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Example Term Rewriting system

Set of terms T (F ,V), signature F = {¬,∨,∧} and disjoint set of
variables V

1 ¬¬x → x

2 ¬(x ∨ y) → ¬x ∧ ¬y
3 ¬(x ∧ y) → ¬x ∨ ¬y
4 x ∧ (y ∨ z) → (x ∧ y) ∨ (x ∧ z)

5 (y ∨ z) ∧ x → (x ∧ y) ∨ (x ∧ z)

6 (x ∨ y) ∨ z → x ∨ (y ∨ z)

Can we prove termination?
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Substitutions

σ : V → T (F ,V)
3 ¬(x ∧ y) → ¬x ∨ ¬y

σ(x) = x , σ(y) = ¬(y ∨ x)

¬(x ∧ ¬(y ∨ x)) →3 ¬x ∨ ¬¬(y ∨ x)
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Minimal non-terminating terms

If a TRS R is not terminating, it has non-terminating terms and
also minimal non-terminating terms.
T∞ = {t ∈ T (F ,V) | t is non-terminating and every proper
subterm is terminating }
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If a TRS R is not terminating, it has non-terminating terms and
also minimal non-terminating terms.
T∞ = {t ∈ T (F ,V) | t is non-terminating and every proper
subterm is terminating }

• f (x , y) → f (g(y), x)

• g(x) → h(x)

f (f (x , z), y)
f (x , g(x))
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If a TRS R is not terminating, it has non-terminating terms and
also minimal non-terminating terms.
T∞ = {t ∈ T (F ,V) | t is non-terminating and every proper
subterm is terminating }

Lemma. For every term t ∈ T∞ there exist a rewrite rule l → r , a
substitution σ, and a non-variable subterm u of r such that

t
>ϵ−→

∗
lσ

ϵ−→ rσ ⊵ uσ and uσ ∈ T∞
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Dependency pairs

• f (x , y) → f (g(y), x)

• g(x) → h(x)

• f #(x , y) → f #(g(y), x)

• f #(x , y) → g#(y)
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Dependency pairs

If s = f (s1, . . . , sn) then denote s# as f #(s1, . . . , sn) If l → r ∈ R
and u is a subterm of r with defined root symbol such that u is
not a proper subterm of l , then the rewrite rule l# → u# is called
a dependency pair of R.
The set of all dependency pairs of R is denoted by DP(R)
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Dependency pairs

• ¬#(x ∨ y) → ¬x ∧# ¬y
• ¬#(x ∨ y) → ¬#x

• ¬#(x ∨ y) → ¬#y

• ¬#(x ∧ y) → ¬x ∨# ¬y
• ¬#(x ∧ y) → ¬#x

• ¬#(x ∧ y) → ¬#y

• x∧# (y ∨z) → (x∧y)∨# (x∧z)

• x ∧# (y ∨ z) → x ∧# y

• x ∧# (y ∨ z) → x ∧# z

• (y ∨z)∧# x → (x∧y)∨# (x∧z)

• (y ∨ z) ∧# x → x ∧# y

• (y ∨ z) ∧# x → x ∧# z

• (x ∨ y) ∨# z → x ∨# (y ∨ z)

• (x ∨ y) ∨# z → y ∨# z
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Dependency pairs

• For all s ∈ T∞ there exist terms t, u ∈ T∞ such that
s# →∗

R t# →DP(R) u
#

• If s = f (s1, . . . , sn) then denote s# as f #(s1, . . . , sn)

• Every non-terminating TRS R admits an infinite rewrite
sequence of the form
t1 →∗

R t2 →DP(R) t3 →∗
R t4 →DP(R) . . .

• Reduced termination problem to proving that there cannot be
infinitely many DP(R) steps
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Dependency pairs

Note that for instance DP rule 10 can only be followed (directly)
by DP rule 19 and 20

7 ¬#(x ∨ y) → ¬x ∧# ¬y
8 ¬#(x ∨ y) → ¬#x

9 ¬#(x ∨ y) → ¬#y

10 ¬#(x ∧ y) → ¬x ∨# ¬y
11 ¬#(x ∧ y) → ¬#x

12 ¬#(x ∧ y) → ¬#y

13 x∧# (y ∨z) → (x∧y)∨# (x∧z)

14 x ∧# (y ∨ z) → x ∧# y

15 x ∧# (y ∨ z) → x ∧# z

16 (y ∨z)∧# x → (x∧y)∨# (x∧z)

17 (y ∨ z) ∧# x → x ∧# y

18 (y ∨ z) ∧# x → x ∧# z

19 (x ∨ y) ∨# z → x ∨# (y ∨ z)

20 (x ∨ y) ∨# z → y ∨# z
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Dependency graph

7 ¬#(x ∨ y) → ¬x ∧# ¬y

8 ¬#(x ∨ y) → ¬#x

9 ¬#(x ∨ y) → ¬#y

10 ¬#(x ∧ y) → ¬x ∨# ¬y

11 ¬#(x ∧ y) → ¬#x

12 ¬#(x ∧ y) → ¬#y

13 x ∧# (y ∨ z) → (x ∧ y) ∨# (x ∧ z)

14 x ∧# (y ∨ z) → x ∧# y

15 x ∧# (y ∨ z) → x ∧# z

16 (y ∨ z) ∧# x → (x ∧ y) ∨# (x ∧ z)

17 (y ∨ z) ∧# x → x ∧# y

18 (y ∨ z) ∧# x → x ∧# z

19 (x ∨ y) ∨# z → x ∨# (y ∨ z)

20 (x ∨ y) ∨# z → y ∨# z
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Dependency graph

Cycle of earlier example:
C = {¬#(x ∨ y) → ¬#x ,¬#(x ∨ y) → ¬#x ,
¬#(x ∧ y) → ¬#x ,¬#(x ∨ y) → ¬#y}

¬#(x ∨ y) → ¬#x ¬#(x ∨ y) → ¬#x

¬#(x ∧ y) → ¬#x ¬#(x ∨ y) → ¬#y
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Cycles in Dependency graph

Theorem For every non-terminating TRS R there exist a cycle C
in DG(R) and an infinite rewrite sequence in R∪ C of the form

T #
∞ ∋ t1 →∗

R t2 →C t3 →∗
R t4 →C . . .

in which all rules of C are applied infinitely often.

We call such an infinite rewrite sequence C-minimal
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Using projections

• f #(s(x), y) → g#(y , x)

• g#(y , x) → f #(x , y)

• π(f ) = 1 and π(g) = 2

• π(f (s(x), y)) = s(x) ▷ x = π(g(y , x))

• π(g(y , x)) = x ⊵ x = π(f (x , y))

Note that ▷ is well-founded
(There are no infinite sequences of the form t1 ▷ t2 ▷ t3 ▷ . . . )
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Using projections

π(C) = {π(l) → π(r) | l → r ∈ C}

Theorem Let R be a TRS and let C be a cycle in the DG(R). If
there exists a simple projection π for C such that π(C) ⊆⊵ and
π(C) ∩ ▷ ̸= ∅ then there are no C-minimal rewrite sequences

Reminder: In a C-minimal sequence, every rules of C is applied
infinitely often.

π(t1) ⊵∗ π(tn) ▷ π(tn+1) ⊵∗ π(tm) ▷ π(tm+1) ⊵∗ . . .
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Using projections

C1 = {¬#(x∨y) → ¬#x ,¬#(x∨y) → ¬#y ,
¬#(x∧y) → ¬#x ,¬#(x∧y) → ¬#y}

Choose π1(¬#) = 1

• (x∨y) → x

• (x∨y) → x

• (x∧y) → x

• (x∨y) → y

π1(C1) ⊆ ▷, thus this cycle C1 can be ignored.
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Using projections

C3 = {(y∨z)∧#x → x∧#y ,
(y∨z)∧#x → x∧#z}

Choosing π(∧#) = 1 gives

• y∨z → x

And choosing π(∧#) = 2 gives

• x → y

• x → z

These are not compatible with ⊵
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Looking at SCCs

• Problem: there can be exponentially many cycles in the
dependency graph (in the number of dependency pairs)

• solve strongly connected components (linear algorithm)

• If all pairs in in SCC are compatible with ⊵ after applying a
simple projection, remove the ones that are compatible with ▷.

• Compute new SCCs among the remaining pairs
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Using projections and SCCs

1 intlist([]) → []

2 intlist(x :y) → s(x): intlist(y)

3 int(0, 0) → 0:[]

4 int(0, s(y)) → 0: int(s(0), s(y))

5 int(s(x), 0) → []

6 int(s(x), s(y)) → intlist(int(x , y))

The term int(sm(0), sn(0)) evaluates to the list
[sm(0), sm+1(0), . . . , sn(0)];
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Using projections and SCCs

7 intlist#(x :y) → intlist#(y)

8 int#(0, s(y)) → int#(s(0), s(y))

9 int#(s(x), s(y)) → intlist# (int(x , y))

10 int#(s(x), s(y)) → int#(x , y)

8 10 9 7

Contains two SCCs: {7} and {8, 10}
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Using projections and SCCs

7 intlist#(x :y) → intlist#(y)

{7} is handled by π(intlist#) = 1:

• x :y → y

8 int#(0, s(y)) → int#(s(0), s(y))

10 int#(s(x), s(y)) → int#(x , y)

{8,10} is handled by π(int#) = 2

• s(y) → s(y)

• s(y) → y
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Using projections and SCCs

8 10 9 7

After removing, 7 and 10, we are only left with 8.
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Returning to dependency pairs

• Possible recursive calls

• t1 →∗
R t2 →DP(R) t3 →∗

R t4 →DP(R) . . .

• Towards automation

• ∧
u→v∈DP(R) u ≻ v ∧

∧
l→r∈R l ≿ r
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Dependency pairs

1 half(0) → 0

2 half(s(0)) → 0

3 half(s(s(x))) → s(half(x))

4 bits(0) → 0

5 bits(s(0)) → s(0)

6 bits(s(s(x))) → s(bits(s(half(x))))

7 half#(s(s(x))) → half#(x)

8 bits#(s(s(x))) → half#(x))

9 bits#(s(s(x))) → bits#(s(half(x)))
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Polynomial interpretations

• Polynomial interpretation Pol maps symbols to polynomials
with coefficients in N

• [x ]Pol = x and [f (t1, . . . , tn)] = [f ]Pol([t1]Pol , . . . , [tn]Pol)
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Example polynomial interpretation

halfPol=half#Pol = x1, bitsPol=bits#Pol=sPol = x1 + 1, 0Pol = 0.

1 [half(0)] = 0 ≥ 0 = [0]

2 [half(s(0))] = 1 ≥ 0 = [0]

3 [half(s(s(x)))] = x + 2 ≥ x + 1 = [s(half(x))]

4 [bits(0)] = 1 ≥ 0 = [0]

5 [bits(s(0))] = 2 ≥ 1 = [s(0)]

6 [bits(s(s(x)))] = x + 3 ≥ x + 3 = [s(bits(s(half(x))))]

7 [half#(s(s(x)))] = x + 2 > x = [half#(x)]

8 [bits#(s(s(x)))] = x + 3 > x = [half#(x))]

9 [bits#(s(s(x)))] = x + 3 > x + 2 = [bits#(s(half(x)))]

Thus all rules are weakly decreasing and the DP’s are strictly
decreasing
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Automating polynomial interpretations

t1 →∗
R t2 →DP(R) t3 →∗

R t4 →DP(R) . . . =⇒
t1 ≥∗ t2 > t3 ≥∗ t4 > . . .
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Automating polynomial interpretations

[f (x1, . . . , xn)] = a0 + a1x
e11 · · · xe1n + · · ·+ amx

em1 · · · xemn

halfPol = ax1 + b, sPol = cx1 + d
We can now transform the rule half(s(s(x)))→s(half(x)) to

• a(c(cx + d) + d) + b ≥ c(ax + b) + d

• ac2x + acd + ad + b ≥ cax + cb + d

• ac2x + acd + ad + b − cax − cb − d ≥ 0

• (ac2 − ca)x + acd + ad + b − cb − d ≥ 0

• p1x1 + p0 ≥ 0, where
p1 = ac2 − ca and p0 = acd + ad + b − cb − d

• p1 ≥ 0 ∧ p0 ≥ 0
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Automating polynomial interpretations

• αp>0 = (p0 > 0 ∧ p1 ≥ 0 ∧ · · · ∧ pk ≥ 0)

• αp≥0 = (p0 ≥ 0 ∧ p1 ≥ 0 ∧ · · · ∧ pk ≥ 0)

• αp=0 = (p0 = 0 ∧ p1 = 0 ∧ · · · ∧ pk = 0)
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Algorithm so far

• Transform termination problem into inequalities u ≻ v and
u ≿ v .

• Fix an abstract polynomial interpretation and transform
inequalities into [u]− [v ] > 0 or [u]− [v ] ≥ 0.

• Replace [u]− [v ] > 0 and [u]− [v ] ≥ 0 by the constraints per
variable combination (α[u]−[v ]>0 and α[u]−[v ]≥0)

• Transform constraints to contain only =, > and no
subtractions

• Check satisfiability of Diophantine constraint
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Encoding in SAT

J (⟨φ1, . . . , φn⟩) = 2n−1 · J (φ1) + · · ·+ 2 · J (φ2) + J (φn)
∥p + q∥ = B+(∥p∥, ∥q∥) and ∥p · q∥ = B∗(∥p∥, ∥q∥)
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Encoding in SAT

• B+(⟨φ1, . . . φn⟩, ⟨ψ1, . . . , ψm⟩) =
B+(⟨φ1, . . . φn⟩, ⟨0, . . . , 0, ψ1, . . . , ψm⟩) if n > m

• B+(⟨φ1, . . . φn⟩, ⟨ψ1, . . . , ψm⟩) =
B+(⟨0, . . . , 0, φ1, . . . φn⟩, ⟨ψ1, . . . , ψm⟩) if n < m

• B+(⟨φ⟩, ⟨ψ⟩) = ⟨φ ∧ ψ,φ⊕ ψ⟩
• B+(⟨φ1, . . . φn⟩, ⟨ψ1, . . . , ψm⟩) =

⟨B2or3(φ1, ψ1, ξ1),B
1or3(φ1, ψ1, ξ1), ξ2, . . . , ξn⟩ if

B+(⟨φ2, . . . φn⟩, ⟨ψ2, . . . , ψm⟩) = ⟨ξ2, . . . ξn⟩
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Encoding in SAT

∥p > q∥ = B>(∥p∥, ∥q∥) and ∥p = q∥ = B=(∥p∥, ∥q∥)

• B=(⟨φ1, . . . ,n ⟩, ⟨ψ1, . . . , ψn⟩) = (φ1 ↔ ψ1) ∧ · · · ∧ (φn ↔ ψn)

• B>(⟨φ⟩, ⟨ψ⟩) = φ ∧ ¬ψ
• B>(⟨φ1, . . . ,n ⟩, ⟨ψ1, . . . , ψn⟩) =

(φ1 ∧ ¬ψ1) ∨ ((φ1 ↔ ψ1) ∧ B>(⟨φ2, . . . , φn⟩, ⟨ψ2, . . . , ψn⟩))
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Encoding in SAT

• {0, . . . 2k − 1}
• α ∈ C and every number in α ≤ 2k − 1. Then the size of ∥α∥

is in O(|α|2 · k2)
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Negative coefficients

1 half(0) → 0

2 half(s(0)) → 0

3 half(s(s(x))) → s(half(x))

4 bits(0) → 0

5 bits(s(0)) → s(0)

6 bits(s(s(x))) → s(bits(s(half(x))))
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Negative coefficients

sPol3 = x1 + 1, bitsPol3 = x1 + 1 and halfPol3 = x1 − 1

5 bits(s(x)) → s(bits(half(s(x))))

6 bits#(s(x)) → half#(s(x))

7 bits#(s(x)) → bits#(half(s(x)))

No polynomial interpretation with non-negative coefficients
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Negative coefficients

sPol3 = x1 + 1, bits#Pol3
= x1 + 1 and halfPol3 = x1 − 1

6 [bits#(s(x))] = x + 1 > x = [half#(s(x))]

7 [bits#(s(x))] = x + 2 > x + 1 = [bits#(half(s(x)))]
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Negative coefficients

• [t1] > [t2] > [t3] > · · · > 0

• [f (t1, . . . , tn)] = max(fPol([t1], . . . , [tn]), 0)

• [u] > [v ] =⇒ [u]− [v ] > 0

• [l ]left ≤ [l ] ≤ [l ]right

• for l → r we have [l ]left ≥ [r ]right
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Left and right

• [half]leftPol = x − 1

• [half]Pol = max(x − 1, 0)

• [half]rightPol = x

• x − 1 ≤ max(x − 1, 0) ≤ x

• [half]leftPol ≤ [half]Pol ≤ [half]rightPol
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Left and right

[t]left =


t if t is a variable

0 if t = f (t1, . . . , tn), ncon(p1) = 0, and 0 > con(p1)

p1 if t = f (t1, . . . , tn), otherwise

Where p1 = fPol([t1]
left , . . . , [tn]

left)
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Left and right

[t]right =


t if t is a variable

ncon(p2) if t = f (t1, . . . , tn), and 0 > con(p2)

p2 if t = f (t1, . . . , tn), otherwise

Where p2 = fPol([t1]
right , . . . [tn]

right)
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Left and right

sPol3 = x1 + 1, bitsPol3 = x1 + 1 and halfPol3 = max(x1 − 1, 0)

• bits#(s(x)) → half#(s(x))

• bits#(s(x)) → bits#(half(s(x)))

• [bits#(s(x))]left = x + 2 > x = [half#(s(x))]right

• [bits#(s(x))]left = x + 2 > x + 1 = [bits#(half(s(x)))]right

• Since con(half#Pol([s(x))])) = con(half#Pol(x + 1)) ≥ 0
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Left and right

• Only for concrete polynomials

• halfPol = ax + b

• ncon(pi ) = ax =? 0 and con(pi ) = b <? 0
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Left and right

[t]left =


t if t is a variable

0 if t = f (t1, . . . , tn), ncon(p1) = 0, and 0 > con(p1)

p1 if t = f (t1, . . . , tn), otherwise

Where p1 = fPol([t1]
left , . . . , [tn]

left)

[t]right =


t if t is a variable

ncon(p2) if t = f (t1, . . . , tn), and 0 > con(p2)

p2 if t = f (t1, . . . , tn), otherwise

Where p2 = fPol([t1]
right , . . . [tn]

right)

If t is a variable then [t]left = t = [t]right and αleft
t = true = αright

t
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Left and right

[t]left =


t if t is a variable

0 if t = f (t1, . . . , tn), ncon(p1) = 0, and 0 > con(p1)

p1 if t = f (t1, . . . , tn), otherwise

Where p1 = fPol([t1]
left , . . . , [tn]

left)

If t = f (t1, . . . tn), then [t]left = ncon(p1) + bleft
t ,

αleft
t = αleft

t1 ∧ . . . αleft
tn ∧ (αncon(p1)=0 ∧ 0 > con(p1) → bleft

t = 0)

∧(¬(αncon(p1)=0 ∧ 0 > con(p1)) → bleft
t = con(p1))
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Left and right

[t]right =


t if t is a variable

ncon(p2) if t = f (t1, . . . , tn), and 0 > con(p2)

p2 if t = f (t1, . . . , tn), otherwise

Where p2 = fPol([t1]
right , . . . [tn]

right)

If t = f (t1, . . . tn), then [t]right = ncon(p2) + brightt ,

αright
t = αright

t1 ∧ . . . αright
tn ∧ (0 > con(p2) → brightt = 0)

∧(¬(0 > con(p2)) → brightt = con(p2))
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Concluding procedure

• Transform termination problem into inequalities u ≻ v and
u ≿ v .

• Fix an abstract polynomial interpretation and transform
inequalities into [u]left − [v ]right > 0 or [u]left − [v ]right ≥ 0.
Add conjunction of all corresponding constraints αleft

u and
αright
v

• Replace [u]left − [v ]right > 0 and [u]left − [v ]right ≥ 0 by the
constraints per variable combination (α[u]left−[v ]right>0)

• Fix n and remove bold variables a by ”a− n” for a fresh a.
{−n, . . . , 2k − 1− n} =⇒ {0, . . . , 2k − 1}

• Remove ≥ and subtractions from the constraint and check the
satisfiability using SAT
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Results
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Questions
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