO to higher-order systems

Challenge: £(g(x)) =Lpo x

Recall: if
fr:o=0=o0and
g:(0=0)=o0,

this is non-terminating!

Challenge: how to derive s =1 po F - x?
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Applying RPO to higher-order systems

Challenge: £(g(x)) =Lpo x

Recall: if
f::0=0=0and
g:(0=0)=o0,

this is non-terminating!

Challenge: how to derive s =1 po F - x?

Challenge: do we have £(s, ) =rpo @(£(s),?) since
(8, 1)(=LPo)1ex(5)?
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Applying RPO to higher-order systems

Challenge: £(g(x)) =Lpo x
Recall: if
fro=0=o0and
g:(0=0)=o0,
this is non-terminating!
Challenge: how to derive s =1 po F - x?
Challenge: do we have £(s, ) =rpo @(£(s),?) since
(s, 8)(>-Lpo )1ex(s)?
Conclusion:
¢ A dedicated higher-order definition is needed.
e Types are important!
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HOLPO

o £(s1,...,8:) Jypo tif:
(sub) s; =1po tforsomeic {1,...,n}
(copy) t=g(t1,...,ty) and £ > g and
£(s15-.-58) Tppo tiforallje {1,...,m}

(lex) t = £(t1,...,t,) and £(s1,...,s,) Ty po & for all
ie{l,...,n}, and [sy,...,ss] (>LPO)ex[t1, - - -

Automation
[e]e]
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HOLPO

o £(s1,...,8:) Jypo tif:
(sub) s; =1po tforsomeic {1,...,n}
(copy) t=g(t1,...,ty) and £ > g and
£(s15---58.) Tipo tiforallje{l,...,m}

(lex) t = £(t1,...,t,) and £(s1,...,s,) Ty po 4 for all
i€ {1,...,1’[}, and [Sl,.. . ,Sn] (>LPO)lex[t17~ ..

Automation
[e]e]
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HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Jypo t

o £(s1,...,8,) Jypo tif:
(sub) s; =1po tforsomeic {1,...,n}
(copy) t=g(t1,...,tn) and £ > g and
£(s1,-..,8:) Tipo tiforallje{l,... ,m}

(lex) t = £(t1,...,t,) and £(s1,...,s,) Ty pg & for all
ie{l,...,n}, and [s1,...,sy] (>LPO)ex[t1, - - -

Automation
[e]e]
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HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Jypo t

o £(s1,...,8,) Jypo tif:
(sub) s; =1po tforsomeic {1,...,n}
(copy) t=g(t1,...,tn) and £ > g and
£(s1,-..,8:) Tipo tiforallje{l,... ,m}

(lex) t = £(t1,...,t,) and £(s1,...,s,) Ty pg & for all
ie {1,...,n}, and [Sl,...,sn] (>‘LPO)lex[t1,---
(app) t=1to-t1---t, and £(s1,...,s,) Jypo ti for all

i€{0,...,n}

Automation
[e]e]
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[o]e] 000000 0Oe000000 0000

HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Jypo t

o £(s1,...,8,) Jypo tif:
(sub) s; =1po tforsomeic {1,...,n}
(copy) t=g(t1,...,tn) and £ > g and
£(s1,-..,8:) Tipo tiforallje{l,... ,m}

(lex) t = £(t1,...,t,) and £(s1,...,s,) Ty pg & for all
ie {1,...,n}, and [Sl,...,sn] (>‘LPO)lex[t1,---
(app) t=1to-t1---t, and £(s1,...,s,) Jypo ti for all

i€{0,...,n}
(abs) t = Ax.r and

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 0Oe000000 0000

HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Ipo ¢

o £(s1,...,8,) Jipo ¢ if:
(sub) s; =1po tforsomeic {1,...,n}
(copy) t=g(t1,...,tn) and £ > g and
£(s1,...,8) Tipo fforallje{1,....m}

(lex) t = £(t1,...,t,) @and £(s1,...,s,) Tipg 1 for all
ie{l,...,n}, and [s1,...,sy] (>LPO)ex[t1, - - -
(app) t=to-t1 -ty and £(sy,...,8,) Tpo # for all

i€{0,...,n}
(abs) t = Ax.r and

Automation
[e]e]
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[o]e] 000000 0Oe000000 0000 [e]e]

HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Ipo ¢

o £(s1,...,8,) Jpo ¢ if:
(sub) s; =1po tforsomeic {1,...,n}orreX
(copy) t=g(t1,...,tn) and £ > g and
£(s1,...,8) Ofpo fiforallje{1,....m}
(lex) t = £(t1,...,t,) and £(s1,...,s,) Tpg 1 for all
ie{l,...,n}, and [s1,...,sq]) (>LPO)tex[t1, - - - s Tl
(app) t=1to-t1 -ty and £(sy,...,8,) Tpo # for all
i€{0,...,n}
(abs) r= Xx.r and £(s1,...,sn) :lflfé”
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HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Tfpo ¢
(@) s=s1-52,t=1"1,€achs; =Lpo t;, SOME 5; =Lpo ;

o £(s1,...,8,) Jpo ¢ if:
(sub) s; =1po tforsomeic {1,...,n}orteX
(copy) t=g(t1,...,tn) and £ > g and
£(s1,...,8) Ofpo fiforallje{1,....m}
(lex) t = £(t1,...,t,) and £(s1,...,s,) Tpg 1 for all
ie{l,...,n}, and [s1,...,sq]) (>LPO)tex[t1, - - - s Tl
(app) t=1to-t1 -ty and £(sy,...,8,) Tpo # for all
i€{0,...,n}
(abs) r= Xx.r and £(s1,...,sn) jflféx} !
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[o]e] 000000 0Oe000000 0000 [e]e]

HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Tfpo ¢
(@) s=s1-52,t=1"1,€achs; =Lpo t;, SOME 5; =Lpo ;
(lam) s = Mx.s’, t = \x.t and s’ =1po

o £(s1,...,8,) Dpo ¢ if:
(sub) s; =1po tforsomeic {1,...,n}orteX
(copy) t=g(t1,...,ty) and £ > g and
£(s1,....80) Ofpo fiforallje{1,....,m}
(lex) t = £(t1,...,t,) @and £(s1,...,s,) Tpg 1 for all
ie{l,...;n}, and [s1,...,sq] (>LPO)tex[t1, - - - s Tl
(app) t=1to-t1 -ty and £(sy,...,8,) Tpo # for all
i€{0,...,n}
(abs) r= Xx.r and £(s1,...,sn) jflféx} !
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[o]e] 000000 0Oe000000 0000 [e]e]

HOLPO

e s —1po tif s and ¢t have the same type and:
(greater) s Tfpo ¢
(@) s=s1-82,t =1 -1, €aCh s5; =Lpo t;, SOME 5; =LpO 1;
(lam) s—)\xs t—)\xt and s’ =1po ¥
) s

o £(s1,...,5) j’L‘POtif:
(sub) s; =1po tforsomeic {1,...,n}orteX
(copy) t=g(t1,...,tn) and £ > g and
£(s1,...,8) Ofpo fiforallje{1,....,m}
(lex) t = £(t1,...,t,) @and £(s1,...,s,) Tpg 1 for all
ie{l,...,n}, and [s1,..., sy (>LPO)tex[t1, - - - s Tl
(app) t=1to-t1 -ty and £(sy,...,8,) Tpo # for all
i€{0,...,n}
(abs) r= X\x.r and £(s1,...,sn) Zlﬁ%x}
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Collapsing types in HOLPO

[ : natlist
cons : nat= natlist = natlist
map : (nat= nat) = natlist = natlist

map(F, []) = ]
map(F,cons(x,y)) — cons(F-x,map(F,y))



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 0O0e00000 0000

Collapsing types in HOLPO

[ : natlist
cons : nat= natlist = natlist
map : (nat= nat) = natlist = natlist

map(F, []) = ]
map(F,cons(x,y)) — cons(F-x,map(F,y))

Sometimes problematic: Not cons(x,y) > y due to types!

Automation
[e]e]
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[o]e] 000000 0O0e00000 0000

Collapsing types in HOLPO

[ : natlist
cons : nat= natlist = natlist
map : (nat= nat) = natlist = natlist

map(F, []) = ]
map(F,cons(x,y)) — cons(F-x,map(F,y))

Sometimes problematic: Not cons(x,y) > y due to types!

Solution:
| : o
cons : 0=0=0
map : (0=0)=0=0

Automation
[e]e]



RPO

Reduction ordering
(e} 000000

A higher-order RPO
000e0000

Automation

Computability
0000 o0

Example

|

cons
map

map(F, [])
map(F, cons(x,y))

0
0=0=0
(0=0)=0=0

=
— cons(F - x,map(F,y))



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Automation
[e]e]
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[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: map(F, cons(x,y)) >=rpo cons(F - x,map(F,y))

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

0o

cons : 0=0=0
map : (0=0)=0=0
map(F,]) =

map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: map(F, cons(x,y)) >=rpo cons(F - x,map(F,y))
Because (greater):

® map(F, cons(x,y)) ngo cons(F - x,map(F,y))

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: map(F, cons(x,y)) ngo cons(F - x,map(F,y))

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: map(F, cons(x,y)) ngo cons(F - x,map(F,y))
Because (copy):

® map > cons

* map(F, cons(x,y)) 2¥pg F - x
* map(F, cons(x,y)) I0po map(F,y))

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F,]) -
map(F, cons(x,y)) — cons(F-x,map(F,y))
Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) jgpo F-x
Goal 2: map(F, cons(x,y)) ngo map(F,y))

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 0000

Example
[ : o
cons : 0=0=0
map : (0=0)=0=0
map(F,]) =

map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) jgpo F-x
Goal 2: map(F, cons(x,y)) ngo map(F,y))
Because (lex):

® Fizpo F

e cons(x,y)) =Lpo y (both have type o)

Automation
[e]e]
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[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F,]) -
map(F, cons(x,y)) — cons(F-x,map(F,y))
Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) :'gpo F-x
Goal 2: cons(x,y)) =Lpo ¥

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

0o

cons : 0=0=0
map : (0=0)=0=0
map(F,]) =

map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) jgpo F-x
Goal 2: cons(x,y)) =Lpo ¥
Because (greater):

® cons(x,y)) :I%PO y

Automation
[e]e]
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[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F,]) -
map(F, cons(x,y)) — cons(F-x,map(F,y))
Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) jgpo F-x
Goal 2: cons(x,y)) 205 ¥

Automation
[e]e]
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[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) jgpo F-x
Goal 2: cons(x,y)) 205 ¥
Because (sub):

®yxy

Automation
[e]e]



Reduction ordering RPO A higher-order RPO
(e}

Computability
000000 000e0000 0000

Example

0o

cons : 0=0=0
map : (0=0)=0=0
map(F, []) —

map(F, cons(x,y)) — cons(F-x,map(F,y))
Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) jgpo F-x

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: map(F, cons(x,y)) Dfpo F - x
Because (app):

® map(F, cons(x,y)) :’](ZiPo F

* map(F, cons(x,y)) 2¥pg x

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F,]) -
map(F, cons(x,y)) — cons(F-x,map(F,y))
Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) 2¥pg
Goal 2: map(F, cons(x,y)) 2¥pg F

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].
Goal 1: map(F, cons(x,y)) 2¥pg
Goal 2: map(F, cons(x,y)) 2¥pg F
Because (sub):

® IFzrpo F

Automation
[e]e]



Reduction ordering RPO A higher-order RPO
(e}

Computability
000000 000e0000 0000

Example

0o

cons : 0=0=0
map : (0=0)=0=0
map(F, []) —

map(F, cons(x,y)) — cons(F-x,map(F,y))
Choose map > cons, |[].

Goal 1: map(F, cons(x,y)) ngo x

Automation
[e]e]
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[o]e] 000000 000e0000 0000

Example

0o

cons : 0=0=0
map : (0=0)=0=0
map(F,]) =

map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: map(F, cons(x,y)) ngo x
Because (sub)
e cons(x,y)) = x (both have type o!)

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: cons(x,y)) = x

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability Automation
[o]e] 000000 000e0000 0000 [e]e]
Example
- o
cons 0=0=0
map (0=0)=0=0
map(F, []) = ]

map(F, cons(x,y))

Choose map > cons, |[].

Goal: cons(x,y)) = x
Because (greater):

e cons(x,y)) :’]QiPO X

— cons(F - x,map(F,y))
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[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Goal: cons(x,y)) ngo x

Automation
[e]e]



Reduction ordering RPO
(e} 000000

A higher-order RPO

Computability
000e0000 0000

Example

|

cons
map

map(F, [])
map(F, cons(x,y))
Choose map > cons, |[].

Goal: cons(x,y)) 2¥pg x
Because (sub):

® yZipo Y

0
0=0=0
(0=0)=0=0

=
— cons(F - x,map(F,y))

Automation
[e]e]



Reduction ordering RPO A higher-order RPO Computability
[o]e] 000000 000e0000 0000

Example

[ : o
cons : 0=0=0
map : (0=0)=0=0

map(F, []) = ]
map(F, cons(x,y)) — cons(F-x,map(F,y))

Choose map > cons, |[].

Nothing left to prove!

Automation
[e]e]
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How to write down a HOLPO proof?

1. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
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How to write down a HOLPO proof?

1. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
by (greater), 2
2. map(F, cons(x,y)) 2¥pq cons(F - x, map(F,y))
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[o]e] 000000 00008000 0000 [e]e]

How to write down a HOLPO proof?

1. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
by (greater), 2

2. map(F, cons(x,y)) 2¥pq cons(F - x, map(F,y))
by (copy), map > cons, 3, 4

3. map(F, cons(x,y)) j]quO F-x

4. map(F, cons(x,y)) :I%PO map(F,y)
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How to write down a HOLPO proof?

1. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
by (greater), 2

2. map(F, cons(x,y)) 2¥pq cons(F - x, map(F,y))
by (copy), map > cons, 3, 4

3. map(F, cons(x,y)) j]quO F-x

4. map(F, Cons(xay)) :I](ZiPO map(F,y)
by (lex), F >1po F, 5 (typecheck: 0)

5. cons(x,y)) =Lpo ¥
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[o]e] 000000 00008000 0000 [e]e]

How to write down a HOLPO proof?

1. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
by (greater), 2

2. map(F, cons(x,y)) 2¥pq cons(F - x, map(F,y))
by (copy), map > cons, 3, 4

3. map(F, cons(x,y)) j]quO F-x

4. map(F, Cons(xay)) :I](ZiPO map(F,y)
by (lex), F >1po F, 5 (typecheck: 0)

5. cons(x,y)) =Lpo ¥
by (greater), 6

6. cons(x,y)) :I%PO y



Reduction ordering RPO A higher-order RPO Computability Automation
[o]e] 000000 00008000 0000 [e]e]

How to write down a HOLPO proof?

1. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
by (greater), 2

2. map(F, cons(x,y)) 2¥pq cons(F - x, map(F,y))
by (copy), map > cons, 3, 4

3. map(F, cons(x,y)) j]quO F-x

4. map(F, Cons(xay)) :I](ZiPO map(F,y)
by (lex), F >1po F, 5 (typecheck: 0)
5. cons(x,y)) =Lpo ¥
by (greater), 6

6. cons(x,y)) Ipo ¥
by (sub), y =rpo ¥
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000000 0000e000 (e]e]

How to write down a HOLPO proof?

. map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))
by (greater), 2

. map(F, cons(x,y)) 2%pg cons(F - x, map(F,y))
by (copy), map > cons, 3, 4

. map(F, cons(x,y)) 2Ppg F - x

by (app), 7, 8

: map(F, Cons(xay)) :I](ZiPO map(F,y)

by (lex), F >1po F, 5 (typecheck: 0)

. cons(x,y)) =Lpo ¥

by (greater), 6

. cons(x,y)) :I%PO y

by (sub), y =rpo ¥

. map(F, cons(x,y)) :Ilquo F

8. map(F, cons(x,y)) :I%PO X
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[o]e] 000000 0O0000e00 0000

Exercise

Orient the following rules using HOLPO:

start @ 0=0
add @ 0=0=0
map = (0=0)=0=0

start(y) — map(Mxo.add(xo,Xo), V)

a = 0
b = 0
f & ((o=0)=0)=0

£(Mo=0-Xo=o - @) = £(AVo=0-Yo=o - D)

Automation
[e]e]
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Polymorphic HOLPO

Idea: be creative with the type collapsing!
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Polymorphic HOLPO

Idea: be creative with the type collapsing!

collapse(list(a)) :== collapse(a) forall types a

cons; I a= «
cons, = B=p
map = (a=p)=a=p

map(Fa:>,8> consl(xa,ya)) — COHSZ(Fa:>5 'xaamap(Fa:/Baya))
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HORPO

(mul) s = £(s1,...,5%) Tpo 9(t1s- .-, ta) if
[ ) %g
e status(£) = mul,, for some m € Nwithm <n
® £(s1,...,85) Jfpo ti foralli e {1,...,n}
[ ]

{sts- s Smineom) H (=Lp0)mut {1, -+ - st}
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Recall: well-foundedness proof of RPO:
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terminating



Reduction ordering RPO A higher-order RPO Computability Automation
[o]e] 000000 00000000 @000 [e]e]

Challenge: well-foundedness of HORPO

Recall: well-foundedness proof of RPO:

if (s1,...,s,) terminating, and £(s;,...,s,) >Lpo t, then ¢
terminating

Problem: termination of, e.g., map(F, cons(x,y)) depends on
the behaviour of F.
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Challenge: well-foundedness of HORPO

Recall: well-foundedness proof of RPO:

if (s1,...,s,) terminating, and £(s;,...,s,) >Lpo t, then ¢
terminating

Problem: termination of, e.g., map(F, cons(x,y)) depends on
the behaviour of F.

Example:
map(F,[]) — I

map(F, cons(x,y)) — cons(F-x,map(F,y))
fx — f(sx)
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Solution: computability

Definition

e aterm s of base type is computable if s is terminating
(under >po)
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[o]e] 000000 00000000 0000

Solution: computability

Definition
e aterm s of base type is computable if s is terminating
(under >po)

e aterm s of type o = 7 is computable if
for all computable ¢ of type o
the term s - ¢ (of type 7) is also computable

Automation
[e]e]
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[o]e] 000000 00000000 0000

Solution: computability

Definition

e aterm s of base type is computable if s is terminating
(under >po)

e aterm s of type o = 7 is computable if
for all computable ¢ of type o
the term s - ¢ (of type 7) is also computable

(This is well-defined by induction on types.)

Automation
[e]e]
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Claim: for all types o
1. all variables of type o are computable
2. every computable term of type o is terminating
3. if s :: o is computable and s -1po 7 then ¢ is computable

Proof: by induction on o
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Properties of computability

Claim: for all types o
1. all variables of type o are computable
2. every computable term of type o is terminating
3. if s :: o is computable and s -1po 7 then ¢ is computable

Proof: by shared induction on o

Automation
[e]e]
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Properties of computability

Claim: for all types o
1. all variables of type o are computable
2. every computable term of type o is terminating
3. if s :: o is computable and s -1po 7 then ¢ is computable

Proof: by shared induction on o (class exercise)

Automation
[e]e]
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Soundness of HORPO

Main proof ideas:

e if s[x := 7] is computable for all computable ¢, then Ax.s
computable

e ifsy,..., s, computable, and £(sy,...,s) Tpo 4,
then ¢[x := u] is computable for all computable i

(by induction first on £,
then on (s, ..., sx) ordered with status(£),
and finally on the derivation of £(s1,...,s¢) 2o 1)

Automation
[e]e]
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Implementing automatic HORPO proof search

Needed: status, precedence, which clause to apply when
Strategy: use existing SAT or SMT solvers!
Idea:
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Implementing automatic HORPO proof search

Needed: status, precedence, which clause to apply when
Strategy: use existing SAT or SMT solvers!

|dea:

e for each function symbol: an integer value for the
precedence

e for each function symbol: an integer value for the status
e for each HORPO relation we encounter: a boolean variable
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Example: encoding proof search for map

Formula:
[ ] V]
® (vi > vaVv3Vug Vs V)

Variables:
ey =
® v = "map(F, cons(x,y
® v3 = “map(F, cons(x,y

(copy)”

F,y))
y)) (sub)”
F,y)

)

“map(F, cons(x,y)) =Lpo cons(F - x,map(
)) 2bo cons(F - x,map(F,

)) 2Ppo cons(F - x, map(



Reduction ordering RPO A higher-order RPO Computability Automation
000000 00000000 0000 oe

Example: encoding proof search for map

Formula:
°
® (vi > vaVv3Vug Vs V)
° (v2 — vV VS)

Variables:
® v; = "map(F, cons(x,y)) =rpo cons(F - x,map(F,y))
® vy = “map(F, cons(x,y)) :’%PO cons(F - x,map(F,y)) (sub)”
® v3 = “map(F, cons(x,y)) ngO cons(F - x,map(F,y))

(copy)’
® v; =“F >=1po cons(F - x,map(F,y))"
® vg = “cons(x,y) =Lpo cons(F - x,map(F,y))

”
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Example: encoding proof search for map

Formula:
°
® (vi > vaVw3VugVsVug) A
° (v2—>V7\/v8)/\
® (v3 = (Precuay > precegns Ave Avig)) A

Variables:
® v; = "map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))”
* vy = “map(F, cons(x,y)) 2py cons(F - x,map(F,y)) (sub)”
® v3 = “map(F, cons(x,y)) ngO cons(F - x,map(F,y))
(copy)’
vy = “F >=1po cons(F - x,map(F,y))"
vg = “cons(x,y) =Lpo cons(F - x,map(F,y))”
vg = “map(F, cons(x,y)) :I%PO F-x’

vio = “map(F, cons(x,y)) Dpo map(F, )"
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Example: encoding proof search for map

Formula:

°

® (vi > vaVw3VugVsVug) A

° (v2—>V7\/v8)/\

® (v3 = (Precuay > precegns Ave Avig)) A

[
Variables:

® v; = "map(F, cons(x,y)) =Lpo cons(F - x,map(F,y))”

)) 2pe cons(F - x,map(F,y)) (sub)’

) e cons(F - x,map(F, )

® vy = “map(F, cons(x,y
® v3 = “map(F, cons(x,y
(copy)”

v7 =“F =1po cons(F - x,map(F,y))"

vg = “cons(x,y) =Lpo cons(F - x,map(F,y))”
vy = “map(F, cons(x,y)) :II?PO F-x

vio = “map(F, cons(x,y)) Dpo map(F, )"
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