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Derivation height

A measure of the “cost” of reducing a term to normal form.

add(x,0) → x
add(x,s(y)) → s(add(x, y))

mul(x,0) → 0
mul(x,s(y)) → add(x,mul(x, y))

Derivation height:
• add(0,s(0)): 2 (add(0,s(0)) → s(add(0,0)) → s(0)).
• mul( mul(s(s(0)),s(s(s(0)))) , 0): 15
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Traditional interpretations (first-order)

Idea:

• map every term s to JsK ∈ N
• make sure that s → t implies JsK > JtK

Then: JsK ≥ derivationheight(s)!

Approach:
• map every function that takes k arguments to a monotonic

function in Nk 7→ N
• make sure that JℓK > JrK for all rules ℓ → r
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Bounding derivation height with interpretations to N

add(0, y) → y
add(s(x), y) → s(add(x, y))

Let:
• J0K = 0
• Js(x)K = x + 1
• Jadd(x, y)K = 1 + y + 2 ∗ x

Then:

Jadd(0, y)K = 1 + y > JyK
Jadd(s(x), y)K = 3 + y + 2 ∗ x > 2 + y + 2 ∗ x

= Js(add(x, y))K

Hence: Jadd(sn(0), sm(0))K = 1 + m + 2 ∗ n: linear!
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Monotonic algebras: definition

Given: a set A with a well-founded ordering >

(for example: N)

Choose: a function [f] from Ak to A for every f of arity k

Define: for a given α mapping variables to A:
• JxK = α(x)
• Jf(s1, . . . , sk)K = [f](Js1K, . . . , JskK)

Prove: JℓK > JrK for all rules ℓ → r, all α

Then: JsK > JtK whenever s →R t.

Therefore: JsK ≥ derivationheight(s).
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Higher-order interpretations to N: problems

Suppose: Js(x)K = x + 1

Question: What is JsK?

Problem: behaviour matters!

fold(F, x, []) → []
fold(F, x,cons(y, l)) → fold(F, (F · x · y), l)

• What is the derivation height if F := λx, y.minimum(x, y)?
• What if: F := λx, y.add(x, y)?
• What if: F := λx, y.add(x, x)?
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Proposal

Let’s interpret terms of function type as functions!

Type interpretations:
• For every base type ι: a set Aι, ordering >ι and

quasi-ordering ≥ι

• Define:

LιM = Aι

Lσ ⇒ τM = “monotonic functions from LσM to LτM”

F >σ⇒τ G if F(a) >τ G(a) for all a ∈ LσM
F ≥σ⇒τ G if F(a) ≥τ G(a) for all a ∈ LσM
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Higher-order monotonic algebras: definition

Given: a set A with a well-founded ordering > (for example: N)

Choose: a function [f] from Ak to A for every f of arity k

Define: for a given α mapping variables to A:
• JxK = α(x)
• Jf(s1, . . . , sk)K = [f](Js1K, . . . , JskK)

• Js · tK = JsK(JtK)

Prove: JℓK > JrK for all rules ℓ → r, all α

Then: JsK > JtK whenver s →R t.

Therefore: JsK ≥ derivationheight(s).
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Higher-order monotonic algebras: definition

Given: a set A with a well-founded ordering > (for example: N)

Choose: a function [f] in LσM for every f of type σ
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Example:

[] :: list
cons :: nat ⇒ list ⇒ list
map :: (nat ⇒ nat) ⇒ list ⇒ list

map(F, []) → []
map(F,cons(x, l)) → cons(F · x,map(F, l))

Choose: Aι = N for all ι

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x)

Monotonicity: holds.
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Example

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x) + 1

Goal 1:

Jmap(F, [])K > J[]K
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Example

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x) + 1

Goal 1:

(0 + 1) ∗ F(0) + 1 > 0
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Example

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x) + 1

Goal 2:

Jmap(F,cons(x, l))K > Jcons(F · x,map(F, l))K
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Example

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x) + 1

Goal 2:

((x + l + 1) + 1) ∗ F(x + l + 1) + 1 >
F(x) + ((l + 1) ∗ F(l) + 1) + 1
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Example

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x) + 1

Goal 2:

x ∗ F(x + l + 1) + l ∗ F(x + l + 1) + F(x + l + 1) + F(x + l + 1) + 1 >
F(x) + l ∗ F(l) + F(l) + 1
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Example

[[]] = 0
[cons](x, y) = x + y + 1
[map](F, x) = (x + 1) ∗ F(x) + 1

Goal 2:

x ∗ F(x + l + 1) +l ∗ F(x + l + 1) +F(x + l + 1) +F(x + l + 1) +1
> +l ∗ F(l) +F(x) +F(l) +1
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Exercise

Given:
[] :: list

cons :: nat ⇒ list ⇒ list
filter :: (nat ⇒ bool) ⇒ list ⇒ list
helper :: bool ⇒ nat ⇒ list ⇒ list

filter(F, []) → []
filter(F,cons(x, l)) → helper(F · x, x,filter(F, l))

helper(true, x, l) → cons(x, l)
helper(false, x, l) → l

Task: show that the following interpretation suffices:

[[]] = 0 [true] = 1
[cons](x, y) = x + y + 1 [false] = 0

[helper](b, x, y) = b + x + y + 1
[filter](F, x) = (x + 1) ∗ (F(x) + 1)
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Bonus exercise

Given:
[] :: list

cons :: nat ⇒ list ⇒ list
zip :: (nat ⇒ nat) ⇒ list ⇒ list

zip(F, [], l) = l
zip(F, l, []) = l

zip(F,cons(x, l),cons(y, q)) = cons(F · x · y,zip(F, l, q))

Task: find an interpretation that orients these rules!
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Abstraction

Discussion: what should be the interpretation of λx.s?

Naive choice: x 7→ JxK

Problem: the naive interpretation for λx.0 is not monotonic!

Solution: for each σ, τ , a function makesmσ,τ :
• Input: a monotonic or constant function from LσM to LτM
• Output: a monotonic function from LσM to LτM
• makesmσ,τ should itself be monotonic!
• we need to have J(λx.s) · tK > s[x := t]

Example: (for σ, τ = nat and Anat = N):
• if F is constant, then makesmσ,τ (F) = x 7→ F(x) + x + 1
• otherwise makesmσ,τ (F) = x 7→ F(x) + 1
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• size of normal form: n + m
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Idea: separate cost and size already in the interpretation!

Mechanism: map to N2 instead of N.
We let ⟨x, y⟩ > ⟨x′, y′⟩ if x > x′ and y ≥ y′.
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Separating cost and size

add(0, y) → y
add(s(x), y) → s(add(x, y))

Let:
cost size

J0K = ⟨ 0 , 0 ⟩
Js(x)K = ⟨ xcost , xsize + 1 ⟩
Jadd(x, y)K = ⟨ xcost + ycost + xsize , xsize + ysize ⟩

Then:

Jadd(0, y)K = ⟨1 + y1, y2⟩
> ⟨y1, y2⟩ = JyK

Jadd(s(x), y)K = ⟨2 + x1 + y1 + x2, 1 + x2 + y2⟩
> ⟨1 + x1 + y1 + x2, 1 + x2 + y2⟩ = Js(add(x, y))K

Hence: Jadd(sn(0), sm(0))K = ⟨1 + n, n + m⟩: precise!
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a(b(x)) → b(a(x))

Let:
• Ja(x)K = 2 ∗ x
• Jb(x)K = x + 1
• JϵK = 0

Then:

Ja(b(x))K = 2 + 2 ∗ x > 1 + 2 ∗ x = Jb(a(x))K

Hence: Jan(bm(ϵ))K = 2n ∗ m: exponential!
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Tuple interpretations

Definition:

monotonic algebras with Aι = NK[ι] for all ι
=⇒ both for first- and higher-order!

Example sort interpretations:
• {N} = N2 (cost, size of normal form)
• {list} = N3 (cost, list length, size of greatest element)
• {bool} = N1 (cost)
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Example: interpreting list functions

append([], l) → l
append(cons(x, l), q) → cons(x,append(l, q))

sum([]) → 0
sum(cons(x, l)) → add(x,sum(l))

Interpretations:
• {list} = N3 (cost, list length, maximum element)
• J[]K = ⟨0, 0, 0⟩
• Jcons(x, l)K = ⟨xcost + lcost, llen + 1,max(xsize, lmax)⟩
• Jappend(l, q)K = ⟨cost, length,maximum⟩, where:

• maximum =

max(lmax, qmax)

• length =

llen + qlen

• cost =

lcost + qcost + llen + 1

• Jsum(l)K = ⟨cost, size⟩, where:
• size =

llen ∗ lmax

• cost =

lcost + 2 ∗ llen + llen ∗ lmax + 1
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Higher-order tuple interpretations: an example

[] :: list
cons :: N ⇒ list ⇒ list
map :: (N ⇒ N) ⇒ list ⇒ list

map(F, []) → []
map(F,cons(x, l)) → cons(F · x,map(F, l))

Let:
• J[]K = ⟨0, 0, 0⟩
• Jcons(x, l)K = ⟨xcost + lcost, llen + 1,max(xsize, lmax)⟩
• Jmap(F, l)K = ⟨cost, length,maximum⟩, where:

• length:

llen

• maximum:

F( ⟨lcost, lmax⟩ )s

• cost:

(llen + 1) ∗ (F( ⟨lcost, lmax⟩ )cost + 1)
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Higher-order tuple interpretations: an example

Goal: Jmap(F,cons(x, l))K > Jcons(F · x,map(F, l))K

⟨ (q + 2) ∗ (F( ⟨x1 + l,max(x2, l3)⟩ )1 + 1),
q + 1
F( ⟨x1 + l, max(x2, l3)⟩ )2

⟩ >
⟨ F(x)1 + (q + 1) ∗ (F(⟨l, l3⟩)1 + 1),

q + 1
max(F(x)2,F(⟨l, l3⟩)2)

⟩
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Exercise

1. Find an interpretation, with LnatM = N2, for the following
system:

minus(x,0) → x
minus(s(x),s(y)) → minus(x, y)

quot(0,s(y)) → 0
quot(s(x),s(y)) → s(quot(minus(x, y),s(y)))

Warning: do not take xsize − ysize for the size of minus(x, y)!
2. Find an interpretation for the following HTRS, where

zip :: (nat ⇒ nat) ⇒ list ⇒ list.

zip(F, [], l) = l
zip(F, l, []) = l

zip(F,cons(x, l),cons(y, q)) = cons(F · x · y,zip(F, l, q))
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A more challenging higher-order tuple interpretation

fold(F, x, []) → []
fold(F, x,cons(y, l)) → fold(F, (F · x · y), l)

Interpretation:

Jfold(F, x, l)K = ⟨cost, size⟩

Where:
• cost = 1 + lcost + F(⟨0, 0⟩)cost + Helper[F, ⟨lcost, lmax⟩]llen(x)cost

• size = Helper[F, ⟨lcost, lmax⟩]llen(x)size

• And Helper[F, y] = x 7→ ⟨F(x, y)cost,max(xsize,F(x, y)size)⟩.
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A more challenging higher-order tuple interpretation.

add(0, y) → y
add(s(x), y) → add(x,s(y))
fold(F, x, []) → []

fold(F, x,cons(y, l)) → fold(F, (F · x · y), l)
sum(l) → fold(λx.λy.add(x, y),0, l)

Method: Plug Jλx.λy.add(x, y)K into the interpretation for fold.

Interpreting λ: use makesmι,σ1⇒...⇒σm⇒κ =
(F, x, y1, . . . , ym) 7→ (F(x, y⃗)1 + 1 + x1,F(x, y⃗)2, . . . ,F(x, y⃗)K[κ])

if F is constant
(F, x, y1, . . . , ym) 7→ (F(x, y⃗)1 + 1 ,F(x, y⃗)2, . . . ,F(x, y⃗)K[κ])

if F is monotonic
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Derivational and runtime complexity (first-order)

Derivational complexity:
n 7→ “maximum derivation height for a term of size n”

Downside: can easily get large; e.g.:
mul(mul(mul(mul(s(s(0)),s(s(0))),s(s(0))),s(s(0))),s(s(0)))

Runtime complexity:
n 7→ “maximum derivation height for a basic term of size n”

Basic term: function(data, . . . ,data)

Example: mul(s(s(s(s(s(0))))),s(s(s(s(s(s(s(0))))))))

Connection with computational complexity: depends
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Termination (and complexity) competition
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Complexity of higher-order term rewriting

Open question: do derivational and runtime complexity even
make sense for higher-order rewriting?

fold(F, x, []) → []
fold(F, x,cons(y, l)) → fold(F, (F · x · y), l)

Recall:
• What if: F := λx, y.minimum(x, y)?
• What if: F := λx, y.add(x, y)?
• What if: F := λx, y.add(x, x)?
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Higher-order derivational complexity?

Idea:

naively extend the definition of derivational complexity

Result:
add(x,0) → x

add(x,s(y)) → s(add(x, y))

• (λx.add(x, x)) · (s(s(0)))
• (λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0))))
• (λx.add(x, x)) · ((λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0)))))
• . . .

Conclusion: exponential complexity at a minimum



Monotonic algebras Tuple interpretations Complexity notions

Higher-order derivational complexity?

Idea: naively extend the definition of derivational complexity

Result:
add(x,0) → x

add(x,s(y)) → s(add(x, y))

• (λx.add(x, x)) · (s(s(0)))
• (λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0))))
• (λx.add(x, x)) · ((λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0)))))
• . . .

Conclusion: exponential complexity at a minimum



Monotonic algebras Tuple interpretations Complexity notions

Higher-order derivational complexity?

Idea: naively extend the definition of derivational complexity

Result:
add(x,0) → x

add(x,s(y)) → s(add(x, y))

• (λx.add(x, x)) · (s(s(0)))
• (λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0))))
• (λx.add(x, x)) · ((λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0)))))
• . . .

Conclusion: exponential complexity at a minimum



Monotonic algebras Tuple interpretations Complexity notions

Higher-order derivational complexity?

Idea: naively extend the definition of derivational complexity

Result:
add(x,0) → x

add(x,s(y)) → s(add(x, y))

• (λx.add(x, x)) · (s(s(0)))
• (λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0))))
• (λx.add(x, x)) · ((λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0)))))
• . . .

Conclusion: exponential complexity at a minimum



Monotonic algebras Tuple interpretations Complexity notions

Higher-order derivational complexity?

Idea: naively extend the definition of derivational complexity

Result:
add(x,0) → x

add(x,s(y)) → s(add(x, y))

• (λx.add(x, x)) · (s(s(0)))
• (λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0))))
• (λx.add(x, x)) · ((λx.add(x, x)) · ((λx.add(x, x)) · (s(s(0)))))
• . . .

Conclusion: exponential complexity at a minimum



Monotonic algebras Tuple interpretations Complexity notions

Runtime complexity: a simple extension

Runtime complexity:
n 7→ “maximum derivation height for a basic term of size n”
Basic term: function(data, . . . ,data)

Question: is it interesting to look at λ-functions over
constructors?

• map(λx.s(x), some lst)?
• f(λx.cons(x,cons(x, [])), some data)?

Choice: data must be a first-order term.
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Higher-order runtime complexity example

add(0, y) → y
add(s(x), y) → add(x,s(y))
fold(F, x, []) → []

fold(F, x,cons(y, l)) → fold(F, (F · x · y), l)
sum(l) → fold(λx.λy.add(x, y),0, l)

Basic terms:
• add(s(s(s(s(s(0))))),s(s(s(s(s(s(s(0))))))))

• sum(cons(s(s(0)),cons(0,cons(s(s(s(0))), []))))

Runtime complexity: n 7→ O(n2) (actually: length * max)
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Exercises

1. Compute the runtime complexity of the following system.

map(F, []) → []
map(F,cons(x, l)) → cons(F · x,map(F, l))

doublemap(l) → map(double, l)
double(0) → 0

double(s(x)) → s(s(double(x)))

2. Compute the runtime complexity of the following system.

add(x,0) → x
add(x,s(y)) → s(add(x, y))
zip(F, [], l) = l
zip(F, l, []) = l

zip(F,cons(x, l),cons(y, q)) = cons(F · x · y,zip(F, l, q))
zipadd(l, q) → zip(λx.λy.add(y, x), l, q)
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Higher-order complexity notion?

Idea:
• complexity of map is O(n ∗ F(n))?

• complexity of fold is O(Fn(n))?



Monotonic algebras Tuple interpretations Complexity notions

Higher-order complexity notion?

Idea:
• complexity of map is O(n ∗ F(n))?

• complexity of fold is O(Fn(n))?



Monotonic algebras Tuple interpretations Complexity notions

Basic Feasible Functions

Idea:

• Oracle Turing Machines: these take n functions, k binary
words

• to compute function i:
• copy input to tape i
• go to special state
• output is written on tape n + i

• =⇒ function cost is assumed zero, but function output size
is important

• Question: is the execution time limited by a higher-order
polynomial over F1, . . . ,Fn,w1, . . . ,wk?

Relevance: determined by polynomial tuple interpretation!
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