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Motivation

Goal:

We want to prove termination of large higher-order term
rewriting systems.
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Motivation

Goal:

We want to prove termination of large higher-order term
rewriting systems.

Secondary goal:

We want to prove termination properties of part of a
higher-order TRS.
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Running example
I(x) — «x
minus(x,0) — x
minus(s(x),s(y)) —  minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(y)) —  s(quot(minus(x,y), s(y)))
ack(0,y)  —  s(y)
ack(s(x),0) —  ack(x,s(0))
ack(s(x),s(y)) —  ack(x,ack(s(x),y))
inc(0)  —  s(inc(s(0)))
fexp(0,y) — ¥
fexp(s(x),y) —  double(x,y,0)
double(x,0,z) —  fexp(x,z)
double(x,s(y),z) —  double(x,y,s(s(z)))
hd(cons(x,l)) — x
len() — o0
len(cons(x,l)) —  s(len(l))
nap(F, ) — I
map(F, cons(x,l)) —  cons(F - x,map(F,[))
fold(F,x,[]) — «x
fold(F,x, cons(y,/)) —  fold(F,F-x-y,l)
mkbig(l,x) —  map(ack(x),!)
mkdiv(l,x) —  map(Ay.quot(y,x),!)
sma(b,F,0) — 0
sma(true, F,s(x)) —  s(x)
sma(false, F,s(x)) —  sma(F -x, F,quot(x, s (s 0)))
twice(F,x) — F-(F-x)
H(s(x)) —  H(twice(I,x))

argument filters
0000
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Modularity

Ideal situation:
e split R into R = A U B (signatures share only constructors)
e prove termination of A and B separately
e conclude termination of R
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Modularity
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e split RintoR=A
® prove terminati

e termination of R

are only constructors)
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Modularity

Ideal situ
e split RintoR=A
® prove terminati

e termination of R

are only constructors)

Toyama’s counterexample:
e A={f(a,b,x) = £(x,x,x) }
¢ B={m(x,y) = x;m(x,y) =y}
¢ non-termination of A U B due to £(a,b, 7(a,b))
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Modularity

Pretty good situation:
e split R into R = A U B (signatures share only constructors)

® prove termination of A UC, and B U C. separately
(here,Cc={mxy—x;mxy—y})
e conclude termination of R U C.
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Pre od situation:
e split R into U B (signatures sh

® prove termination of A U
(here, Cc =

e termination of R U C.

y constructors)
B U C. separately
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Modularity

Pre od situation:
e split R into U B (signatures sh y constructors)
® prove termination of A U B U C. separately

(here, Cc =
e termination of R U C.

My counterexample:

( comp2(0,s(y)) — false
comp2(s(0),s(y)) — false
A comp2(x,0) — true
| comp2(s(s(x)),s(y)) — comp2(x,y)
find(F,x,false) — end(x)
L find(F,x,true) — f£ind(F,s(x),comp2(F -x,x))

B = {double(0) = 0 double(s(x)) = s(s(double(x))) }
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Modularity

Pre od situation:
e split R into U B (signatures sh

® prove termination of A U
(here, Cc =

e termination of R U C.

y constructors)
B U C. separately

My counterexample:
( comp2(x,y) — “ifx>2y
then true
else false”

find(F,x,false) — end(x)
| find(F,x,true) — find(F,s(x),comp2(F -x,x)) )

B = {double(0) = 0 double(s(x)) = s(s(double(x))) }
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Higher-order Modularity is hard!

Appel, Oostrom, Simonsen (2010):

Almost no modularity properties hold for higher-order rewriting!
(Even when they do hold for first-order rewriting.)
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Higher-order Modularity is hard!

Appel, Oostrom, Simonsen (2010):

Almost no modularity properties hold for higher-order rewriting!
(Even when they do hold for first-order rewriting.)

Property TRS | STTRS | CRS | PRS

Confluence Yes No No No
Normalization Yes | No () | No (f) | No (1)

Termination No No No No

Completeness No No No No

Confluence, for left-linear systems Yes Yes Yes Yes
Completeness, for left-linear systems Yes | No () |No (f) | No (1)
Unique normal forms Yes | No () |No (f) | No (})

Normalization, non-duplicating pattern systems || Yes | Yes (}) ? ?
Termination, non-duplicating pattern systems Yes | Yes (1) ? No (1)
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Dependency Pairs

ldea:
e isolate function calls in reduction rules
e determine groups of recursive calls
¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop
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Dependency Pairs

ldea:
e isolate function calls in reduction rules
e determine groups of recursive calls
¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop

cons(min(x, y), minsort

if(le(x, y), min(x

z, cons(y, del(

map (T, y))
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Dependency Pairs

ldea:
e isolate function calls in reduction rules
e determine groups of recursive calls
¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop
0] le#(s(X), s'? =

cons (X, Y)))
Y))

min(X, Z), min(Y, Z))

Y), Z, cons(Y, del(X, Z)))

))
))
))
))
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Dependency Pairs

Idea:
e isolate function calls in reduction rules
e determine groups of recursive calls
¢ prove for each group of recursive calls that it doesn’t lead

to an infinite loop

X, Y), cons(X, Y)))

del#(X, cons(Y
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Dependency Pairs

Idea:
e isolate function calls in reduction rules
e determine groups of recursive calls

¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop

Practice:
e “dependency pair’ ~ “function call”
e “dependency pair problem” = “group of calls”
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Dependency Pairs

Idea:
e isolate function calls in reduction rules
e determine groups of recursive calls

¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop

Practice:
e “dependency pair’ ~ “function call”

e “dependency pair problem” = “group of calls”
e each dependency pair problem can be finite or infinite:
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Dependency Pairs

Idea:
e isolate function calls in reduction rules
e determine groups of recursive calls

¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop

Practice:
e “dependency pair’ ~ “function call”
e “dependency pair problem” = “group of calls”

e each dependency pair problem can be finite or infinite:

e finite: harmless; this group of calls does not lead to
non-termination
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Dependency Pairs

Subterms argument filters
00000000 0000

Idea:
e isolate function calls in reduction rules
e determine groups of recursive calls

¢ prove for each group of recursive calls that it doesn’t lead
to an infinite loop

Practice:
e “dependency pair’ ~ “function call”

e “dependency pair problem” = “group of calls”

e each dependency pair problem can be finite or infinite:

e finite: harmless; this group of calls does not lead to
non-termination

e infinite: harmful: this group of calls does lead to
non-termination
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First-order dependency pairs

minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — ©
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))
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First-order dependency pairs

minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))

Question: what is a “function call*?
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First-order dependency pairs

minus(x,0) — x

minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0

quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))

Question: what is a “function call”?
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First-order dependency pairs

minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))

Question: what is a “function call”?
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First-order dependency pairs

minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))

Question: what is a “function call*?

Answer: subterms whose root symbol is a defined symbol.
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First-order dependency pairs

minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))

Question: what is a “function call”?
Answer: subterms whose root symbol is a defined symbol.
Dependency pairs:

minusf(s(x),s(y)) — minusf(x,y)

quoth(s(x),s(y)) — minusf(x,y),s(y)
quotf(s(x),s(y)) — quotf(minus(x,y),s(y))
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First-order dependency pair chain

Definition: a minimal DP chain over (P, R) is a reduction chain:

S| —p %%Sz—)ptz—)%...
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First-order dependency pair chain
Definition: a minimal DP chain over (P, R) is a reduction chain:
S| —p —>7QS2 —p —);3

Such that:
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First-order dependency pair chain
Definition: a minimal DP chain over (P, R) is a reduction chain:

S| —p %%Sz—)ptz—)%...

Such that:

e each reduction s; —p ¢; is at the root
(so s; = ¢~y and t; = ry for some ¢ — r € P)
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First-order dependency pair chain

Definition: a minimal DP chain over (P, R) is a reduction chain:
S| —p —>7QS2 —p —);3

Such that:

e each reduction s; —p ¢; is at the root
(so s; = ¢~y and t; = ry for some ¢ — r € P)

¢ each reduction s; —% #; occurs below the root
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First-order dependency pair chain

Definition: a minimal DP chain over (P, R) is a reduction chain:
S| —p —>7QS2 —p —);3

Such that:
e each reduction s; —p t; is at the root
(so s; = ¢~y and t; = ry for some ¢ — r € P)
¢ each reduction s; —% #; occurs below the root
(this is actually automatic: root symbols are constructors)
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First-order dependency pair chain

Definition: a minimal DP chain over (P, R) is a reduction chain:
S| —p —>7QS2 —p —);3

Such that:

e each reduction s; —p t; is at the root
(so s; = ¢~y and t; = ry for some ¢ — r € P)

¢ each reduction s; —% #; occurs below the root
(this is actually automatic: root symbols are constructors)

e each 7; is terminating with respect to —z
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First-order dependency pair chain

Definition: a minimal DP chain over (P, R) is a reduction chain:
S| —p —>7QS2 —p —);3

Such that:

e each reduction s; —p t; is at the root
(so s; = ¢~y and t; = ry for some ¢ — r € P)

¢ each reduction s; —% #; occurs below the root
(this is actually automatic: root symbols are constructors)

e each 7; is terminating with respect to —z
Claim:

there is an infinite minimal (DP(R), R)-chain
if and only if
—x i non-terminating
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Dependency chain claim

Claim:

there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

argument filters
0000



Modularity First-order Higher-order Graph Subterms
000000 [e]e] le]e]e] 0000000000000 000 000000 00000000

Dependency chain claim

Claim:

there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

Proof:

argument filters
0000
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Dependency chain claim

Claim:

there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

Proof:
= Ifs —pp(r) tthen [s| —x - > 1.

argument filters
0000
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Dependency chain claim

Claim:

there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

Proof:
= Ifs —pp(r) tthen [s| —x - > 1.

< If —»x is non-terminating, there is a minimal

non-terminating term s.

argument filters
0000
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Dependency chain claim

Claim:
there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

Proof:
= Ifs —pp(r) tthen [s| —x - > 1.

< If —»x is non-terminating, there is a minimal

non-terminating term s.
Hence, there is an infinite reduction

argument filters
0000

s = (51, -+, 5) = R.n (s, 8) =0y =Ry =R ...
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Dependency chain claim

Claim:

there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

Proof:
= Ifs —pp(r) tthen [s| —x - > 1.

< If —»x is non-terminating, there is a minimal

non-terminating term s.
Hence, there is an infinite reduction

argument filters
0000

s = (51, -+, 5) = R.n (s, 8) =0y =Ry =R ...

Let p be the smallest subterm of r such that p~v is

non-terminating.
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Dependency chain claim

there is an infinite minimal (DP(R), R)-chain
if and only if —% is non-terminating

= Ifs —pp(r) tthen [s| —x - > 1.

< If —»x is non-terminating, there is a minimal
non-terminating term s.
Hence, there is an infinite reduction

s = (51, -+, 5) = R.n (s, 8) =0y =Ry =R ...

Let p be the smallest subterm of r such that p~v is
non-terminating.

We easily see: ¢ — p? is a dependency pair!
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Proving termination using dependency pairs

Rules:
minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0O
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))
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Proving termination using dependency pairs

Rules:
minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0O
quot(s(x),s(y)) — s(quot(minus(x,y),s(v)))

Dependency pairs:

minusf(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minusi(x,y),s(y)
quot?(s(x),s(y)) — quoti(minus(x,y),s(y))
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Proving termination using dependency pairs

Rules:
minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0O
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))

Dependency pairs:

minusf(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minus(x,y),s(y)
quot?(s(x),s(y)) — quoti(minus(x,y),s(y))

Observation: In an infinite chain, if ever we encounter a root
symbol minust the root symbol never becomes quot! again!
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Modularity using dependency pairs

|dea:

Ruor I8 NON-terminating
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Modularity using dependency pairs

|dea:

Ruor I8 NON-terminating

if and only if
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Modularity using dependency pairs

Idea:
Ruor I8 NON-terminating
if and only if

there is an infinite minimal (DP(Rgu0t ), Reuor )-chain
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Modularity using dependency pairs

|dea:

Ruor I8 NON-terminating
if and only if
there is an infinite minimal (DP(Rgu0t ), Reuor )-chain

if and only if
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Modularity using dependency pairs

Ruor I8 NON-terminating

if and only if

there is an infinite minimal (DP(Rgu0t ), Reuor )-chain

if and only if

there is an infinite minimal

({quotf(s(x), s(y)) = quotf(minus(x,y), s())}, Rquor )-chain

or
there is an infinite minimal
({minusf(s(x), s(y)) = minus®(x,y)}, Rquo: )-chain
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Exercises

1. Identify the dependency pairs of:

ack(0,y) — s(y)
ack(s(x),0) — ack(x,s(0))
ack(s(x),s(y)) — ack(x,ack(s(x),y))
inc(0) — s(inc(s(0))
fexp(0,y) —
fexp(s(x),y) — double(x,y,0)
double(x,0,z) — fexp(x,z)
) —

double(x,y, s(s(z)))
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Exercises

1. Identify the dependency pairs of:

ack(0,y) — s(y)
ack(s(x),0) — ack(x,s(0))
ack(s(x),s(y)) — ack(x,ack(s(x),y))
inc(0) — s(inc(s(0))
fexp(0,y) —
fexp(s(x),y) — double(x,y,0)
double(x,0,z) — fexp(x,z)
) —

double(x,y, s(s(z)))

2. Can you split up the resulting problem whether an infinite
minimal (DP(R), R)-chain exists?
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Exercises

1. Identify the dependency pairs of:

ack(0,y) — s(y)
ack(s(x),0) — ack(x,s(0))
ack(s(x),s(y)) — ack(x,ack(s(x),y))
inc(0) — s(inc(s(0))
fexp(0,y) —
fexp(s(x),y) — double(x,y,0)
double(x,0,z) — fexp(x,z)
double(x,s(y),z) — double(x,y,s(s(z)))

2. Can you split up the resulting problem whether an infinite
minimal (DP(R), R)-chain exists?

3. This should result in multiple problems “is there an infinite
minimal (P, R)-chain?” Can you prove for some of them
that the answer is no (such a chain does not exist)?



Modularity First-order Higher-order Graph Subterms argument filters
000000 000000 900000000000 0000 000000 00000000 0000

Higher-order challenges
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Higher-order challenges

Discussion: what should be the dependency pairs of R, ?

map(F,[]) — ]
map(F,cons(x,l)) — cons(F-x,map(F,I))
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Higher-order challenges

argument filters
0000

Discussion: what should be the dependency pairs of R, ?

map(F,[]) — ]
map(F,cons(x,l)) — cons(F-x,map(F,I))

Two approaches:
e dynamic dependency pairs: include collapsing DPs like
map!(F, cons(x,l)) = F - x

e static dependency pairs: only include non-collapsing DPs
like map?(F, cons(x,1)) — mapt(F, ).
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Higher-order challenges

Discussion: what should be the dependency pairs of R, ?

map(F,[]) = ]
map(F,cons(x,l)) — cons(F -x,map(F,I))

Two approaches:
e dynamic dependency pairs: include collapsing DPs like
mapt(F, cons(x,l)) = F - x
e static dependency pairs: only include non-collapsing DPs
like map?(F, cons(x,[)) — mapf(F, ).

Underlying proof idea:
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Higher-order challenges

Discussion: what should be the dependency pairs of R, ?

map(F,[]) — ]
map(F,cons(x,l)) — cons(F-x,map(F,I))

Two approaches:
e dynamic dependency pairs: include collapsing DPs like
map!(F, cons(x,l)) = F - x
e static dependency pairs: only include non-collapsing DPs
like map?(F, cons(x,1)) — mapt(F, ).

Underlying proof idea:

e dynamic DPs: in a DP fﬁ(fl, ..., ) — r, all (instances of
each) ¢; are assumed to be terminating.



Modularity First-order Higher-order Graph Subterms argument filters
000000 000000 900000000000 0000 000000 00000000 0000

Higher-order challenges

Discussion: what should be the dependency pairs of R, ?

map(F,[]) — ]
map(F,cons(x,l)) — cons(F-x,map(F,I))

Two approaches:
e dynamic dependency pairs: include collapsing DPs like
map!(F, cons(x,l)) = F - x
e static dependency pairs: only include non-collapsing DPs
like map?(F, cons(x,1)) — mapt(F, ).
Underlying proof idea:
e dynamic DPs: ina DP £%(¢y,...,4) — r, all (instances of
each) ¢; are assumed to be terminating.
e static DPs: in a DP £%(¢y,..., ) — r, all (instances of
each) ¢; are assumed to be compuable.
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Higher-order challenges

Discussion: what should be the dependency pairs of R, ?

map(F,[]) — ]
map(F,cons(x,l)) — cons(F-x,map(F,I))

Two approaches:

e static dependency pairs: only include non-collapsing DPs
like map?(F, cons(x,1)) — mapt(F, ).

Underlying proof idea:

e static DPs: ina DP ££(¢y,..., ) — r, all (instances of
each) ¢; are assumed to be compuable.
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Higher-order challenges

Discussion: what should be the dependency pairs of:

up(/) = map(Ar.double(x),l)

argument filters
0000
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Higher-order challenges
Discussion: what should be the dependency pairs of:

up(/) = map(Ar.double(x),l)

Likely answer:

upf(l) = mapf(Ax.double(x),!)
upt(l) — doublef(x)

argument filters
0000
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up(/) = map(Ar.double(x),l)

Likely answer:

upf(l) = mapf(Ax.double(x),!)
upt(l) — doublef(x) <« fresh variable x
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Higher-order challenges

Discussion: what should be the dependency pairs of:

up(/) = map(Ar.double(x),l)

Likely answer:

upf(l) = mapf(Ax.double(x),!)
upt(l) — doublef(x) <« fresh variable x

But: we may assume x is computable.
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Higher-order challenges

Discussion: what should be the dependency pairs of:

up(/) — map(double,l)

Likely answer:

uph(l) = mapf(double,l)
upt(l) — doublef(x)

Again: we may assume that x is computable.
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f(F,x) > F-x
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Higher-order challenges

Discussion: what should be the dependency pairs of:

f(F,x) > F-x

Likely answer: this should not have any dependency pairs!
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Higher-order challenges
Discussion: what should be the dependency pairs of:
f(F,x) > F-x
Likely answer: this should not have any dependency pairs!
Discussion: what should be the dependency pairs of:

app(lam(F),x) — F -x
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Higher-order challenges
Discussion: what should be the dependency pairs of:

f(F,x) > F-x

Likely answer: this should not have any dependency pairs!
Discussion: what should be the dependency pairs of:

app(lam(F),x) — F -x

Likely answer: This should not be allowed!
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Definition

A HTRS is plain function passing if:
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Plain function passing

Definition

A HTRS is plain function passing if:
for all rules £(¢;,...,4) —r:
if /; > F with F' a variable of higher type
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Plain function passing

Definition

A HTRS is plain function passing if:
for all rules £(¢;,...,4) —r:
if /; > F with F' a variable of higher type
then ¢; = F or F does not occur in r
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Plain function passing

[

cons
double
map

up

list

nat = list = list

nat = nat

(nat = nat) = list = list
list = list

map(F,[]) — I

map(F, cons(x,[))
up(/)

— cons(F - x,map(F,))
— map(Ax.double(x),)

argument filters
0000
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Plain function passing
(] list
cons nat = list = list
double nat = nat
map (nat = nat) = list = list
up list = list

map(F,[]) — I

map(F, cons(x,[))
up(/)

v

— cons(F - x,map(F,))
— map(Ax.double(x),)

argument filters
0000
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Plain function passing

app : term = term =-term
lam : (term = term) = term

app(lam(F)) — F

argument filters
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Plain function passing

app : term = term =-term
lam : (term = term) = term

app(lam(F)) — F

X

argument filters
0000
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Plain function passing

[ = list
cons : (nat=- nat) = list = list
map : ((nat= nat) = nat = nat) = list = list
up o list = list

map(F, ) — 1
map(F,cons(x,l)) — cons(F-x,map(F,I))
up(l) — map(Ar.x,l)
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Plain function passing

[ = list
cons : (nat=- nat) = list = list
map : ((nat= nat) = nat = nat) = list = list
up o list = list

map(F, ) — 1
map(F,cons(x,l)) — cons(F-x,map(F,I))
up(l) — map(Ar.x,l)

X
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I(x) — «x
minus(x,0) — x
minus(s(x), s(y)) —  minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(v)) —  s(quot(minus(x,y), s(y)))
ack(0,y)  —  s(y)
ack(s(x),0) —  ack(x,s(0))
ack(s(x),s(y)) —  ack(x,ack(s(x),y))
inc(0)  —  s(inc(s(0)))
fexp(0,y) — ¥
fexp(s(x),y) —  double(x,y,0)
double(x,0,z) —  fexp(x,z)
double(x, s(y),z) —  double(x,y,s(s(z)))
hd(cons(x,l)) — x
len() — o0
len(cons(x,l)) —  s(len(l))
map(F, ) — I
map(F, cons(x,l)) —  cons(F - x,map(F,[))
fold(F,x,[]) — «x
fold(F,x, cons(y,/)) —  fold(F,F-x-y,l)
mkbig(l,x) —  map(ack(x),!)
mkdiv(l,x) —  map(Ay.quot(y,x),!)
sma(b,F,0) — 0
sma(true, F,s(x)) —  s(x)
sma(false, F,s(x)) —  sma(F -x, F,quot(x, s (s 0)))
twice(F,x) — F-(F-x)
H(s(x)) —  H(twice(I,x))

argument filters
0000
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Plain function passing
I(x) — «x
minus(x,0) — x
minus(s(x), s(y)) —  minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(v)) —  s(quot(minus(x,y), s(y)))
ack(0,y)  —  s(y)
ack(s(x),0) —  ack(x,s(0))
ack(s(x),s(y)) —  ack(x,ack(s(x),y))
inc(0)  —  s(inc(s(0)))
fexp(0,y) — ¥
fexp(s(x),y) —  double(x,y,0)
double(x,0,z) —  fexp(x,z)
double(x, s(y),z) —  double(x,y,s(s(z)))
hd(cons(x,l)) — x
len() — o0
len(cons(x,l)) —  s(len(l))
map(F, ) — I
map(F, cons(x,l)) —  cons(F - x,map(F,[))
fold(F,x,[]) — «x
fold(F,x, cons(y,/)) —  fold(F,F-x-y,l)
mkbig(l,x) —  map(ack(x),!)
mkdiv(l,x) —  map(Ay.quot(y,x),!)
sma(b,F,0) — 0
sma(true, F,s(x)) —  s(x)
sma(false, F,s(x)) —  sma(F -x, F,quot(x, s (s 0)))
twice(F,x) — F-(F-x)
H(s(x)) —  H(twice(I,x))

v

argument filters
0000
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Definition

Definition
For a term s the candidates of s are given by:

Cand(£(s1,...,8:)) = {£(s1,...,5)} UUr, Cand(s;)
Cand(c(s1,...,5)) = U, Cand(s;)
Cand(x ST Sn) = U?:l Cand(si)
Cand(Ax ) = Cand(s[x :=y])
Cand((\x.t) - s = Cand(f[x := s1] - 51 - - - 5,) U Cand(sy

~—
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Definition

Definition
For a term s the candidates of s are given by:

Cand(£(s1,...,8:)) = {£(s1,...,5)} UUr, Cand(s;)
Cand(c(s1,...,5)) = U, Cand(s;)
Cand(x ST Sn) = U?:l Cand(si)
Cand(Ax ) = Cand(s[x :=y])
Cand((\x.t) - s = Cand(f[x := s1] - 51 - - - 5,) U Cand(sy

~—

Dependency pairs of arule £(¢y,...,4) — r:
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Definition

Definition
For a term s the candidates of s are given by:

Cand(£(s1,...,8:)) = {£(s1,...,5)} UUr, Cand(s;)
Cand(c(s1,...,5)) = U, Cand(s;)
Cand(x-s;---s,) = Ui, Cand(s:)
)

Cand(Ax s) = Cand(s[x :=y])
Cand((Ax.t) -so---s, = Cand(t[x:=s1]-s1---s,) U Cand(sy)
Dependency pairs of arule £(¢y,...,4) — r:

e ifriol=>...=>0,=>1
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Definition

Definition
For a term s the candidates of s are given by:

Cand(£(s1,...,8:)) = {£(s1,...,5)} UUr, Cand(s;)
Cand(c(s1,...,5)) = U, Cand(s;)
Cand(x-s;---s,) = Ui, Cand(s:)
)

Cand(Ax s) = Cand(s[x :=y])
Cand((Ax.t) -so---s, = Cand(t[x:=s1]-s1---s,) U Cand(sy)
Dependency pairs of arule £(¢y,...,4) — r:

e ifriol=>...=>0,=>1
e and g(ty,...,t,) € Cand(r - xj - - - xp) (fresh X)
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Definition

Definition
For a term s the candidates of s are given by:

Cand(£(s1,...,8:)) = {£(s1,...,5)} UUr, Cand(s;)
Cand(c(s1,...,5)) = U, Cand(s;)
Cand(x-s;---s,) = Ui, Cand(s:)
)

Cand(Ax s) = Cand(s[x :=y])
Cand((Ax.t) -so---s, = Cand(t[x:=s1]-s1---s,) U Cand(sy)
Dependency pairs of arule £(¢y,...,4) — r:

e ifriol=>...=>0,=>1
e and g(1,...,t,) € Cand(r - x; - - - x,) (fresh %)
e and g(ty,...,ty) iTI = ... =T >k
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Definition

Definition
For a term s the candidates of s are given by:

Cand(£(st,...,5)) = {£(s1,...,8)} UL, Cand(s;)
Cand(c(si,...,8,)) = U, Cand(s;)

Cand(x-s;---s,) = Ui, Cand(s:)
)

Cand(m s) = Cand(s[x :=y])
Cand((Ax.t) -so---s, = Cand(t[x:=s1]-s1---s,) U Cand(sy)
Dependency pairs of arule £(¢y,...,4) — r:

froo=...=>o0o,=>1

and g(ty,...,t,) € Cand(r - xj - - - x,) (fresh X)

and g(ty,....ty) i1 = ... => T =K

then £5(0y, ... 0k, x1, ... xm) — gﬁ(tl,...,tn,y],...,yp) is in
a dependency pair of this rule (for fresh y)
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Exercise

Compute the dependency pairs of:

0 = nat
s 1 nat= nat
a = 0
c 1 0=0
rec : nat= nat= (nat = nat = nat) = nat
add : nat= nat= nat
mul : nat= nat=- nat
£ © 0=0
rec(0,F,y) — vy
rec(s(x),F,y) — F-x-rec(x,F,y)
add(x) — rec(x,Azs)
mul(x) — rec(x,Az.add(z))
f(b) — c((A.f(x))-a)
fla) — c((Mxa)-£f(b))
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Higher-order-order dependency pair chain

Definition: a computable DP chain over (P, R) is a reduction
chain:
S| —p —>%S2 —p b —>%
Such that:
® each reduction s; —p t; is at the root
* each reduction s; —% #; occurs below the root
e each r; is computable with respect to —5

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating
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Higher-order-order dependency pair chain

Definition: a computable DP chain over (P, R) is a reduction
chain:
S| —p —>72S2 —p b —>;<3
Such that:
® each reduction s; —p t; is at the root
* each reduction s; —% #; occurs below the root
e each r; is computable with respect to —5

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating

if there is an infinite computable (DP(R), R)-chain

using only dependency pairs ¢ — r with FV(r) C FV (/)
then —5 is non-terminating
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Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating
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Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating

Proof sketch:
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Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating

Proof sketch:

¢ |f —% is non-terminating, there is a non-terminating
base-type term s whose strict subterms are comptable.
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Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating

Proof sketch:

¢ |f —% is non-terminating, there is a non-terminating
base-type term s whose strict subterms are comptable.

e Consider an infinite reduction

/ /
S%;Z,in f(sla'-"sk)ZEW%Rr’y_)R"-
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Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating

Proof sketch:

¢ |f —% is non-terminating, there is a non-terminating
base-type term s whose strict subterms are comptable.

e Consider an infinite reduction
s —ﬁz’m (s, ., 80) =0y =R Y =R ...

e |dentify a smallest subterm p of r such that p~ is
non-computable.
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Dependency chain claim: proof sketch

Claim:

there is an infinite computable (DP(R), R)-chain
if —% is non-terminating

Proof sketch:

¢ |f —% is non-terminating, there is a non-terminating
base-type term s whose strict subterms are comptable.

e Consider an infinite reduction
s —ﬁz’m (s, ., 80) =0y =R Y =R ...

e |dentify a smallest subterm p of r such that p~ is
non-computable.

e Thenr-y;---y,is acandidate.
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e admits most (terminating) common examples
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cons : a = list(a) = list(a))
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¢ performs poorly with polymorphism (e.g.,
cons : a = list(a) = list(a))
¢ but: requirement can be weakened to avoid this problem!
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¢ performs poorly with polymorphism (e.g.,
cons : a = list(a) = list(a))
¢ but: requirement can be weakened to avoid this problem!

Polymorphism overall:
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Discussion:

Plain-function passingness:
e admits most (terminating) common examples
¢ performs poorly with polymorphism (e.g.,
cons : a = list(a) = list(a))
¢ but: requirement can be weakened to avoid this problem!

Polymorphism overall:

e forcing rules into base-type before computing dependency
pairs. ..
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Discussion:

Plain-function passingness:
e admits most (terminating) common examples
¢ performs poorly with polymorphism (e.g.,
cons : a = list(a) = list(a))
¢ but: requirement can be weakened to avoid this problem!

Polymorphism overall:

e forcing rules into base-type before computing dependency
pairs. ..

e can be done with slightly different definitions
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Dependency Pair
Processors
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Splitting by root symbol

Recall:

minus#(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minus(x,y),s(y)
quot(s(). 50) — auoti(ninns(iy). ()

argument filters
0000
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Splitting by root symbol

Recall:

minusf(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minus(x,y),s(y)
quoth(s(x),s(y)) — quotf(minus(x,y),s(y))

Observation: In an infinite chain, if ever we encounter a root
symbol minust the root symbol never becomes quot! again!
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Splitting by root symbol

Recall:

minusf(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minus(x,y),s(y)
quoth(s(x),s(y)) — quotf(minus(x,y),s(y))

Observation: In an infinite chain, if ever we encounter a root
symbol minust the root symbol never becomes quot! again!

More general:
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Splitting by root symbol

Recall:

minusf(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minus(x,y),s(y)
quoth(s(x),s(y)) — quotf(minus(x,y),s(y))

Observation: In an infinite chain, if ever we encounter a root
symbol minust the root symbol never becomes quot! again!

More general:
e Consider: which pairs can follow each other in a chain?
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Splitting by root symbol

Recall:

minusf(s(x),s(y)) — minusf(x,y)
quotf(s(x),s(y)) — minus(x,y),s(y)
quoth(s(x),s(y)) — quotf(minus(x,y),s(y))

Observation: In an infinite chain, if ever we encounter a root
symbol minust the root symbol never becomes quot! again!
More general:
e Consider: which pairs can follow each other in a chain?
e Split the DPs into groups that may follow each other!
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Splitting call groups method

Idea:
¢ Given: a set of dependency pairs

e Create: blue and red subsets Ay, ..., A, such that:

argument filters
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Splitting call groups method

Idea:
¢ Given: a set of dependency pairs

e Create: blue and red subsets Ay, ..., A, such that:

® apairin A; can only be followed in a chain by a pair in
A, Ar,y. A
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Splitting call groups method

|dea:

¢ Given: a set of dependency pairs
e Create: blue and red subsets Ay, ..., A, such that:

® apairin A; can only be followed in a chain by a pair in
Ao, A, .. A
e if A; is red, then it cannot be followed by a pair in A; either
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Splitting call groups method

|dea:

¢ Given: a set of dependency pairs
e Create: blue and red subsets Ay, ..., A, such that:
® apairin A; can only be followed in a chain by a pair in
Ao, A, ..., A;
e if A; is red, then it cannot be followed by a pair in A; either
¢ Then: it suffices to prove that there is no chain over each
blue subset!
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Running example

mlnusﬁ(s(x), s(y)) — minusn(x, y)
quotf(s(x), s(y)) — minush(x,y)
quotf(s(x), s(v)) — quotﬁ(minus(x, ¥), s(y))

ackf(s(x),0) —  ackl(x, s(0))
ackf(s(x),s(r)) —  ackfi(s(x),y)
ackl(s(x),s(y)) —  ackf(y,ack(s(x),y))

mcﬂ(o) —  incf(s(0))
fexph (s(x),y) — doublen(x,)', 0)
doublef(x,0,2) —  fexpf(r,2)

doublef(x,s(y),z) —  doublef(x,y, s(s(2)))
lenn(cons(x‘7 n) - lenn([)

mapf (F, cons(x, 1)) —  mapf(F,1)

foldﬁ(F,.\,cons()',l)) — foldﬁ(F,F-,\'gv,l)
mkoigh(l,x) = ackf(y,y)
mkbigh(l,x) — mapu(ack(,x’), 0)
mkdivi(l,x) = quoth(y,x)
mkdivi(l,x)  —  mapf(Ay.quot(y,x), 1)
smau(false F,s(x)) — quotn(x, s (s0))
sma*(false, F,s(x)) —  sma®(F-x, F,quot(x,s (s0)))
W) o 1)
wh(s(x)) —  twicel(1,x)
af(s(x)) —  af(twice(1,x))

argument filters
0000



Modularity First-order Higher-order Graph Subterms
000000 000000 000000000000 0000 00@000 00000000
Running example
Ay minus (s(\), s(y) — minusu(,\,)')
Ay quot(s(x),s(y)) — minust(x,y)
Az quot¥(s(x), s(y)) —  aquot®(minus(x,y), s(y))
Ay ackf(s(x),0) —  ackP(x,s(0))
acku(s(x), s(y)  —  ackf(s(x),y)
ackb(s(),s()) = ackb(x,ack(s(x),))
As incf(0) —  incf(s(0))
Ag fexpf(s(x),y) — doublef(x,y,0)
doublen(x, 0,2) — fexpﬁ(,r,z)
doublef(x,s(y),2) —  doublef(x,y, s(s(2)))
A7 lenn(cons(x, n) — 1enn(l)
Ag map? (F, cons(x, 1)) — maph(F,[)
Ag fo1df(F,x, cons(y,l)) — foldF(F,F-x-y,1)
A mkbigh(l,x) —  acki(x,y)
mkbigﬁ(l,x) —  mapf(ack(x),1)
mkdivn(/,x) — quot”()‘, x)
mkdivi(,x)  —  mapf(Ay.quot(y,x),1)
sman(false F,s(x)) — quotu()«‘, s (s 0))
Ajg smal (false, F,s(x)) — smal(F -x,F,quot(y, s (s 0)))
P Fe() > 0
af(s(x) —  twicel(1,)
Al H(s(x)) —  HE(twice(T,x))

argument filters
0000
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Running example
Ay minusu(s(,\), s(y) — minusu(,\,)')
A ot (s(),50)) = auotf(minus(s,»), s0))
Ay ackf(s(x),0) —  ackf(x,s(0))
ack“( (),s0)) = ackf(s(x),)
ackb(s(x),s(y)) = ackb(x,ack(s(x),))
Ag fexpf(s(x),y) —  doublef(x,y,0)
doublen(x 0,z) — fexpu(,r,:/)
doublef(x,s(y),2) —  doublef(x,y, s(s(2)))
A7 len (cons(x,l)) — 1enn(/)
Ag map (F cons(x,l)) — mapﬂ(F,/)
Ag fo1df(F,x,cons(y,l)) — foldP(F,F-x-y,1)
Ajg smau(false,F, s(x))  —  smaf(F-x, F,quot(y, s (s 0)))
Az sf(s(x) —  wf(twice(1,x)

argument filters
0000
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e Make a graph whose vertices are the elements of P
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Alternative formulation: DP graph

e Make a graph whose vertices are the elements of P

¢ Place an edge from p; to p, if po may follow p; in a graph
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e Make a graph whose vertices are the elements of P
® Place an edge from p; to p if po may follow p; in a graph

e Split up P into the strongly connected components of the
graph
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Alternative formulation: DP graph

e Make a graph whose vertices are the elements of P
® Place an edge from p; to p if po may follow p; in a graph

e Split up P into the strongly connected components of the
graph

Claim: This is the same method.
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Alternative formulation: DP graph

e Make a graph whose vertices are the elements of P
® Place an edge from p; to p if po may follow p; in a graph

e Split up P into the strongly connected components of the
graph

Claim: This is the same method.
® The graph is natural for automation .
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Alternative formulation: DP graph

e Make a graph whose vertices are the elements of P
® Place an edge from p; to p if po may follow p; in a graph

e Split up P into the strongly connected components of the
graph
Claim: This is the same method.
® The graph is natural for automation .
¢ The groups approach is natural for certification .
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Example
(1) map!(F,cons(x,l)) — maph(F,I)
2) doublef(l) — mapf(Ar.add(x,x),])
(3) doublef(l) — addi(x,x)
4) addf(s(x),y) — addﬁ(x,s( )



Modularity First-order
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(1)
(2)
(3)
(4)

@
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Higheriorggroooooooo E);E)agg.o g%tggron’]osoo
Example
mapf(F, cons(x,1)) — map!(F,I)
doublef(l) — mapf(Ax.add(x,x),])
doublef(l) — addi(x,x)
add¥(s(x),y) — addi(x,s(y))

argument filters
0000
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Example
(1) map!(F,cons(x,l)) — maph(F,I)
(2) doublef(l) — mapﬁ()\x add(x,x), 1)
(3) doublef(l) — addi(x,x)
4) addf(s(x),y) — addf(x,s(y)

D

argument filters
0000
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Example
(1) map!(F,cons(x,l)) — maph(F,I)
2) doublef(l) — mapf(Ar.add(x,x),])
(3) doublef(l) — addi(x,x)
4) addf(s(x),y) — addf(x,s(y))
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Example
(1) map!(F,cons(x,l)) — maph(F,I)
2) doublef(l) — mapf(\ xadd(x x), 1)
(3) doublef(l) — addi(x,x)
(4) addf(s(x),y) — addi(x,s(y))

Result: the DP problem (DP(R), R) is finite if:
¢ the DP problem ({(1)},R) is finite;
¢ the DP problem ({(4)},R) is finite.

argument filters
0000
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Exercises:

1. Compute the dependency pairs of the following HTRS, and
divide them into call groups. (You may use a graph. Types
are as expected, with sorts nat and bool.)

comp2(0,s(y)) — false
comp2(s(0),s(y)) — false
comp2(x,0) — true
comp2(s(s(x)),s(y)) — comp2(x,y)
find(F,x,false) — end(x)
find(F,x,true) — f£ind(F,s(x),comp2(F -x,x))
double(0) — 0
double(s(x)) — s(s(double(x)))

2. Compute the dependency pairs, and call groups, for the
HTRS consisting only of Toyama’s example (with a, b :: 0):

f(a,b,x) = £(x,x,x)
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The subterm criterion: intuition

Recall:
Ag maph(F,cons(x,1)) — mapf(F,I)

Question: what does an infinite chain over Ag look like?

argument filters
0000
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The subterm criterion: intuition

Recall:
Ag maph(F,cons(x,1)) — mapf(F,I)
Question: what does an infinite chain over Ag look like?

mapf(uy, cons(vi,wy)) —a, maph(ur,w;)
—% mapf(ua, cons(va, wa))
—7Ag mapﬁ(uz, w2)
—R
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The subterm criterion: intuition

Recall:
Ag maph(F,cons(x,1)) — mapf(F,I)
Question: what does an infinite chain over Ag look like?

mapf(uy, cons(vi,wy)) —a, maph(ur,w;)
—% mapﬁ(uz, cons(vz,w2))
—a, mapf(uz, wr)
—R

Idea: look at the second argument of map
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The subterm criterion: intuition

Recall:
Ag maph(F,cons(x,1)) — mapf(F,I)
Question: what does an infinite chain over Ag look like?

mapf(uy, cons(vi,wy)) —a, maph(ur,w;)
—% mapﬁ(uz, cons(vz,w2))
—a, mapf(uz, wr)
—R

Idea: look at the second argument of map (which is computable
by assumption).
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The subterm criterion: intuition

Recall:
Ag maph(F,cons(x,1)) — mapf(F,I)
Question: what does an infinite chain over Ag look like?

mapf(uy, cons(vi,wi)) —a, map?(ur, w)
—%  map(ua, cons(va, w2))
—a, mapf(uz, wr)
—R
Idea: look at the second argument of map (which is computable
by assumption).

cons(vi,wy)) >wy —5 cons(va,wa) > wy =5 ...
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The subterm criterion: intuition

Recall:
Ag maph(F,cons(x,1)) — mapf(F,I)
Question: what does an infinite chain over Ag look like?

mapf(uy, cons(vi,wy)) —a, maph(ur,w;)
—% mapﬁ(uz, cons(vz,w2))
—a, mapf(uz, wr)
—R

Idea: look at the second argument of map (which is computable
by assumption).
cons(vi,wy)) >wy —5 cons(va,wa) > wy =5 ...

Observation: this contradicts termination, and therefore
computability!
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The subterm criterion: definition

Given: (P, R) with marked symbols fﬁ, . £
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The subterm criterion: definition

Given: (P, R) with marked symbols fﬁ, . £

Choose: for each f?, one argument position u(f?)

argument filters
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The subterm criterion: definition

Given: (P, R) with marked symbols fﬁ, . £
Choose: for each f?, one argument position u(f?)

Show: for every DP ff(ﬁl, ooy lk) — fﬁ(rl, ceey )t

e either (o >r .z
i J

® Oor gu(f?) = ry(f}i)

argument filters
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The subterm criterion: definition

Given: (P, R) with marked symbols fﬁ, . £
Choose: for each f?, one argument position u(f?)
Show: for every DP f?(ﬁl, ooy lk) — ff(rl, ceey )t
e gither fy(flg) > ’"u(f}‘)
® OrLy(ety = Tush)

Then: remove from P all the DPs where we used .

argument filters
0000
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The subterm criterion: definition

Given: (P, R) with marked symbols f’f, . £
Choose: for each f?, one argument position u(ff)

Show: for every DP f?(él, N ff(rl, ceyT):

e either (o >r .z
i J

® Oor fy(f?) = ru(f]‘.i)

Then: remove from P all the DPs where we used .

Soundness proof: in any infinite computable chain, only finitely
many > steps can be done. Hence, any such chain must have
an infinite tail without > steps.
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Examples
Ay minusf(s(x),s(y)) — minust(x,y)
Az quotf(s(x),s(y)) — quotf(minus(x,y),s(y))
Ay ackf(s(x),0) — ackf(x,s(0))
ackf(s(x),s(v)) — acki(s(x),)
ackﬁ(s(x), () — acki(x,ack(s(x),y))
Ag fexpf(s(x),y) — doublef(x,y,0)
doublef(x,0,7) — fexpl(x,z)
doublef(x,s(y),z) — doublef(x,y,s(s(z)))
A7 lenﬁ(cons(x, ) — lenf(])
Ag map?(F, cons(x,l)) — mapf(F,])
Ay fold*(F,x,cons(y,l)) — fold*(F,F-x-y,l)
A;p smaf(false,F,s(x)) — smaf(F-x, F,quot(x,s (s 0)))
A3 H(s(x)) — H¥(twice(T,x))



A; minusf(s(x),s(y)) — minusf(x,y)
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Examples: A,

A; minusf(s(x),s(y)) — minusi(x,y)

Argument position: v(minus#) = 2

argument filters
0000
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Examples: A,

A; minusf(s(x),s(y)) — minusﬁ(x,z)

Argument position: v(minus#) =2
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Examples: A;

Az quotf(s(x),s(y)) — quotf(minus(x,y),s(y))
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Examples: A;

Az quotf(s(x),s(y)) — quotf(minus(x,y),s(y))

Argument position: method does not apply
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Examples: A4

Ay ackl(s(x),0) — ackf(x,s(0))
ackf(s(x),s(y)) — acki(s(x),y)
ackf(s(x),s(y)) — acki(x,ack(s(x),y))
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Examples: A4

Ay ackl(s(x),0) — ackf(x,s(0))
ackf(s(x),s(y)) — acki(s(x),y)
ackf(s(x),s(y)) — acki(x,ack(s(x),y))

Argument position: v(ack?) = 1

argument filters
0000
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Examples: A4

Argument position: v(ack!) = 1
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Examples: A4

Ay ackl(s(x),0) — ackf(x,s(0))
ackf(s(x),s(y)) — acki(s(x),y)
ackf(s(x),s(y)) — acki(x,ack(s(x),y))

Argument position: v(ack?) = 1

Remaining:

acki(s(x),s()) — acki(s(x),y)
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Examples: A4

Ay ackl(s(x),0) — ackf(x,s(0))
ackf(s(x),s(y)) — acki(s(x),y)
ackf(s(x),s(y)) — acki(x,ack(s(x),y))

Argument position: v(ack?) = 1
Remaining:

acki(s(x),s(y)) — acki(s(x),y)

Argument position: v(ack!) =2
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Examples: Aq

Ag fexpl(s(x),y) — doublef(x,y,0)
doublef(x,0,7) — fexpf(x,z)
doublef(x,s(y),z) — doublef(x,y,s(s(z)))
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Examples: Aq

Ag fexpl(s(x),y) — doublef(x,y,0)
doublef(x,0,7) — fexpf(x,z)
doublef(x,s(y),z) — doublef(x,y,s(s(z)))

Argument positions:
o y(fexpl) =1
* y(doublef) =1
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Examples: Aq

Ag fexpl(s(x),y) — doublef(x,y,0)
doublef(x, 0,7) — fexph(x,z)
doublef(x, s(y),z) — doublel(x,y,s(s(z)))

Argument positions:
o y(fexpt) =1
* y(doublef) =1
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Examples: Aq

Ag fexpl(s(x),y) — doublef(x,y,0)
doublef(x,0,7) — fexpl(x,z)
doublef(x,s(y),z) — doublel(x,y,s(s(z)))

Argument positions:
e y(fexpf) =1
® y(doublef) =1

Remaining:

doublef(x,0,z) — fexpl(x,z)
doublef(x,s(y),z) — doublel(x,y,s(s(z)))
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Examples: Aq

Ag fexpl(s(x),y) — doublef(x,y,0)
doublef(x,0,7) — fexpf(x,z)
doublef(x,s(y),z) — doublef(x,y,s(s(z)))

Argument positions:
o y(fexpl) =1
* y(doublef) =1

Remaining:

doublef(x,s(y),z) — doublel(x,y,s(s(z)))
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Examples: Aq

Ag fexpl(s(x),y) — doublef(x,y,0)
doublef(x,0,7) — fexpf(x,z)
doublef(x,s(y),z) — doublef(x,y,s(s(z)))

Argument positions:
o y(fexpl) =1
* y(doublef) =1

Remaining:

doubleb(x,s(y),z) — doubleb(x,y,s(s(z)))

Argument position: v(doublef) =2
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Running example

Az = {quotf(s(x), s(v)) = quotf(minus(x,y),s(y))}
Al = {smaﬁ(false,F, s(x)) — smaﬁ(Fvc,F, quot(x,s (s 0)))}
Az = {H(s(x)) = B (twice(T,x))}
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First-order example

Consider:
minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0
cuot(s() 50)) > s(auot (minus(ny), 5()))
quoti(s(1),50)) = auoti(minus(xy), s())
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First-order example

Consider:
minus(x,0) — x
minus(s(x),s(y)) — minus(x,y)
quot(0,s(y)) — 0
quot(s(x),s(y)) — s(quot(minus(x,y),s(y)))
quotf(s(x),s(y)) — quotf(minus(x,y),s(y))

Idea: look only at the first argument of each function symbol
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First-order example

Consider:
minus(x) — x
minus(s(x)) — minus(x)
quot(0) — 0
quot(s(x)) — s(quot(minus(x)))
quotf(s(x)) — quotf(minus(x))

Idea: look only at the first argument of each function symbol
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First-order example

Consider:
mlnus(x) — X
minus(s(x)) — minus(x)
quot(0) — 0
quot(s(x)) — s(quot(minus(x)))

quotf(s(x)) — quotf(minus(x))

Idea: look only at the first argument of each function symbol

Observation: we can orient all rules and DPs together with LPO
now!
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Argument filtering

Suppose:
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Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - sy ---s, or
(Ax.so) - 8185y Withn >0
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Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - s ---s, or
(Ax.so) - 8185y Withn >0
e Each occurrence of f in R, P has at least N arguments.
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Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - s ---s, or
(Ax.so) - 8185y Withn >0
e Each occurrence of f in R, P has at least N arguments.

Choose:



Modularity First-order Higher-order Graph Subterms argument filters
000000 000000 0000000000000 000 000000 00000000 [o] le]e}

Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - s ---s, or
(Ax.so) - 8185y Withn >0
e Each occurrence of f in R, P has at least N arguments.

Choose:
e asequence 1 <ij <i, <---< iy < N¢foreach £
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Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - s ---s, or
(Ax.so) - 8185y Withn >0
e Each occurrence of f in R, P has at least N arguments.

Choose:
e asequence 1 <ij <i, <---< iy < N¢foreach £

Define:
o U(E(st,..-y80)) = £(@(si,)s- -, (i), V(SNe+1), - - - » 7(8n))
ifn ZNf
® U(x-sp-e-8y) =x-0(s1) - -U(sn)

® U((Ax.so) - 51+ -8n) = (AxD(s0)) - U(s1) - - - U(sn)
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Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - s ---s, or
(Ax.so) - 8185y Withn >0
e Each occurrence of f in R, P has at least N arguments.

Choose:
e asequence 1 <ij <i, <---< iy < N¢foreach £

Define:
o U(E(st,..-y80)) = £(@(si,)s- -, (i), V(SNe+1), - - - » 7(8n))
if n > N¢
® U(x-sp-e-8y) =x-0(s1) - -U(sn)
® U((Ax.so) - 51+ -8n) = (AxD(s0)) - U(s1) - - - U(sn)

Find: a reduction ordering such that: 7(¢) > v(r) or v(¢) = v(r)
forall{ - re PUR
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Argument filtering

Suppose:
e | eft-hand sides of rules have no subterm x - s ---s, or
(Ax.so) - 8185y Withn >0
e Each occurrence of f in R, P has at least N arguments.

Choose:
e asequence 1 <ij <i, <---< iy < N¢foreach £

Define:
o U(E(st,..-y80)) = £(@(si,)s- -, (i), V(SNe+1), - - - » 7(8n))
if n > N¢
® U(x-sp-e-8y) =x-0(s1) - -U(sn)
® U((Ax.so) - 51+ -8n) = (AxD(s0)) - U(s1) - - - U(sn)

Find: a reduction ordering such that: 7(¢) > v(r) or v(¢) = v(r)
forall{ - re PUR

Then: remove all ¢ — r from P that were oriented with >~
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Exercise

Prove finiteness of the following DP problem using argument
filterings and HORPO.

minus(x) — x
minus(s(x)) — minus(x)
quot(0) — 0
quot(s(x)) — s(quot(minus(x)))
sma(b,F,0) — 0
sma(true, F,s(x)) — s(x)
sma(false, F,s(x)) — sma(F-x,F,quot(x,s (s0)))
smal(false,F,s(x)) — smaf(F-x,F,quot(x,s (s 0)))
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Most important missing steps

e Using fully first-order techniques on first-order subsets of
(P,R)
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Most important missing steps
e Using fully first-order techniques on first-order subsets of
(P,R)

e Reduction pairs in general (such as weakly monotonic
algebras)
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Most important missing steps
e Using fully first-order techniques on first-order subsets of
(P,R)

e Reduction pairs in general (such as weakly monotonic
algebras)

e Usable rules (with respect to an argument filtering)



Modularity First-order Higher-order Graph Subterms argument filters
000000 000000 0000000000000 000 000000 00000000 oooe

Most important missing steps

Using fully first-order techniques on first-order subsets of
(P,R)

Reduction pairs in general (such as weakly monotonic
algebras)

Usable rules (with respect to an argument filtering)

¢ Narrowing
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