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Abstract. Logically Constrained Term Rewriting Systems (LCTRSSs)
provide a framework very suitable for modeling both imperative and
functional languages. One may convert programs in traditional languages
into LCTRSs, and then use methods from term rewriting to analyze
properties such as termination or program equivalence.

In particular in functional programming, higher-order constructs arise
naturally. These have been studied using higher-order term rewriting.
The recent definition of LCSTRSs combines higher-order rewriting with
logical constraints, which creates the framework to closely model func-
tional programs, but very few methods for their analysis have thus far
been defined. Here, we study program equivalence for LCSTRSs, combin-
ing the definition of rewriting induction for first-order constrained rewrit-
ing with insights from unconstrained higher-order equivalence analysis.

Keywords: Term Rewriting - LCSTRSs- higher-order LCTRSs: Rewrit-
ing Induction - Inductive Theorems.

1 Introduction

Consider the following two Haskell definitions of sumfun :: (Int -> Int) ->
Int -> Int which computes the function (f,z)— Y7, f(i) for all z > 0.
(SFa) sumfun f x

| x < 0 = f x

| otherwise = (f x) + (sumfun f (x - 1))
(SFb) sumfun f x = foldl (+) 0 (map f [x,x-1..0])

By human reasoning we know these implementations produce the same out-
put for all inputs with = > 0. The general problem of deciding whether two
arbitrary programs produce the same output, for all possible inputs that satisfy
some condition, is known as program equivalence. This is a challenging prob-
lem, which naturally arises in software development. For example, code may
be refactored for optimization purposes, to improve code maintainability, or in
preparation for later updates [13]. To guarantee preservation of reliability and
functionality, such transformations are expected to retain equivalence.

There is a variety of methods to prove equivalence of programs automatically,
e.g. abstract interpretation [6,21], Hoare-style proof rules [10], constrained Horn
clauses [1,8], and Rewriting Induction (RI) [7,9,19]. This paper builds on the
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2 K. Hagens, C. Kop

latter approach. RI [22] is a proof system to prove/disprove convertibility of two
terms. The idea is to translate two versions of the same program (or: program
fragment) into a single term rewriting system, and use RI to prove equivalence
of the terms corresponding to, for instance, the two different sumfun functions.

In particular, this line of work considers translations to extensions of tradi-
tional term rewriting systems with support for integers and booleans, as well
as logical constraints to naturally model control flow — for example, rules like
sum(z) — « + sum(z — 1) [z > 0]. We will focus on Logically Constrained Term
Rewriting Systems (LCTRSs) [15], a unifying formalism that supports arbitrary
theories (e.g., bitvectors, floating point numbers or integer arrays). Programs in
(fragments of) imperative languages may be translated into LCTRSs automati-
cally (see, e.g., [9,20]) and be analyzed using rewriting methods.

However, when translating functional programs we soon encounter the prob-
lem of higher-order constructs: functions like foldl and map, which take func-
tions as arguments, have no counterpart in first-order term rewriting. They
are, however, naturally modeled using higher-order term rewriting. A recent
definition of Logically Constrained Simply typed Term Rewriting Systems (LC-
STRSs) [12] combines higher-order rewriting with native support for theories and
constraints. The question arises whether we can also define RI in this setting —
and if so, if this is usable for program analysis.

Bringing together higher-order rewriting with (constrained) RI poses new
challenges. The papers [3,4] illustrate that, already for unconstrained higher-
order rewriting, it is not easy to define what equivalence of terms even means. For
first-order rewriting, this notion is straightforward, but higher-order rewriting
admits multiple possible definitions — each of which comes with limitations, or
loses important properties which makes them harder to analyze. Thus, a core
task lies in finding definitions that allow us to not only adapt RI to the higher-
order setting, but also have it usable in practice.

Paper overview and contributions. After some preliminaries (Section 2),
we build on the unconstrained literature to propose a basic definition of higher-
order inductive theorems for higher-order LCTRSs (Section 3). We then extend
RI for constrained TRSs to this new setting (Section 4). Unfortunately, the basic
definition lacks the property of extensibility; to solve this, we introduce a notion
of global inductive theorems (Section 5) and show how to make it compatible with
RI (Section 6). We conclude with some thoughts on future work (Section 7).

Scientific context. Please note that the purpose of this paper is not to inves-
tigate equivalence in Haskell in particular: we focus on constrained higher-order
term rewriting systems. Translating Haskell and other (functional and imper-
ative) languages into term rewriting is a topic of active research and beyond
the scope of this paper. Here, we hope to provide a foundation for a form of
higher-order analysis that in the future can be used as part of a larger toolbox
to analyze programs, for example in Haskell, Scala or OCaml. We have chosen
the LCSTRS formalism since this is the first higher-order extension of LCTRSs,
and comes with existing (fully automated) support for termination analysis. Al-
though LCSTRSs do not support lambda-expressions (an important structure
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Rewriting induction for higher-order constrained term rewriting systems 3

in functional programs), these can typically be encoded, and it seems likely that
the theory will extend naturally when these are included in the future.

2 Preliminaries

2.1 Logically Constrained Simply Typed Rewriting Systems

We will recap LCSTRSs [12], a higher-order extension of LCTRSs. This considers
applicative higher-order rewriting (without A) and first-order constraints.

Types and terms. Assume given a set of sorts (base types) S; the set T of
types is defined by the grammar 7 ::= S | T — 7. Here, — is right-associative,
so all types may be written as type; — ... — type,, — sort with m > 0.

We assume given a signature X of function symbols and a disjoint set V of
variables, and a function typeof from X UV to T; we require that there are
infinitely many variables of all types. The set of terms T'(X,V) over X and V
are the expressions in T — defined by the grammar T ::= X | V | T T — that
are well-typed: if s :: 0 — 7 and t :: o then s ¢ :: 7, and a :: typeof(a) for
a € YUV. For a term t, let Var(t) be the set of variables in ¢. A term ¢ is ground
if Var(¢) = 0. It is linear if no variable occurs more than once in ¢.

We also assume given a subset Sipeory € S of theory sorts (e.g., int and bool),
and define the set of theory types by the grammar Tineory := Stheory | Stheory —
Tiheory- Each sort ¢ is associated with a non-empty set Z, (e.g., Zint = Z, the set
of all integers), and we let Z,_,, be the set of functions from Z, to Z,.

We assume that X is the disjoint union Xipeory W Xierms of two sets, where
typeof (f) € Tineory for all f € Xypeory. Each f € Xypeory comes with an interpre-
tation [f] € Zyypeof(r). For example, with a theory symbol * :: int — int — int its
interpretation may be multiplication on Z. Symbols in X}..,s do not have an
interpretation since their behavior will be defined through the rewriting system.
Values are theory symbols of base type, i.e. Val = {v € Zipeory | typeof(v) €
Stheory }- There should be exactly one value for each element of Z, (¢ € Siheory)-

The set of theory terms is T'(Xtheory, V). For ground theory terms, we define
[s t] = [s]([¢]), thus mapping each term of type o to an element of Z,.

We fix a theory sort bool with Zpoo = {T, L}. A constraint is a theory term
s of type bool, such that typeof(z) € Sineory for all € Var(s).

Ezxample 1. In all examples in this paper, we will use Sipeory = {int, bool} and
Diheory = {+,—, %, <, <,>,>,=,A,V, 7, true, false}U{n | n € Z}, with +, —, *
mint — int — int, <, <, >, >,=:int = int — bool, A,V :: bool — bool — bool,
= :: bool — bool, true, false :: bool and n :: int. We let Zint = Z, Zpool = {T, L}
and interpret all symbols as expected. We use infix notation for the binary
symbols, or use [f] for prefix or partially applied notation (e.g., [+] = y and
x + y are the same). The values are true,false and all n. Theory terms are for
instance 2 +3, true and —7x0. The latter two are ground. We have [—7x0] = 0.
The theory term x > 0 is a constraint, but the theory term (x y) > 0 with
x ::int — int is not, nor is [>] 0 :: int — bool (constraints are first-order terms).



125

126

127

128

129

130

131

132

133

134

135

136

137

138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166
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Remark 1. Most programming languages have pre-defined (non-recursive) data
structures and operators, e.g. the integers with a multiplication operator *. This
makes it possible to for instance define the factorial function without first defin-
ing multiplication. This is exactly what an LCSTRS seeks to replicate: we can
think of Xipe0ry as the set of such pre-defined operators, including constants.

Substitutions, contexts and positions. A substitution is a type-preserving
mapping v : ¥V — T(X, V). The domain of a substitution is defined as dom(y) =
{r € V | v(x) # z}, and the image of a substitution as im(y) = {vy(z) |
x € dom(y)}. A substitution on finite domain {z1,...,z,} is often denoted
[1 := $1,...,Zpn := Sp]. A substitution v is extended to a function s — sy on
terms by placewise substituting variables in the term by their image: (i) ty =t
ifte X (ii) ty =~(t) if t € V, and (iii) (to t1)y = (toy) (t1y). E M CT(X,V)
then v(M) denotes the set {ty |t € M}. A unifier of terms s,t is a substitution
v such that sy = ty; a most general unifier or mgu is a unifier v such that all
other unifiers are instances of . For unifiable terms, an mgu always exists.

Let Oy, ...,0, be fresh, typed constants (n > 1). A context C[q,...,0,]
(or just: C) is a term in T(X U{Oy,...,0,},V) in which each 0J; occurs exactly
once. (They may occur at the head of an application.) The term obtained from
C by replacing each [J; by a term ¢, of the same type is denoted by C[t1, ..., t,].

Foratermt¢=at;---t, with a € YUV and n > 0 (all terms can be denoted
this way), the set of positions Pos(t) C N* is defined by: Pos(t) = {e}UJ;—,{i'p |
p € Pos(t;)}. We define the subterm ¢|, of ¢ at position p € Pos(t) as follows:
(i) tle = t, (i) (@ t1---tn)|ip = tilp- If ¢, s are terms and p € Pos(t) then we
define t[s], as the term obtained from ¢ by replacing ¢|, by s.

Rules and reduction. A rule is an expression £ — r [¢]. Here £ and r are terms
of the same type, £ has a form f ¢y --- {;, with k > 0 and f € X, ¢ is a constraint,
and for x € Var(r) \ Var(¢), typeof (x) € Stheory- If ¢ = true, we may denote
the rule as just £ — r. Define LVar(¢ — r [¢]) = Var(e) U (Var(r) \ Var(£)). A
substitution v respects £ — r [¢] if Y(LVar(f — r [¢])) C Valand [py] = T.

We assume given a set, of logically constrained rewrite rules R such that for
L — 1 [p] € R, the left-hand side £ is not a theory term. In addition, let R.qi be
the set containing, for every f € Xipeory \Val with typeof (f) =t1 — ... =ty = K
(k € Stheory) arule f 21 -xp, =y [y =1f x1---2,]. We call these calculation
rules. The reduction relation — is defined by:

Clly] »r Clry] if £ = 7 [¢] € RU Reaie and 7y respects £ — 7 [¢]

We say that s has normal form t if s =% t and ¢ cannot be reduced.

For a fixed set of rules R, let D = {f € X' | there is a rule f ¢;---{; —
r [p] € R}; we call the elements of D defined symbols, and the elements of
C = ValU (Xierms \ D) constructors. The elements of Zipeory \ Val are called
calculation symbols. A term in T(C,V) is called a constructor term. A ground
constructor substitution is a substitution v such that im(y) C T'(C, ).

For a rule ¢ — r [¢] define head(¢ — r [¢]) = f if £ is of the shape f £; - - - .
For f € X define R¢ = {£ — r [p] € R | head(f) =} (so R =D if f ¢ D).
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Rewriting induction for higher-order constrained term rewriting systems 5

A Logically Constrained Simply-typed Term Rewriting System (LCSTRS) is a
pair (T(E, V), H’R) generated by (87 Stheorya Dierms, Etheoryv V, typeﬁ’f, 7, [[]]7 R)
To refer to an LCSTRS we often supply just 2 and ‘R and leave the rest implicit.

Ezample 2. Haskell function (SFa) can be modeled by S = Sipeory = {int, bool},
Zterms = {sumfun :: (int — int) — int — int}, Zipeory from Example 1, and
R (R1). sumfun fx — f x [z < 0]

| (R2). sumfun f = — [+] (f ) (sumfun f (z —1)) [z > 0]
Then D = {sumfun}, and C = Val = {true,false} U {n | n € Z}. We have
LVar((R1)) = {z} and [z := 0] respects (R1). We have sumfun f 0 —% f 0. An
example of a rewrite sequence, computing a normal form: sumfun ([*] 2) 1 —(g9)
[+] (([+] 2) 1) (sumfun ([] 2) (1-1)) =%, [+] 2 (sumfun ([x] 2) (1-1)) =%,

[+] 2 (sumfun (] 2) 0) = (r1) [+] 2 (([+] 2) 0) 2R [+] 20 =R 2-

calc calc

2.2 Rewriting Induction

Equations. An equation is a triple s = ¢ [p] with s, ¢ terms of the same type and
© a constraint. A substitution ~ respects ¢ if y(Var(p)) C Valand [py] =T. A
substitution ~y respects s &~ ¢ [¢] if v respects ¢ and Var(s) U Var(¢) C dom(vy).

Ezxample 3. The function (SFb) from the introduction is modeled as follows

(R3). fold g v nil - v (R6). map f nil — nil
(R4). fold gv (h:t) —foldg (gv h)t (R7).map f(h:t)— (fh):map ft
(R5). init n — nil  [n < 0] (R8).initn —n:init (n—1) [n>0]

Now the equivalence mentioned in the introduction is expressed as below.
sumfun fn =~ fold [+] 0 (map f (init n)) [n > 0]

Substitution [n := 0] does not respect the equation, but [n := 0, f := [] 2] does.

Inductive theorems. Equivalence is defined via inductive theorems. For first-
order rewriting, an equation s ~ ¢ [¢] is an inductive theorem if sy <3% tv for
every ground substitution v that respects this equation. Here, <+5 is the union
—Rr U R, and <% is its transitive, reflexive closure.

Rewriting Induction. Rewriting Induction (RI) is a proof system for showing
that equations are inductive theorems. It proceeds by transforming proof states:
pairs (£,H) where € is a set of equations and H a set of rewrite rules. For such
a proof state, we can think of £ as the set containing all current proof goals,
and of H as the set of induction hypotheses (oriented equations) that have been
assumed in the process leading to this proof state. At the start £ consists of all
equations that we want to prove to be inductive theorems, and H = (). The goal
of RI is to find a deduction sequence (£,0) H* (@, H), for some set H.

There are subtle variations in the rules defining - between different first-order
variants of RI (e.g. in [22,7,9]). We will not state the rules here, but provide a
higher-order extension in Section 4. They typically satisfy the following property:
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Let R be a terminating, quasi-reductive LCTRS and &€ a set of equations. If
(E,0) * (0, H) for some H, then every equation in & is an inductive theorem.

The proof of this result relies on well-founded induction over the relation
—Rru, and therefore the method is limited to terminating LCTRSs (i.e. there
are no infinite reductions sy =g $1 =g S2 =% ...). The result also relies on
quasi-reductivity; that is, that every ground normal form is a constructor term.
Quasi-reductivity ensures that evaluation on ground terms cannot get “stuck”;
roughly, that pattern matching is exhaustive. Termination and quasi-reductivity
together ensure that every ground term reduces to a constructor term.

3 Higher-order Inductive Theorems

While the first-order definition of inductive theorems is straightforward, it is
not immediately obvious how it should be extended to a higher-order setting. In
particular, the question of extensionality comes into play. We will present some
ideas from the literature, and then posit our definition, before also extending the
notions of constructor term and quasi-reductivity, which will be needed for RI.

3.1 Inductive theorems and extensionality

A first definition of higher-order inductive theorems (without constraints) ap-
pears in [4]. Aside from letting s =~ ¢ be an inductive theorem if sy <+% tv for
all ground substitutions -, the authors consider two functions equivalent if they
are extensionally equivalent: their value on all inputs is equivalent. That is, for
terms s, t of type 01 — ... = 0., — (, they consider s ~ ¢ an inductive theorem
if (s @1+ @m)y % (t 21+ 24)7y. Hence, e.g. map ([+] 0) =~ map ([+] 1) is an
inductive theorem since map ([+] 0) | ++% map ([*] 1) { for all ground terms .
This is intuitive since functions are often viewed in an extensional way.
Unfortunately, it comes at a price, since this definition violates monotonicity:
the property that if s ~ t is an inductive theorem and C a context, then C[s] &
Ct] is also an inductive theorem. This is illustrated by the following example:

Ezample 4. Let Xierms = {add :: nat — nat — nat, s :: nat — nat, 0 =
nat, fnil :: funclist, fcons :: (nat — nat) — funclist — funclist}, Xipeory = 0 and
R={addz0—xz, add z (s y) — s (add = y) }. Every ground term of type nat
has a normal form of the shape s™ 0, for some n € N, so we can restrict to ground
substitutions of the shape v, = [z := s™ 0]. Note that (add (s 0) z)y, —=x
s"t1 0 < (s 2)y,. Hence add (s 0) ~ s is an extensional inductive theorem.
However, for C[0] = fcons O fnil we do not have Cladd (s 0)] <% Cs].

The authors of [4] tackle the problem by imposing limitations on the systems
they consider. Aside from other consequences (which are similar to the ones we
will consider in Section 5), their restrictions essentially block constructors from
taking higher-order arguments — thus for instance disallowing lists of functions
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Rewriting induction for higher-order constrained term rewriting systems 7

as used in Example 4. Since such constructs naturally occur in functional pro-
grams, we consider this restriction too severe, and have elected not to go into
the extensional direction. Instead, we keep the first-order definition, which also
makes sense in the higher-order setting and does satisfy monotonicity:

Definition 1 (Higher-order inductive theorems). An equation s ~ t [¢]
is a higher-order inductive theorem of an LCSTRS with rules R if sy <% ty for
every ground substitution -y that respects this equation.

Discussion. The choice whether to consider extensionality ties in to a larger dis-
cussion on the semantics of equations and (constrained higher-order) rewriting.
Traditionally (in unconstrained rewriting), rules are seen as oriented equations.
Ground terms may be interpreted in a model, and an equation s ~ t holds in a
model if for all ground instances sy & t-y of the equation, the interpretation of s+
and ty is the same. We say that R E s ~ t if s &~ ¢ holds in every model for which
the rules of R all hold. In such a semantics, a term of higher type would typically
be mapped to a function, so it is natural to use an extensional perspective where
two terms are equivalent if their result on all input is equivalent.

The authors of [2]| define such a semantics for first-order LCTRSs, and prove
that convertibility of ground terms corresponds to their semantic notion; i.e., an
equation s & ¢ [p] is “CE-valid” (which corresponds to our notion of inductive
theorem) if and only if R E s &~ t [¢]. However, in higher-order rewriting, this
does not typically hold — even if we include abstraction and the 7 rule scheme.

A very relevant paper with regards to higher-order equivalence is [3]. This
paper defines “extensional theorems” (for unconstrained higher-order rewriting)
as equivalence in a model, and shows that this semantic equivalence corresponds
to syntactic equivalence of ground instances of equations in an inference system.
This definition solves the monotonicity problem of [4] as monotonicity is built
in, but it loses the direct correspondence to the convertibility relation <.

We have elected not to follow this example because our primary application
domain is not equational reasoning — where a semantic definition is the natural
choice — but functional programming, where the syntactic notion of convertibility
seems preferable. Definition 1 has the benefit of minimality: any equivalence
relation that includes —x must include «+%. Hence, any higher-order inductive
theorem is also an extensional theorem, and the method of rewriting induction
defined in this paper can be used to derive extensional theorems as well.

It is worth noting that if a system is ground confluent — ie., if s =% ¢t
and s =% u for a ground term s, then there is a term w such that t =% w and
u —% w — two ground terms are convertible if and only if they reduce to the same
term (using —7% ). This property is typically satisfied in LCSTRSs obtained from
(deterministic) programs. Thus, in a terminating and ground confluent system,
two terms are convertible if and only if they compute the same result.

3.2 Higher-order quasi-reductivity

Quasi-reductivity is an essential component of rewriting induction, since it allows
us to reduce any ground term to a constructor term. Yet in higher-order rewriting
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this property is hard to obtain, since it is usually possible for ground terms of
function type to not be constructor terms; e.g., the term [+] 1, or the term init
from Example 3. And Example 4, which seems relatively innocuous, even admits
base-type ground non-constructor normal forms (e.g., fcons (add (s 0)) fnil).
Thus, we will update our definition to include partially applied function sym-
bols, both at the root and below constructors. For the notion of “partially ap-
plied” to make sense, we impose a mild restriction on the LCSTRSs we consider:

(Rule Arity) every f € D with f :: 07 — ... = 0, = ¢, ¢ € S has a rule arity
k = ar(f) < m, meaning that every rule in Ry is of the shape f I; ... I = r [¢].

That is, we do not for instance have both a rule add (s ) y — s (add z y)
where add takes two arguments, and a rule add 0 — id where it takes only one.
This is not a significant restriction because we can simply alter the second rule
to add 0 z — id & without changing its meaning. With this restriction, a symbol
is partially applied if it has fewer than ar(f) arguments. This allows us to define:

Definition 2 (Semi-constructor terms). Let £ be some LCSTRS (X, R)
(leaving V, typeof ,etc. implicit). The semi-constructor terms over L, notation
SCT ¢, are defined by (i) V C SCT ¢, (1) iff € ¥ withf 01 — ... = opm — ¢,
te€S and s1::01,...,8y i 0y € SCT £ withn < m, thenf s1---s, € SCT  if:
(ti.a) f € C, or (4.b) f € D and n < ar(f), or (ii.c) f € Dipeory \ D and n < m.
The set SCTY% refers to ground semi-constructor terms (built without (i)).

Note that all constructor terms are semi-constructor terms, by (i) and (ii.a). In
our previous examples, [+] 1 and init and fcons (add (s 0)) fnil, are all (ground)
semi-constructor terms as well. Non-examples of semi-constructor terms are for
instance [+] 0 y and fcons (add (add 0 0)). Using (ii.b) we easily obtain:

Lemma 1. Every semi-constructor term is in normal form.

Now, ground semi-constructor terms are the higher-order counterpart of
ground constructor terms, as intuitively, in an LCSTRS without missing cases
in the pattern matching, the only ground normal forms are in SCT%.

Definition 3 (Quasi-reductivity). An LCSTRS L = (X, typeof, R) is quasi-
reductive if for every t € T(X,0) we have t € SC’T% or t reduces with —x.
Note that for quasi-reductive LCSTRSs, we can limit the substitutions in

Definition 1 to substitutions such that im(v) C SC'T%, without loss of generality.
We call such a substitution a ground semi-constructor substitution.

4 Higher-order Rewriting Induction

We will now give the derivation rules for higher-order RI. These are obtained
from first-order RI [22,19,7,15,9], and adapted to the higher-order setting. We
particularly build on RI, as defined in [15,9]. As a running example, we will use
the LCSTRS and equation from Example 3. Thus, we start with the proof state:

(&0,0) := ({ (A) sumfun f n = fold [+] 0 (map f (initn)) [n>0]} , 0)
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and show that we can derive some proof state (), ). Theorem 1, presented in
Section 4.4, will guarantee the correctness of this procedure.

4.1 Simplifying equations

The first, core rule of rewriting induction is to rewrite an equation using a rule in
RUR caicUH. We view an equation with variables as a way to represent all ground
semi-constructor instances of that equation. Hence, we can use “constrained term
reduction” [15], which takes the constraint of the equation into account.

(Simplification) Let £ — r [p] € RUR cqicUH with C a context, § a substitution
such that 6(LVar(¢ — r [¢])) C ValUVar(y), and C[€d] ~ t [¢] an equation. If
the implication ¢ = 4 is valid, then

(Ew{Cl] ~t [YI}, H) F (EU{C[rd]l = ¢ [Y]}, H)

There is an analogous Simplification rule to apply a rewrite rule to the right-hand
side of an equation.

Ezxample 5. Starting with our running example, simplifying on the right-hand
side of (A) using rule (R8) yields (&, D) - (&1, 0) with & = {(B) sumfun f n =
fold [+] 0 (map f (n: (init (n — 1)))) [n > 0] }. Using subsequent Simplification
steps with (R7) and (R4), we have (&1, 0) H* (£3,0) with & = {(C) sumfun fn ~
fold [+] (0+ (f n)) (map f (init (n —1))) [n > 0] }.

4.2 Expanding equations (doing a case analysis)

After a few simplifications, we typically end up in a state where nothing can be
done without knowing how the variables are instantiated. Our second rule allows
us to do a case analysis and create an induction hypothesis at the same time.

(Expansion) Let s = t [p] be an equation and p € Pos(s) a position such
that s|, =f s1---s, with f € D, n > k = ar(f) and every argument s; is a
semi-constructor term. Suppose that RUH U {s — ¢ [¢]} is terminating. Then

(EW{s~t o]}, H)F (EUExpd(s =t [¢],p), HU{s =t [¢]})
where Expd(s &~ t [p],p) is the set:

{slr sk1-salpy =ty [(@V) A (W] [ £ — 7 [¥] € R,mgu(f s1--- sk, 0) =}

There is an analogous rule for performing Expansion on the right-hand side of
an equation. In that case, t — s [p] is added to H.

Ezample 6. In our running example, we expand the left-hand side of (C) at
position e. This gives (&3, 0) - (£4, H1), where:

);
(D) f = fold [+] (04 (f n)) (
E,=< (E) (fn) + (sumfun f (n—1)) =~
fold [+] (0+ (f n)) (map f (init (n—1))) [n>0An >0

Hi={ (C’) sumfun f n — fold [+] (0+ (f n)) (map f (init (n—1))) [n>0] }

map f (init (n —1))) [n > 0An < 0]
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Viewing an equation as a way to represent a set of ground equations, this def-
inition essentially allows us to split this set into multiple subsets, by considering
the possible instances at position p of s. Since we have assumed quasi-reductivity,
some rule is applicable at position p of sy for any ground semi-constructor sub-
stitution . The set Expd(s = t [¢],p) contains a representative result equation
for any of the rules that might have been chosen.

Note that, after applying Expansion, the equation s & ¢ [p] becomes an
induction hypothesis, because we add it to H as an oriented equation. Therefore,
we can think of Expansion as starting an induction proof on the subterm s,.

4.3 Altering (and generalizing) equations

In Example 6, intuitively we should be able to simplify init (n — 1) in the first
equation of &4 to nil, as the constraint implies n — 1 < 0. However, the Simplifi-
cation rule does not allow this: the variable in the init rule must be instantiated
by a value or variable. Nor can we apply Simplification with a calculation rule.

Of course we could adapt the definition of Simplification, but this is actually
part of a larger pattern: since our derivation rules rely on the shape of an equa-
tion, it is often useful to alter an equation to a semantically equivalent one. That
is, since an equation represents the set of its ground semi-constructor instances,
we should be able to replace it by an equation that represents the same set.

We define two very similar derivation rules: one that lets us replace an equa-
tion by another equation that represents the same set, and a second that lets us
replace an equation by another that may represent a larger set.

(Generalize) Suppose that for every ground semi-constructor substitution (gsc)
substitution v that respects s &t [¢] there exists a substitution ¢ that respects
u & v [¢)] such that sy = ud and ty = vd. Then

Ewl{s~ta},H)F (EU{umv [P]},H)

If, moreover, for every gsc substitution § that respects u & v [¢)] there exists a
substitution 7 that respects s & ¢ [¢] such that sy = ud and ty = vd, then we
refer to the deduction step as (Alter) instead.

Ezample 7. Since n > 0An < 0 is logically equivalent to —1 = n—1, we can use
Alter to replace (D) by f n~ fold [+] (0+(f n)) (map f (init (n—1))) [-1 =n—
1]. Then we can use Simplification using the calculation rule z—y — 2z [z = v —y]
and substitution v = [z := n,y := 1, z := —1] to obtain
fn= fold [+] (0+ (f n)) (map f (init (-1))) [-1=n—1].
Similarly, since n > 0 An > 0 <= 3Im[n > 0 Am = n — 1], we can change the
constraint of (E) to [n > 0 Am = n— 1], and use two calculation steps to obtain:
(f n) + (sumfun f m) = fold [+] (04+(f n)) (map f (init m)) [n > 0Am = n—1]
We use Simplification a few more times to eventually end up at ({(F), (G)}, H1):

(F) fn=0+4+(fn)[-1=n-1]

(G) (f n) + (sumfun f m) = fold [+]
(04 (f n))+ (f m)) (map f (init (m—1))) [n>0Am=n—1]
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Neither Simplification nor Expansion can be applied to (F), and it is not obvi-
ously removable (see Section 4.4) since f could be instantiated by anything in
SCTY.. However, using Generalize, we can replace (F) by: 2 &~ (0+x). Then, using
Alter and Simplification with a calculation rule, we obtain: (H) z = = [z = 0+4x].

Discussion. Despite their similarity, the Alter and Generalize rules are used in
very different ways. Alter is more innocent: replacing an equation by an equiva-
lent one cannot harm the proof process — in contrast with Generalize, which can
easily replace an equation that is an inductive theorem by one that is not.

In practice, Alter is typically used in combination with other derivation rules,
e.g., to set up a Simplification step with a calculation as done in Example 7. We
most often use Alter to replace s = t [¢] by u =~ v [¢] in the following scenarios:

I. (replacing a constraint by an equi-satisfiable one) s = v and t = v and
(FZ.p) < (Fy.¢) is valid, where {F} = Var(yp) \ (Var(s) U Var(t)) and
{7} = var(y) \ (Var(u) U Var(v)). (This is particularly done before a Sim-
plification step, to put the constraint in the right shape.)

II. (replacing variables/values by equivalent ones) s = Clxy,...,x,] and u =
Cly1,---,yn] and t = v and ¢ = 9, if all x;,y; are values or variables in
Var(p), and ¢ = A, z; = y; is valid. For example, replacing f n ~ f 0 [n
0] by f 0 ~f 0 [n =0]. (This is particularly useful when ¢ = Cly1,...,yn].

ITI1. (adding safe variables to the constraint) s =uand t = v and ) = oA (21 =
z1)A--A(xp = Xy ), where 21, ..., x, are variables in s, u that do not occur
in ¢, but whose type is a theory sort ¢ € Speory such that no constructors
of a type 1 — ... = oy, — ¢ exist other than values (and therefore, any
ground semi-constructor instance of this variable must be a value).

~—

On the other hand, Generalize is primarily used as a form of lemma gen-
eration: as we will see in Section 4.4, it is sometimes needed to generalize an
equation to obtain a stronger induction hypothesis. Finding suitable lemmas is
a core challenge in inductive theorem proving. Generalization is also useful to
abstract away from variable applications, as done for f n in Example 7.

4.4 Finishing up
Thus far, we have only modified equations; to remove them from &, we can use:

(Deletion) Let s ~ t [p] be such that either s = ¢ or ¢ is unsatisfiable, then
(Ew{s~tlpl},H)F (€, H)
Ezample 8. We apply Deletion to (H) and obtain (&, H1) with & = {(G)}.

We have now defined all the inference rules necessary to complete our running
example. The process is mostly straightforward; we detail only the harder steps.
First, in equation (G), we use Simplification with the induction rule (C’) to get:

(f n) + (fold [+] (04 (f m)) (map f (init (m —1)))) =
fold [+] ((0+ (f n)) + (f m)) (map f (init (m—1))) [n>0Am=n—1]
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After Alter and a calculation step, we arrive at:
(fn) + (fold [+] (0+ (f m)) (map f (init k))) ~

fold [+] ((0+ (f n))+ (f m)) (map f (initk)) [n >0Am=n—1Ak=m—1]

Now, we could continue to do Expansions, but doing so would result in a loop:
none of the induction rules this process generates ends up being applicable. To
avoid this issue, we instead use Generalize to obtain:

x+ (fold [+] (0+y) 1) ~ fold [+] (04 ) +y) I

In the next Expansion step, the termination requirement forces us to expand
on the left rather than the right, creating an induction rule:

x+ (fold [+] y 1) = fold [+] 2 I [z =z + 9]

This rule has a calculation symbol (+) as the root symbol on the left, which
is non-standard, but allowed in LCSTRSs, and termination can be proved. The
rest of the proof is entirely straightforward.

Although we did not need it for our running example, we also adapt the
Constructor rule of [9] because it changes in the higher-order setting.

(Semi-constructor) Let § = s1...s, and i =ty...t, be terms with n > 0.
If c is either a variable, a constructor, a defined symbol with ar(c) > n or a
non-defined calculation symbol of type 01 — ... — 0, — ¢ with m > n then

(Ew{cimct P}, H)F (EU{simt; [p]|1<i<n},H)

Ezample 9. In an extension of the LCSTRS of Example 2 with extra symbols, we
could deduce ({fold g (h 0 z) ~foldh (g 0x)},0)F {g=h, hOxz~gO0x},0).

Theorem 1. Let L be a terminating, quasi-reductive LCSTRS and let £ be a set
of equations. If, by higher-order rewriting induction, (€,0) H* (0, H), for some
set H, then every equation in & is a higher-order inductive theorem of L.

The proof of Theorem 1 (in Appendix A) follows the same outline as in first-order
RI [14,9]. It proceeds by showing that certain properties are invariant through
every proof step, and uses an induction on —guy to prove <3¢ C <.

4.5 Comparison to the first-order literature

Surprisingly few changes were needed to adapt the first-order definitions in [9]
to the higher-order setting. The most important changes are the new definitions
of quasi-reductivity and semi-constructor terms. The proof was also adapted to
take these changes into account, but its overall structure remains the same.
The most significant change compared to [9] could already have been made
in the first-order setting: the introduction of Alter, and updating Generalize to
quantify over ground semi-constructor substitutions, rather than all substitu-
tions. In [9], scenario I was combined with Simplification, and a separate rule
(EQ-DELETION) was used to handle II, but III was not supported — thus leaving
it impossible to prove for instance init (n + 1) & init (1 4+ n) if n was not in the
constraint. This limitation is particularly relevant in the higher-order setting:
due to proof states with higher-order variables (such as (F)), the Generalize
rule is needed much more often than in first-order RI, and to progress the proof
further we need to be able to move the resulting variables into the constraint.
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5 Global induction theorems

A very desirable property we do not yet have is extensibility. This means that if
an equation is an inductive theorem in R, it remains an inductive theorem in any
reasonable (i.e., adding defined symbols, not constructors) LCSTRS extending
R. In terms of functional programming, it should be possible to import functions
from external modules without breaking any equivalence. Extensibility allows for
more local reasoning: to prove properties about a small part of a larger system, it
is very desirable to only have to consider the rules that are directly related. This
property is also used in some existing methods for program transformations (see,
e.g., [5]). The authors of [3] give the following example to illustrate the issue:

Ezample 10. Let Yiepms = {zero :: (nat — nat) — nat, add :: nat — nat —
nat, s:: nat — nat, 0 :: nat}, Xipeory = 0 and let R consist of

add0y—y add (sz)y—s(addzy) zeros—0

Then add = y =~ add y z is an inductive theorem, since (add x y)y <% (add y x)y
holds for any ground substitution . However, if we introduce a new defined
symbol f :: nat — nat and rule f  — 0 then add z y ~ add y z is not an
inductive theorem since add 0 (zero f) <»%, add (zero f) 0 does not hold.

A key problem in Example 10 is that the extension breaks quasi-reductivity:
by importing f we create a missing pattern in R,eo. This is caused by pattern
matching on a function: the last rule matches on the expression s which is a
non-variable term of type nat — nat. If we now import any new symbol of
this type, no matter how innocent, it creates a new pattern; and thus quasi-
reductivity is lost. From the perspective of functional programming, rules like
this seem very unnatural; it is not typically allowed for a pattern to have a
higher-order subterm that is not a variable. Thus, we argue that the original
system is inherently problematic. To prevent such pathological examples, we
extend the definition of quasi-reductivity to exclude this program structure.

Definition 4 (CHV term). Let £ be an LCSTRS. A Constructor term with
(only) Higher-order Variables (CHV term) over L is a constructor term s over
L such that Var(s) contains only variables of higher type.

Definition 5 (Strong quasi-reductivity). An LCSTRS L = (X, R) with de-
fined symbols D s strong quasi-reductive if any term of the form f sy --- s, with
f €D, n> ar(f) and each s; a CHV term over L reduces with —x.

Any strong quasi-reductive LCSTRS is also quasi-reductive (see Appendix B).
An LCSTRS is certainly strong quasi-reductive if it has exhaustive pattern
matching, left-linear rules and all strict higher-order subterms of left-hand sides
are variables. Strong quasi-reductivity is close to (and implies) the quasi-reduci-
bility notion in [3]. On the other hand, strong quasi-reductivity is weaker than
the notion of higher-order sufficient completeness (HSC) in [4].

Unfortunately, limiting interest to strong quasi-reductive systems does not
suffice to obtain extensibility:
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Ezample 11. Let Xiepms ={a A, b Ay cuC f (C—oA) = A g C— A}
Xiheory = 0 and consider the LCSTRS with rules f F — F c and g © — b. Then
f F' ~ b is an inductive theorem, since the only ground term that can instantiate
Fis g, and indeed f g - g ¢ = b. However, this is not an inductive theorem
if we extend the signature with a defined symbol h :: C — A and rule h z — a.

Here, f F' =~ b is a (naive) inductive theorem because of a global reasoning
over the original signature: there is only one possible instance of F'. This is of
course no longer true in the extension. To avoid examples like this, we follow
the approach of [3] and directly define a kind of inductive theorems that are
preserved under extensions — provided they satisfy reasonable restrictions:

Definition 6 (Natural extensions). An LCSTRS L' (generated by S', X,
R, ete.) is a natural extension of L (generated by S, X, R, etc.) if:

- S/ 2 S and St/heory 2 Stheory and Egheory 2 Etheory and E{germs 2 Zterms
and V' OV and R' O R

— I =1, for all v € Stheory, and [f] = [f] for all f € Eipeory

— for all a € X UV: typeof'(a) = typeof (a)

— forallf € X: Ri =R¢ (so R'\'R does not define any of the constructors in
L, nor add cases to a defined symbol or calculation symbol)

— forallf:oy— ... >0, =€l alli: there is a ground term of type o;

— for all constructor symbols c::01 — ... = oy — 1 €C'\C we have t ¢ S

Hence, a natural extension can add more rules, but cannot interfere with the
meaning of the original LCSTRS, nor add new patterns to its sorts. Note that,
by the last restriction, any ground constructor term of a sort ¢ that occurs in
the original signature can only use constructors in this signature.

Definition 7 (Global inductive theorems). An equation s =~ t [¢] over a
terminating, strong quasi-reductive LCSTRS L is a global inductive theorem of
L if for every terminating, quasi-reductive natural extension L' with rules R’
and every ground substitution y over L' that respects this equation: sy <75, t7.

6 Global rewriting induction

We now aim to extend higher-order RI in such a way that it proves equations to
be global inductive theorems. Largely, this is straightforward (as we can mostly
ignore rules whose defined symbols do not occur inside the equation), but a major
problem arises with the Expansion rule: we now have to prove termination of
R’ UH for any natural extension R’ of R. This is in general not possible.

To handle this issue, we use a specific, more manageable kind of extension:

Definition 8 (Oracle extension). An Oracle extension of an LCSTRS L =
(X, R) is a natural extension Q@ = (X2, R2) such that all rules in RC \ R have
a form f vy v, = wwheref oy = ... = o =L (L E€S'), all v; ground,
and each w is a ground semi-constructor term over Q that contains no defined
symbols of R. Moreover, Q is quasi-reductive and terminating.
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Thus, an Oracle extension adds functions that, given ground arguments, compute
a semi-constructor result in exactly one step. Moreover, their right-hand sides
do not use defined symbols in R, thus removing any dependency. We call the
rules of R2 \ R oracle rules. There are typically infinitely many.

The idea is that a natural extension £’ of £ may be translated into an Oracle
extension essentially by taking, for every defined symbol f of R’ \ R and ground
terms vy, . .., Uy, the normal form w of f vy - - - v,,, and including f vy - - - v, = w
as a rule. To ensure that the right-hand sides of the oracle rules do not use the
defined symbols of R, we also include copies versions of these defined symbols,
and corresponding rules. The full construction is in Appendix C.1.

Lemma 2. An equation s = t [p] over a terminating, strong quasi-reductive
LCSTRS is a global inductive theorem of L if for every Oracle extension Q and
ground substitution v over Q that respects this equation: sy <30 1.

We now update higher-order RI in such a way that we can prove global induc-
tive theorems of terminating, strong quasi-reductive LCSTRSs. Since the only
function symbols occurring in equations and rules are those in the original sig-
nature, the Simplification rule is unchanged. The Deletion and Semi-constructor
rules are also the same. For the Alter and Generalize rule, we now quantify
over all ground semi-constructor substitutions in the extended signature, but
scenarios I-III all still apply. Hence, the only rule that changes is Expansion.

Global Expansion Let s &~ t [¢] be an equation and p € Pos(s) a position
such that s|, =f s1---s, with f € D, n > k = ar(f) and for all 1 < i <k,
g € Pos(s;): if s;|q has base type and is not a variable, then s;|, has a form
cty -ty with ¢ a constructor symbol. If REUH U {s — t [¢]} is terminating
for every Oracle extension Q of £ then

(EW{s=t[p|},H)F (EU Expd(s =t [p],p), HU{s =t [¢]})

Compared to the original Expansion rule, the requirement on the shape of
the s; is weaker than before; this is possible due to the strong quasi-reductivity
requirement. While the termination requirement is harder to check, this could
be done either through dynamic dependency pairs [18,17] (since the oracle rules
do not generate any dependency pairs), or, if certain (reasonable) restrictions on
the original system are satisfied, using static dependency pairs. An automated
variation of the latter approach is available for LCSTRSs [11]. We use Oracle
extensions, rather than arbitrary (terminating, strong quasi-reductive) natural
extensions, because the extra rules do not depend on the defined symbols of L,
which is what makes it feasible to prove termination results.

6.1 Soundness result

We let “global rewriting induction” be the proof process obtained from the Sim-
plification, Deletion, Semi-constructor and updated Generalization and Alter
rules, along with Global Expansion. We then obtain the main result:
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Theorem 2. Let L be a terminating, strong quasi-reductive LCSTRS and let €
be a set of equations. If, by global rewriting induction, (€,0) H* (0, H), for some
set H, then every equation in & is a global inductive theorem of L.

The proof of Theorem 2 (Appendix C) follows a very similar outline as the
soundness proof of Theorem 1: for an arbitrary Oracle extension Q of £ we use
induction on — ey to prove that <+¢ C <% o. Using this and Lemma 2 we find
that the same holds for any quasi-reductive and terminating natural extension.
Compared to the proof in Appendix A the most important changes are:

— In every step, we consider the Oracle extension rather than £ directly.

— In the proof that the Global Expansion rule maintains the invariants, we use
the definition of strong quasi-reductivity to show that a ground base-type
term of the shape f s1---s, (with f € D) can be reduced at the root if s;],
has a constructor as head symbol whenever s;|, has base type.

7 Discussion and future work

In this paper we proposed two variations of higher-order rewriting induction for
constrained term rewriting systems. This includes two adaptations of inductive
theorems, based on quasi-reductivity for higher-order LCSTRSSs, and in the latter
case, also on extensibility. We do not claim that the proof system is finished, but
it provides a solid foundation for further work.

An obvious extension is to use rewriting induction not just to prove that
equations are (global) inductive theorems, but also to prove that they are not.
The mechanism for this exists [9] (in first-order RI) and we do not foresee major
issues. It uses an additional flag in proof states to keep track of when we are
allowed to derive non-equivalence (since the Generalize rule sometimes creates
unsolvable equations). This extension does require ground confluence (as defined
in Section 3.1). A new challenge is whether we can also prove that something is
not a global inductive theorem, even if it is an inductive theorem.

A second idea is to admit extensionality; that is, to allow a rule (or: induction
rule) s -+ x, &t x1- -2y [p] to be used to reduce a term C[sy]. If we restrict
constructors to have base-type arguments, we postulate that such a deduction
rule is also sound in our setting (perhaps under additional restrictions like ground
confluence). It could also be used in an alternative rewriting induction approach
designed for proving extensional inductive theorems following [3].

A very useful extension could be to weaken the termination requirement. In
many cases, an obvious lemma cannot be used because the resulting induction
rule would not be terminating. We postulate that, under reasonable restrictions,
termination of such a rule is unnecessary if the rule is always followed by Deletion.

Related, our current definitions only support finite data. Using coinduction
rather than induction may allow us to consider systems with streams, and replace
the termination requirement by one of productivity.

We intend to implement rewriting induction in our tool Cora, which already
supports (Oracle) termination. Fully automatic proof search could build on the
ideas in [16], but will require more work on automatic strategies.
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A Proofs for Section 4

This appendix is split over three parts:

— In Appendix A.1, we prove the claim made in the text that Alter may be
applied in Scenarios I-1II (on page 11).
— Appendix A.2 and Appendix A.3 together provide the proof of Theorem 1.
e In Appendix A.2, we explain the proof strategy, which relies on an in-
variant on £ and H being preserved throughout the proof process.
e In Appendix A.3 we show that this invariant is indeed preserved in every
derivation step.

The proof of Theorem 1 is quite elaborate, but not very new: the proof barely
differs from its first-order counterpart in [9]. Nevertheless, we supply it here to
show that indeed the proof goes through.

A.1 Alter scenarios

In Section 4.3 we claimed that we often use Alter in the scenarios I, II and III.
Here, we will prove that each of them satisfies the requirements of the Alter rule.

Lemma 3 (Scenario I: replacing a constraint by an equi-satisfiable
one). Let s =t [¢] and s = t [¢] be equations such that (IT.) <> (FF.¢) is
valid, where {T} = Var(p)\(Var(s)UVar(t)) and {g} = Var(¢)\(Var(s)UVar(t)).
Then

(1). For every gsc substitution v that respects s = t ] there is a substitution &
that respects s = t [¢] such that sy = s6 and ty = 4.

(2). For every gsc substitution 0 that respects s =t [] there is a substitution ~
that respects s = t [p] such that sy = s and ty = 6.

Proof. The cases are symmetric, so we only show (1).

Let Z = (Var(p)UVar(¢))\{Z, §}, and write T = (21,...,20), 7= (Y1, -, Ym)
and Z = (z1,...,2). Validity of VZ.((3Z.¢) < (3y.¢p)) implies validity of
the one-way implication VZ.((3Z.¢) = (37.4))). This means that for all values

1,...,c of the right types: if there exist values ay,...,a, such that ¢[zr; =
A1,y Ty = Gp, 21 = C1,..., 2k = Ck) is valid, then there exist values by, ..., by,
such that Y[y :=b1,...,Ym = bm, 21 1= C1,..., 2 = g is valid.

Let v be a gsc substitution that respects s ~ t [¢], i.e. y(Var(yp)) C Val,
[¢y] = T and Var(s) U Var(t) C dom(v). Let a; := v(x;), and for 1 < j < k:
if z; € V(i) let ¢j := 7(z;), otherwise let c; be an arbitrary value in Zypeop ()
(since we assumed that the sets Z, are non-empty, this can always be done).
Moreover, let ) := [w := y(w) | w € (Var(s) UVar(t)) \ Var(yp)]. Then dom(n) N
{z} = 0.

Now, since « respects the equation, p[r1 := a1,...,Tpn = An,21 = C1,. ..,
z), 1= cg] is valid, and therefore by assumption we find values y; := b1, ..., ym =
by such that ¢ly; == b1,...,ym = by, 21 = C1,...,2K = cg] is valid. Since
7N (Var(s) UVar(t)) = 0, we can define § := n U [ := b, 7 := d.
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Then clearly 6(Var(y)) C {b,& C Val, and [0] = [¢[] :=b,Z7:= 3] = T.
All variables in s and ¢ are either in {Z7} or in dom(n), so 0 respects s = ¢ [¢], and
maps each variable w € Var(s) UVar(t) to y(w). Hence, sy = sd and v =t5. O

Lemma 4 (Scenario II: replacing variables/values by equivalent ones).
Let s = t [p] and u =~ t [¢] be equations such that s = Clxy,...,z,], u =
Clyi, ... ,Yn] and all x;,y; are values or variables in Var(p). Assume that p =
Ny x; = y; is valid. Then

(1). For every gsc substitution v that respects s = t [¢] there exists a substitution
d that respects u ~t [p] such that sy = ud and ty = td.

(2). For every gsc substitution § that respects u = t [¢] there exists a substitution
v that respects s =t [p] such that sy = ud and ty = td.

Proof. The cases are symmetric, so we only show (1).

Let v be a gsc substitution that respects s = t [¢], i.e. y(Var(y)) C Val,
[¢y] = T and Var(s) UVar(t) C dom(v). Since all x;,y; are values or variables
in ¢, by definition of respects we know that each x;y and w;y is a value. By
validity of ¢ = A/, 2; = y;, and the fact that [¢y] = T, we obtain that
[ziv = yiy] = T for each i, which can only hold if they are the same values
since the relation between values and the underlying set is one-to-one. Hence,
TiY = Y;7Y, S0 s7 = wy. We are done by choosing § = ~. O

Lemma 5 (Scenario III: adding safe variables to the constraint). Let
st [p] and s =t [1)] be equations such that p = oA (x1 = 1) A ATy = Tp),
where x1, ...,%, are variables in s,u that do not occur in p, but whose type is a
theory sort v € Sypeory such that no constructors of a type o1 — ... = o — ¢
exist other than values. Then

(1). For every gsc substitution  that respects s = t [p] there exists a substitution
d that respects s &=t ] such that sy = s§ and ty = 6.

(2). For every gsc substitution § that respects s & t [1)] there exists a substitution
v that respects s & t [p] such that sy = 86 and ty = 4.

Proof. For (1), let v be a gsc substitution that respects s = t [¢], i.e. y(Var(y)) C
Val, [ev] = T and Var(s) U Var(t) C dom(y). Consider y(z;). Because z; €
dom(vy) and ~ is a gsc substitution, (s;) must be a gsc term; having base type,
it must have a form c ug - - - ug with ¢ a constructor. Since there are no non-value
constructors with a theory sort as output sort, we can only have k = 0 and c is
a value. But then v also respects x; = z;. Hence, we can choose § := 7.

For (2), we observe that any gsc substitution that respects ¢ clearly also
respects ¢, so here too we can choose § := . a

A.2 Proof strategy

Next, we consider the proof outline of Theorem 1. In the remainder of Ap-
pendix A, we fix a quasi-reductive, terminating LCSTRS £ (with rules R), and
we assume that every equation in £ is entirely over L.
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First, for a set of equations £, we define the symmetric relation < ¢ as follows:
for any context C over £ we define

Clsvy] < Clty]if s=t [p] € £ or t = s [p] € £ and 7 respects ¢

Reasoning over inductive theorems is really reasoning about the inclusion of
e in <5

Lemma 6. Suppose that <+¢ C <% on ground terms over L. Then every equa-
tion in & is a higher-order inductive theorem of L.

Proof. Let s =t [p] € € and « a ground substitution over £ which respects this
equation. We need to prove that sy <+% tv. Since sy and tvy are ground over L,
and satisfy sy <3¢ ty, we use our assumption to conclude sy <% tv. O

We also let <=, denote the parallel application of zero or more «>¢ steps,
and additionally define:

root,sems

wy < vy if u = v[p] € € and 7 a gsc substitution over L that respects ¢

Towards a proof of Theorem 1, we now claim that the following lemma holds:
Lemma 7 (Main lemma). Suppose that (E,H) F (£',H'). Then

root,semsi * *
(1) “ge C =run - e SRow
(2) —=run C =R - —Ron - e - Run on ground terms over L, implies
—Rrun’ © =R —Run - e - S Ruye on ground terms over L.

This lemma will be proved in Appendix A.3. For now, we will explicitly
assume that it holds. We first note:

root,semzt

Lemma 8. Suppose <>o\o/” " C —Ruy - e - SRrun
Then —=¢ C =Ry - “e - < Ruy on ground terms over L.

root,semzt

Proof. Suppose Sevel C —Run - “te - <Ruw and let s,t be ground
terms such that s —f>¢ ¢. Thatis, s = C[s171, ..., SpYn] and t = Clt171, ..., tnYn)
where, for each 1 <1i <n, s; ®t; [p;] € € and ~; respects ;. Consider some 1.

If s; = t; [p;] € &, then clearly s;v <35 7y, so also s;7 =%y - e
- <Rup- Otherwise, s; = t; [¢;] € £\ £'. Since we have assumed that L is
terminating, we can define %i = [z :=y(x)lr | x € dom(y;)]; since L is quasi-

. 1o . . . root,semzt
reductive, v} is a gsc substitution. Hence, by the assumption on Seves , We

have: s;v; =% smii —Run - e Ruw tﬂj 5 tiy.
We complete by sequentializing all =y reductions in s, and doing all -,
steps in parallel. a

‘We use this to see:

Lemma 9. Suppose that (&, D) +

* (EnyHn), and assume that Lemma 7 holds
for any deduction step (E;—1,Hi—1) F (€

s Hi) in this deduction sequence. Then
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(1) e, © =Run, - e, - Run,
(2) —=run, € =R —Ron, e, - SRruw, on ground terms over L.

Proof. We prove both statements by induction on n, using that for all ¢ €
{0,...,n—1}: H; € H;41. (This is a property of rewriting induction.)

If n = 0, then we are immediately done, since &, = & and —ruy,= —r
(and because a parallel step «f-¢ is allowed to be empty).

Now, assume n > 0 and the lemma holds for n — 1. So we have —f-g C
—RUH,_, e, T € Rum,_,- By the combination of Lemma 7 and Lemma 8:
e, . © 2Run, - e, - < Run, - Therefore dg) © =%0y  (ZRun,
cHbe S Run, ) S Run, - We complete (1) because —% 5 | Ry, 1S
included in —% 3, . As for (2): this follows immediately by induction hypothesis
(2) and Lemma 7.(2). ad

We will also use the following property from the literature, on arbitrary
relations —1 and —4 (we include a proof since the original proof is in Japanese):

Lemma 10 (|14, Lemma 3.4]). Let —1 C — be binary relations with —o
well-founded and —o C —1 - =5 - &7 - 5. Then <7 = &5,

Proof. The direction <»} C <} is implied by —1 C —5. To prove <3 C <7 it
suffices to prove —o C «7. So assume s —3 t. We use well-founded induction on
s —+o to show s <] t. First, we use our assumption: there exist terms aq,...,an,
and bq,...b,, such that

s—>1a1—>2a2—>2...—>2an<—>’1‘bm<—2...<—2b2<—2b1:t

Since —1; C —3, we see that s %3’ a; for all 1 < i < n, and a; —2 aj41

for all 1 < ¢ < n. So by induction hypothesis we can conclude a; <7 ai+1
for all 1 < i < n. By assumption we have s —4 t, hence (again by induction
hypothesis) b; <7 b1 for all 1 < 4 < m. This gives us the desired sequence
§—=1 a1 ay ] e an ST by, &7 T &0 =1t O

With these preparations, we can now prove Theorem 1 (conditional on Lemma 7):

Theorem 1 — conditionally. Let £ be a set of equations. Assume that, by
higher-order rewriting induction, (€,0) =* (0, H), for some set H, and Lemma 7
holds for every single step that occurs in this deduction sequence. Then every
equation in £ is a higher-order inductive theorem of L.

Proof. We use Lemma 9 with & = €&, &, = 0 and H,, = H to obtain

1. —e © —Ruy - < Ruy on ground terms over £
2. =wrun € =R —Ruy - S Rruy on ground terms over L.

Combine (2) with Lemma 10 to conclude 3} = <34 on ground terms over
L (take —1:= =g and —9:= —xryuy). Then use (1) to conclude that:

* * * * o * _ *
e Cdbe © 2Run - SR © ORun C ORUN = ORUN = OR

on ground terms over L. Finally, use Lemma 6 to conclude Theorem 1. ad
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A.3 Soundness proof

It remains to be seen that Lemma 7 holds for every single-step deduction. Note
that whenever H = H’ (as is the case for every deduction rule other than Ex-
pansion), we only need to prove (1), because then (2) is implied by (1).

Hence, in all cases other than Expansion, we only have to show that

root,semsi

* *
Tever C —Rrun - e - Srun

We will start with these cases.

Simplification. To prove correctness of the Simplification rule, we introduce
the following helper lemma.

Lemma 11. Let L = (X, V,R) be terminating and suppose that X 2O R is
terminating on T(X,V). Assume an equation C[0d] =~ t [¢], for some rule
L= 1 [p] € XU Reaie, context C over L and substitution 6 over L such that
0(LVar(l — r [¢])) € ValUVar(y) and v => ¢d valid. Then for any substitu-
tion v over L which respects ¢ we have C[€d]y —x C[rd]y.

Proof. Let v be a substitution over £ respecting ¢ and define  := vy o0 J. We
check that C[€d]y —x C[rd]y with substitution n and rule £ — r [¢].
Let C" = Cv. Then C[¢d]y = C'[té~] = C'[fn] and Clrdly = C'[révy] = C'[rn).
Therefore, by definition of the rewrite relation, it suffices to show that n re-
spects £ — 1 [¢], i.e. n(LVar(l — r [¢])) € Val and [¢n] = T. Now, since
v respects 1 we have y(Var(y)) C Val and [¢y] = T. Therefore n(LVar({ —
r [0]) = YLV ar(t = r () € A(Valuvar(h)) = 1(VahUa(Var(s)) = ValU
~v(Var(¢)) = Val and, because of 1 = ¢d, we have that T = [(©d)y] = [en].
O
Lemma 12. Assume that (EW{C[l6] =t [¢]}, H) F (EU{C[rd] =t [¢]}, H)

root,semi

by (Simplification), using the rule £ — r [p]. Then S (Cln~r oy S TRun
“Areuioraat [y T RUN-

root,semzt

Proof. Suppose C[€6]y Cles)~t (W]} ty, with v a gsc substitution over £ that
respects . Then, by definition of Simplification, we have §(LVar(¢ — r [¢])) C
ValU Var(y) and ¢ = d. Now, Lemma 11 (take X = R U H) guarantees
Cled]y —run C[rdly. Therefore, Cld]ly —run Clroly A-icpoat [wyy £1- O

Generalize and Alter. Since Alter is a special case of Generalize, we can
handle both derivation rules at once.

Lemma 13. If (EW{s~t [p]},H)F (EU{u=v [¢]},H) by (Generalize) or
root,semsi * *
(Alter), then <" 0 © —Ruy - Aeutume W) * < Run-

root,semzi

Proof. Suppose sy S ent 9]}
. Then, by definition of the Generalize and Alter rules, there exists a substitu-
tion 0 that respects u & v [¢)] such that sy = ud and ty = vd. Since 0 respects
Y we have ud <[y [y} V0. Therefore, sy <>y (¢} V- a

ty, with v a gsc substitution over £ that respects
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Deletion.

Lemma 14. If (EW{s~t [¢]},H) F (£,H) by (Deletion) then nggtsfgi -
—Run e SRk

root,semsi

{s~t ]}
Then necessarily s = ¢, because in the other case (the case ¢ being unsatisfiable)

there would not exist such a substitution. But then the result trivially holds. O

Proof. Assume sy < try, with v a gsc substitution over £ that respects (.

Semi-constructor.

Lemma 15. If (EW{cs~ct[p]},H) F (EU{si~t; [p] |1 <i<n},H) by
root,semsi

(Semi-constructor) then Dlesnmeflp

3E Rur  Aeugsiat Wilisisny
CRUH

root,semi
C{eFmctol)
L that respects ¢. By definition we have s;v <>sufs,~t, [¢)|1<i<n} tiV- As all s;

occur in parallel, it follows that (¢ 8)v A-eugs,~t; [o]j1<i<n} (€ t)y. O

Proof. Suppose that (c §)vy + (c t)7y, with v a gsc substitution over

Expansion. Since Expansion adds a rewrite rule to H, here part (2) of Lemma 7
is not automatically implied by part (1). Hence, we have to prove both state-
ments. We start with proving (1), but first we introduce two helper lemmas.

Lemma 16. Let f sy---s, be a ground term over L such that f € D, n >
ar(f) = k and every s; € SCT . Then there is a rule £ — r [¢] € R and a
substitution & over L respecting this rule such that f s1---sp =10.

Proof. Quasi-reductivity of £ implies that f s;---s, reduces (n > ar(f) so it
is not a semi-constructor term). Since every s; is a semi-constructor term, the
only possible way this reduction can happen is at the root position. So there is
arule £ — 7 [Y] € R and a substitution ¢ over £ respecting this rule such that
fsy---8, =40. a

Lemma 17. Let s = t [¢] be an equation such that s|, = f s1---s, with f €
D, n > ar(f) and every s; a semi-constructor term over L. Then for any gsc
substitution vy over L which respects s ~ t [¢] we have

87 2R - AeUBzpd(sat [¢]p) TV

Proof. Let v be a gsc substitution over £ which respects ¢. By Lemma 16, s|,7y
reduces at root position with some rule £ — r [¢)] € R and substitution ¢ over
L respecting 1. We can assume the variables in £ — r [¢)] are named so as not
to overlap with the variables in the equation. So then we can let ' := v U § and
have sy = s0' = s[€ Sg41-- - Sn]pd’ and ty = td’, where §’ respects both ¢ and
. And since ¢’ respects ¢, we have s sgt1 - Sp]pd’ =R S[r Sk+1 - Snlpd’
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Now, since f s1---s; and £ are unifiable with unifier §’, there is also a
most general unifier 7; “most general” implies that ¢’ = n( for some substi-
tution ¢. Hence, Expd(s ~ t [¢], p) includes an equation s[r sgi1 - - Sn]pn = tn.
Conclude sy = s[l Spq1---5p]pd’ =R S[1 Spg1 - Snlpd’ = S[r Spy1-- - SnlpnC
A= Bapd(s~t [0],p) 116 = 1Y- O

Now part (1) of Lemma 7 is proved by the following:
Lemma 18.

If (Ew{s~t[p]},H) F (EWExpd(s~t [p],p),HU{s =1t [¢]}) by (Expan-

. T00t, * *
sion) then H{Z;tgf;ﬁ C S RUHULsot [o]} * TPewEzpd(s~t [6]p) * S RUHU st [¢]}-

root,semi

Proof. Suppose sy om0} T with v a gsc substitution over £ that respects
¢. By Lemma 17 we have sy =r - A popisnt [0],p) V- O

And part (2) of Lemma 7 is proved by the following:

Lemma 19.
Suppose (€W {s =t [¢]},H) = (€U Expd(s =t [¢],p), HU {s =t [¢]}) by (Ea-
pansion), and —run C R —Run - APeugsat [0} © S RUn 0N ground terms
over L. Then:

T RUHU{s—t [¢]} C —=r- %;‘zuﬂu{s—n lel} -~

‘_H_’SUEzpd(szt lel,p) * <_;2UHU{3—>t [e]}

holds on ground terms over L.

Proof. Suppose wrun © =R * D Run - APeu(sat [} © $ RUn o0 ground terms
over L. Then by Lemma 18 and Lemma 8:

* *
—RUH C 2R PRUH (_”Ru?-tu{s—n le]} *
% *
EUEzpd(s~t [¢],p) <_RU’HU{S—>t o]} ) TRUH

Or equivalently

—RuH ©& 2R - _ﬁQU’HU{sHt [o]} ‘_H_’E,‘UE’xpd(s'zt lelp) * <_;2U’HU{sﬁt ]}

Therefore, it suffices to show that on ground terms over £ we have

—{s—>t [¢]} C =g %%UHU{SH)‘; o]} (_H_)EUEa;pd(s%t lelp) © <_;2UHU{5~>1‘/ ]}

So suppose C[sv], C[ty] are ground terms over £ such that C[sy] = (st [}
C[ty], for some ground substitution v over £ that respects £ — r [¢]. Then ¥
with yH(x) = y(z) g for all € dom(y) is a gsc substitution over £, so by

Lemma 17 we have s6 = - A gap(sat [o],p) 10- Therefore

C[S’Y] _>;<€ 0[56] —R " ‘_H_’Exp(szt lel.p) C[t(S] <_;k€ C[t’)/]
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B Proofs for Section 5

Although there are no lemmas or theorems in Section 5, we did claim in the text
that strong quasi-reductivity implies general quasi-reductivity. In this appendix,
we prove that statement.

We first introduce a helper function u, that replaces every higher-order sub-
term in a ground semi-constructor term by a variable.

Definition 9 (u). For a ground semi-constructor term s, choose variables F),
for every p € Pos(s) with s|, of higher type. Then, let u(s) := pe(s), where for
subterms t of s at position p, we let:

— if t has an arrow type, p,(t) == F),
— if t has base type, then t necessarily has a shape c ty - - - t,,, with ¢ a construc-
tor, so we let p,(t) :==c ppa(t1) - tpom(tm)

Then clearly pu(s) is a constructor term with only higher-order variables, and
moreover it is linear (no variable occurs more than once), and the only subterms
of higher type are variables. We clearly have the property: u(s)[F, :=s|, | p €
Pos(s) A s|p has a higher type] = s. With this, we easily prove our desired result.

Lemma 20. Any strong quasi-reductive LCSTRS is quasi-reductive.

Proof. Suppose an LCSTRS £ = (X, R) is strong quasi-reductive, and towards
a contradiction, suppose s € T'(X, () is irreducible but not a semi-constructor
term. This can only be the case if s has a subterm f s - - - s,, for some n > ar(f),
where f € D and all s; are semi-constructor terms, but f s - - - s,, does not reduce.
However, by strong quasi-reductivity, f p1(s1) - - n(sn) does reduce! But then
(f pa(s1) -+ pn(sn))[Fp == s|p | p € Pos(s) A s|, has higher type] = s1---s,
must also reduce. This gives the required contradiction. a

C Proofs for Section 6

C.1 Oracle extensions

Towards a proof of lemma 2, we show how an Oracle extension can be constructed
from an arbitrary terminating quasi-reductive natural extension.

Construction 1 Let £ be an LCSTRS and £’ be a natural extension of £. Let

fed

f is a defined or calculation symbol in £’
typeof F) =01 = ... 5 0pm =1 (L €S
V1,...,Um,w are ground terms
for---o, —>3,§, win L'

w is a normal form in £’

P=q(fv - vm,w) where

Moreover, let:
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- 82=8" and Ve =V
— 83 cory = Stheory and L5, = Yiheory and T¢ = T and []© = []
(so we use the theory of the original signature, not the extension)

= B8 s = Sterms U{f | f € X, \ C} (so there is a symbol f’ for each
fe X}, ... that is not a constructor in the original LCSTRS £)

— typeof ©(x) = typeof'(x) for z € V',
typeof 2(f) = typeof’ () = typeof (f) for f € Xierms; and
typeof S(f') = typeof’ () for f € X \C

terms

For a term s € T(X2,V2), we let ((s) € T(X’,V’) be the term that is obtained
by replacing each f’ by the corresponding f. For t € T(X’,V’) or in T(X2,V9),
we let x(t) € T(2<, V<) be the term obtained by replacing each f that occurs
in X/,,..s \ C by f (note that all elements of C are in X<, so leaving them

unchanged does not cause problems). Note that ((x(t)) =t if t € T(X’,V’), and
x(¢(s8)) = x(s) for s € T(X2, V) We define:

A 515y Smyw € T(X2,0)
Rorac—{f Slsm—>X(UJ) where (f C(SI)C(Sm)7w)€P}

The oracle variant of L' is the LCSTRS Qrac generated from §2, V9,89

theory’
Etgheoryvz-ga [[]]Qv Eth’rmsa t@/p@OfQ and rules R U Rorac-

We can now make several observations:

Lemma 21. Suppose L' is terminating and quasi-reductive. Then the oracle
variant of L' is also a natural extension of L.

Proof. By definition, all inclusions are satisfied.

The set Rorac 0only defines symbols f/, which do not occur in L.

For all symbols g :: 01 — ... = oy — ¢, ((g) is a function symbol in £', so
for 1 < ¢ < m we have that o; is inhabited in £’; but if u :: 0; is a ground term
in £ then y(u) is a ground term of type o; in Qqrac.

Finally, if c:: 01 — ... — 0, — ¢ is a constructor of Qg ac, there are three
possibilities:

— If c occurs in Xyerms, then c is also a constructor wrt L.

— If ¢ = ' for some f € X}_.,..\C and f is a constructor of X}
cannot occur in S because £’ is a natural extension of L.

— Finally, if ¢ = f’ for some f € X}, \ C that is not a constructor of Xy, .
then we obtain a contradiction, as f’ cannot be a constructor of Rorac. To see
this, note that by the assumption on inhabitance, there exist ground terms
81 1 O1y...,8m i Om, and by quasi-reductivity of £, the term f s1---s,,
must reduce. By termination, it has a normal form w, so (f $1 -+ 81, w) € P,
and therefore f' x(s1)---x(sm) — x(w) is a rule of Rerac. Hence, f' is a
defined symbol of Rorac, giving the required contradiction. a0

then ¢

erms?

Lemma 22. If s SRruR,... t in Qorac (5, ground), then ((s) =%, ((t) in L.
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Proof. If s »ruR,,... t, then s = C[s], t = C[t'], and one of the following holds:

orac

— s’ = /¢y and t' = rv for some £ — r [¢] € R and substitution ~ that respects
this rule. Then since the rules of R do not use any of the copied symbols
f/, we have ((s') = £4° and ((¥') = rv°, where 7¢(z) = ¢(y(7)). And since

¢(v) = v for any value v (as values are in Direory = Ziheory), We have that

7¢ also respects £ — 7 [¢]. Thus, ((s) = €45 —x ¢ = ((t') in L'.
— 8 =t/ € Rorac, 80 P contains a pair (¢(s"),w) with ¢ = x(w), which implies
w = ((¥'). By definition of P, ((s') =%, ¢(t).

— s =fvy -0, for f:iyy — ... = 1,, = K a calculation symbol and all v;
values, and t’' is the value of this theory term; since Et%eory = Ytheory C
Diheory: We have ((s") = s" =g t' = ((t') by a calculation rule.

In all cases, we immediately obtain ((s) = ¢(C)[¢(s")] =5 C(C)[CE#)] = ((2).
O

Corollary 1. If L' is terminating, so 15 Qorac-

Lemma 23. If L is strong quasi-reductive and L' is both terminating and quasi-
reductive, then Qqrac 1S quasi-reductive.

Proof. We prove by induction on the size of a ground term s in Qgpsc: if s does
not reduce in Qurac, then s is a semi-constructor term. We can always denote
s=gs - Sywithg o > ... > 0n >t(m>n,te8). If s does not
reduce, then neither do its arguments s;, so by the induction hypothesis, these
are semi-constructor terms. We consider the possibilities:

— If g is a constructor symbol in R U Ryrac, then we are immediately done.

— If g is defined in Rqorac but n < m then we are done, since all left-hand sides
of rules in Ryrac are maximally applied.

— If g is defined in Roraec and n = m, then g = f’ for some defined or calcu-
lation symbol f € £'. Either way, note that ((s) = f ((s1)---((sn) is not
a semi-constructor term in £, so by quasi-reductivity of £’ it reduces; by
termination there is a normal form w. But then s — x(w) € Rorac, S0 s must
reduce.

— If g is an undefined calculation symbol, then we are immediately done if
n < m. If n = m, then note that g € Et%eory = Ziheorys 50 ((s) =
g ((s1)---C(sy). By definition of calculation symbol, the arguments of g
all have a theory sort, so for 1 < ¢ < m, s; has a form c ¢;---¢; with c a
constructor symbol in Qurac (since s; is a ground semi-constructor term of
base type), so C(s;) = C(c) C(t1)- - (k).
We claim (**) that ¢(c) is a constructor in £’, which means that any reduct
of ((s;) still has ((c) as root symbol. Since Ry = Ry (a natural extension
cannot add cases to a defined symbol or calculation of L), there are no
rules in R’ to reduce g ({(s1) dr') - ((sm) Ir’) and yet it is not a semi-
constructor term; which means that the calculation rule must apply, so ((c)
can only be a value. But if {(c) is a value, then c is a value, so we see that
all s; are values. Hence, s = g s1 - - - 8, reduces (using a calculation rule).
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To prove (**), suppose that {(c) is a calculation symbol or defined symbol;
as ((s;) has base type, it is clearly not a semi-constructor term, so ((s;)
must reduce by quasi-reductivity; and due to the termination requirement
we know that ({(s;), w) € P for some w, and hence that c is a defined symbol
in Rorac—and therefore s; cannot be a semi-constructor term in Qgrac.

— Finally, if g is defined in R, then we are done if n < ar(g). If n > ar(g),
then consider u¢(s) = g w(¢(s1)) - 1(¢{(sn)). The sorts occurring in the
argument types of g are all in S, as are the sorts occurring in the argument
types of any constructor of L; therefore, u(¢(s;)) € T(X,V) for all i—and
1(¢(s;)) is a CHV term.

Now observe that for constructors ¢ in Yyepms, there is no marked version
c’; hence, u(s;) = p(C(si)), and s; = p(s;i)[Fp = Silp | p € Pos(s;) A
si|p has higher type].

By strong quasi-reductivity, there is a rule in R that reduces g p(s1) - - - u(sn)
at the head. But then the same rule also reduces its instance g s1--- s, in
Qorac' u

Lemma 24. Suppose L' is terminating and quasi-reductive. Then the oracle
variant of L' is an Oracle extension of L.

Proof. By Lemma 21, it is a natural extension. By Corollary 1, it is terminating.
By Lemma 23, it is quasi-reductive.

Clearly all rules in Rorac have a shape f/ s1--- s, — x(w) with f' a defined
symbol of Rorac and all s; and x(w) ground. By definition of x, the only symbols
in y(w) are constructors and symbols ', so not defined symbols of £. Since w
is a ground normal form, by quasi-reductivity it is a semi-constructor term, and
since ar(f) = ar<(f) for f € Zierms, and ar(f) < ar2(f') for f € 2., \ C, this

means x(w) is a semi-constructor term for Q. O

Lemma 25. Let s =t [¢] be an equation over L, and 7y a ground substitution
over L' that respects this equation. Then ~X also respects the equation, and if
SYX O RUR,. VY then sy <%, Ty.

Proof. For ~ to respect the equation, three things should be satisfied:

— The domain of v should include all variables occurring in the equation. This
is clearly also satisfied for vX (as this has the same domain).

— For all variables z in the constraint ¢, y(z) must be a value. But note that
the variables in the constraint have a sort occurring in the original signature,
so (since no new constructors of the original sorts are added, which implies
no new values) vy(z) € C, so vX(z) = v(z).

— [py] = T; since yX(x) = y(z) for all © € Var(yp), clearly also JpyX] = T.

Now suppose s7X <35,z tyX. We see by Lemma 22 that ((s7X) <%, ((t7%),
and since ((syX) = sy and ((tvX) = v, this is exactly what we need. O

Thus, we finally have the prerequisites to prove Lemma 2.

Lemma 2. An equation s =~ t [p] over a terminating, strong quasi-reductive
LCSTRS is a global inductive theorem of L if for every Oracle extension Q and
ground substitution v over Q that respects this equation: sy <%0 1.
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Proof. To prove that the equation is a global inductive theorem of L, let £’ be an
arbitrary natural extension of £; we must see that for every ground substitution
d over L' that respects the equation: sd <75, td.

Let Qqrac be the oracle variant of £’. By Lemma 24, Q.. is an Oracle exten-
sion of £, and by Lemma 25, §X respects the equation. Hence, by the assumptions
in the lemma (choosing X for v and RURcrac for RC), s6X 3%z t6X. Again
by Lemma 25, this implies the required property sé <%, 6. ad

Proving oracle termination. In the text, we also claimed that static depen-
dency pairs could be used to prove termination of all Oracle extensions of a given
LCSTRS. To see this, note that static dependency pairs are based around the
notion of computability. Following the definitions for LCSTRSs [12] (which are
based on older techniques for unconstrained systems in the literature), we as-
sume given a quasi-ordering J on the sorts, whose strict part 1 is well-founded,
and define the following relation between sorts and arbitrary types:

Yoy = ..o om— kit AV E{L,...,m}e O 0
Lt 01— ..o, —kife DAY E{L,...,m} T oy
For all symbols f :: 07 — ... = 0, — ¢, we choose a set Acc(f) C {1,...,m}

such that « % o; for all i € Acc(f). We let g 518y Dpec t if t =g 515, or
8; e t for some i € Acc(g). With this definition, we can define a computability
predicate on terms such that:

—ifs: 0oy — ... = oy — , then s is computable if and only if s tq---t,, is
computable for all computable terms ¢; :: o;
— if s :: ¢, then s is computable if and only if:
e for all ¢ such that s —5 t also t is computable
o if s::f 51+, then for all 7 € Acc(f) also s; is computable.
— a computable term is guaranteed to be terminating

Assume given a natural extension £’ of L. Given a sort ordering and accessi-
bility function Acc, the static dependency pair framework can be used to prove
that 4f all function symbols in X'\ X are computable, then so are all function
symbols in X, without further knowledge of X’ or R’. This then proves termi-
nation of the extension (for more details on the method and the assumptions on
the extension, we refer the reader to [12]). Thus, to use this method, we only
have to prove computability of all oracle symbols.

Now, we assume given an Oracle extension Q = (X<, R<) of £, and a sort
ordering and accessibility function on the sorts and function symbols of the
original signature £. We impose the additional restriction on the choice of 3
and Acc that for any constructor c :: o1 — ... — o,, — ¢ of the original
signature, if i € Acc(c) and oy is an arrow type 71 — ... — 7, — K, then ¢ 1 k.
This restriction still allows us to for instance use lists of functions. We then
assign Acc(f) = () for all f € X2\ X, and extend the computability notion to
terms over Q. This gives us the following property:
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Lemma 26. Fix a sort ¢. Suppose that for all f :: 01 — ... = o — K In
»e \ X with « O k, and all terminating ground terms $1 :: 01,...,8m : Om, the
term f sy -+ sy, is computable. Let s be a ground semi-constructor term of type
! that is equal to v in the sort ordering. Then s is computable.

Proof. By induction on the size of s. Since s is a ground semi-constructor term
of base type, we can write s = ¢ 818, withc :: 07 = ... = o, — ¢/ &
constructor. Since a gsc term does not reduce, we only need to show that s; is
computable for i € Acc(c). If ¢ is in X9\ X, this is immediate because then
Acc(c) = 0; so assume that ¢ € Y. Let ¢ € Acc(c), so £ IT o; by definition
of Acc. If o; is a sort that is equal to ¢ in the sort ordering, then we conclude
computability of s; by the induction hypothesis. Otherwise, write s; = g uy - - - uy,
withg :m = ... = 7 = K, with 0 = 7,41 — ... = 7, = k. Then due
to the additional restriction (or because n = p and we already covered the
“both sorts are equivalent” case) ¢« J k. We observe that all u; are ground semi-
constructor terms, and therefore terminating. Moreover, all computable w41 ::

Tn+1s---,Up = Tp are terminating by the computability notion. Hence, by the
induction hypothesis, g u; - - - u, is computable for all computable wup41, ..., up,
which implies computability of g u; - - - u, = s; as desired. a

This allows us to prove computability of all our extra function symbols:

Lemma 27. Iff 101 > ... 5 0p —>L€ZQ\E, and 81 i1 01,...,8m i O, are
computable terms, then f sy --- sy, is computable.

Proof. We assume given terminating terms si,..., S, under —xo (by defini-
tion of computability, computable terms satisfy this property), and prove that
f s1---8m is computable by induction first on ¢ (ordered with 1), second by
(s1,...,5m) (ordered placewise with —xe).

Since Acc(f) = @) and s has base type, we only need to prove that ¢ is com-
putable whenever s —xo t. If a reduction step is taken in one of the s;, then
we complete by the second induction hypothesis. Otherwise, ¢ is a ground semi-
constructor term of type ¢; we complete by Lemma 26 (since the induction hy-
pothesis gives the prerequisites to apply the lemma). a

C.2 Proof strategy

The rest of this section is devoted to the proof of the following statement:

Theorem 2. Let L be a terminating, strong quasi-reductive LCSTRS and let €
be a set of equations. If, by global rewriting induction, (€,0) H* (0, H), for some
set ‘H, then every equation in & is a global inductive theorem of L.

By Lemma 2, it suffices to show that all elements of £ are inductive theorems
in an arbitrary Oracle extension of L. So let us fix an arbitrary Oracle extension
Q = (X2, RE) of L. The proof is very similar to the proof of Theorem 1 in
Appendix A:
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— We define <»¢ as in Appendix A, but with the difference that C is now
allowed to be a context over Q, and « a substitution over Q. We do the
same for =g and <00

— We adjust Lemma 6 to this new setting, to say: if <3¢ C <75 on ground
terms over Q, then every equation in £ is an inductive theorem of Q. (The

proof is immediate.)

Using the same reasoning as in Appendix A.2 (but with Q in place of £), it
is straightforward to check that Theorem 2 holds if the following lemma holds:

Lemma 28 (Main lemma). Suppose that (E,H) + (&', H’), using global
rewriting induction. Then

root,semi * *
(1) Hg\gl g %RQU'H’ : g’ %RQU'H’
* *
(2) TTROUH C —Rre * DRouy * e - rouy On ground terms over Q,
mmplies
—reun € —Re  “houy e - S Reuy on ground terms over Q.

C.3 Soundness proof

Similar to the proof in Appendix A.3, we show that Lemma 28 holds for every
deduction rule, but this time we have to work with Q instead of L. Except for
Expansion (which now becomes Global Expansion), it is not difficult to see that
the proofs in Appendix A are easily adapted to this new situation: we just replace
the gsc substitutions over £ by gsc substitutions over 9, and we are allowed to
reduce with R< instead of only R. Aside from this:

— In Simplification, we also observe that every rule in R is also an element of
R, and that every calculation rule still exists in Q.

— In Generalize and Alter, we use an altered version of these derivation rules
that quantifies over all gsc substitutions over Q instead of those over L.

— For Deletion, note that if a constraint ¢ built over the original signature is
not satisfiable in £, then it is also not satisfiable in Q: any variable that
occurs in ¢ is in the original sort set S, so by definition of Q being a natural
extension, there are no values of this sort in @ that do not also occur in L.

— No additional observations are needed for Semi-constructor.

Therefore, we only need to show correctness of Global Expansion.
Global Expansion Similar to Expansion, we need to prove both (1) and (2)
of Lemma 28. To prove (1), we first introduce two helper lemmas.

Lemma 29. Letf s1---s, be a ground term over Q such that

— f €D (the defined symbols of the original LCSTRS) with n > ar(f) =k
— for all1 < i <mn, q € Pos(s;): if si|q has base type, then s;|, has a form
c ty-+ -ty with ¢ a constructor symbol in Q
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ws  Then there is a rule £ — 1 [p] € R € RC and a substitution vy over Q respecting
wss  this rule such that f s1--- s, = lv.

wss  Proof. Let s :==f s1---8,, 8 :=f pi(s1) - pn(sp) and 6 := [F, := s|, | all
wsr  variables F), in Var(s’)]. Since f € D, the argument sorts of f occur in the original
ws  LCSTRS L, as do the argument sorts of any constructor. So, by definition of a
0 natural extension, p;(s;) uses only constructors of £. Therefore s'0 = s, and ¢’
wo i a term over L. Note that every p;(s;) is a CHV term.

Since ' = f p1(s1) - pun(sn) has a defined symbol at the head, with n >
ar(f) and all p(s;) are CHV terms over the original signature, strong quasi-
reductivity indicates that s’ reduces in the original LCSTRS, and since the
i (s;) are constructor terms, it can only reduce at the head. So there is a rule
fly--- £y = r[p] € R and a substitution n over L respecting this rule such that
fui(s1) - pr(sg) =f €y - L. We are done choosing v := nd. O

wa  Lemma 30. If (EW{s~t[p]},H)F (EUEzpd(s~t [¢],p), HU{s =t [¢]})
w2 by (Global Expansion), and vy is a ground semi-constructor substitution over
w3 Q that respects the equation s =t [p], then s7 =R + A cuBrpd(s~t [o].p) 1V-

we  Proof. Let v be a ground semi-constructor substitution over Q that respects
ws s~ t[p]. We have s|, =f s1---s, for f € D (in the original signature), n >
we  ar(f) =: k and for all 1 <i <n, ¢ € Pos(s;): if s;|4 has base type and is not a
w7 variable, then si|q has a form c ¢, - - - t,, with c a constructor symbol.

But then any subterm (s;7)|, of base type is of the shape ¢ (t17) - - - (tm7y) as
well, either because ¢ € Pos(s;) and (s;7)]q = Silq7y, or because (s;7)|q = v(2)]|q
for some = € V(s;) and ¢’ € Pos(y(x)) (and ~ is a gsc substitution). Therefore,
by Lemma 29, f (s17) -+ (spy) = €5 for some £ — r [¢)] € R and substitution §
over Q that respects ¥. Now, we finish the proof exactly as in Lemma 17. ad

1008 Part (1) of Lemma 28 is now proved by the following:

we Corollary 2. If (EW{s~t [p|},H)F (EUExpd(s =t [p],p),HU{s =1 [¢]})
uo by (Global Expansion) then

root,semi * *
[s~t [p]} = TRUHU{s—t [p]} “AeUBepd(sat [0]p) © S RUHULs—t (o]}

€ PReunU(sot [}~ TeuBapdtnt [elp) T T ROUMUL S o))
uon  And part (2) of Lemma 28 is proved by the following:

nee Lemma 31.
uis  Suppose (EW{s~t [p]},H)F (EUExpd(s =t [p],p), HU{s =t [¢]}) by (Global
1104 Empansion), and —Rreun & —Re - %%QU»H : <_H_’£u{szt I (_j';agu?{ on
ues  ground terms over Q. Then:

—RQUHU{s—t [¢]} & RS '%%Quﬂu{s—m (]}

AeuEapd(sxt [olp) * CROUHULsE [0}

s holds on ground terms over Q.
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Proof. With a similar reasoning as in the proof of Lemma 19: because of Corol-
lary 2 it suffices to show that on ground terms over Q we have
st o]} € RO PReUNU(s ot [} T T eUBmpa(snt [lp) T TROUNULs ¢ (]}

So suppose C[sv], C[ty] are ground terms over Q such that C[sy] — C[ty] with
s — t [p] for some ground substitution v over Q respecting this rule. Then
0 = vlgre is a ground semi-constructor substitution over 9, so by Lemma 30

(and the Q-variant of Lemma 8) we have 6 =R * = gup(sat [o],p) t0- Therefore

So for sure

C[S'ﬂ _>>'7<QQ 0[85] R " <_H_)E:L’p(szt le],p) C[té] <_;<29 C[t’}/]



	Rewriting induction for higher-order constrained term rewriting systems
	Introduction
	Preliminaries
	Logically Constrained Simply Typed Rewriting Systems
	Rewriting Induction

	Higher-order Inductive Theorems
	Inductive theorems and extensionality
	Higher-order quasi-reductivity

	Higher-order Rewriting Induction
	Simplifying equations
	Expanding equations (doing a case analysis)
	Altering (and generalizing) equations
	Finishing up
	Comparison to the first-order literature

	Global induction theorems
	Global rewriting induction
	Soundness result

	Discussion and future work
	Proofs for sec:higherOrderRI
	Alter scenarios
	Proof strategy
	Soundness proof

	Proofs for sec:globalindth
	Proofs for sec:globalRI
	Oracle extensions
	Proof strategy
	Soundness proof



