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Example Term Rewriting system

Set of terms T(F,V), signature F = {—,V, A} and disjoint set of
variables V

O —x—x

@ ~(xVy) = ~xA-y

©® ~(xAy) = —~xV-y

O xN(yVz)—= (xAy)V(xAz)
O (yV2)Ax—=(xAy)V(xAz)
O (xVy)Vz—=xV(yVz)
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Example Term Rewriting system

Set of terms T(F,V), signature F = {—,V, A} and disjoint set of
variables V

O —x—x

@ ~(xVy) = ~xA-y

©® ~(xAy) = —~xV-y

O xN(yVz)—= (xAy)V(xAz)
O (yV2)Ax—=(xAy)V(xAz)
O (xVy)Vz—=xV(yVz)

Can we prove termination?
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Example Term Rewriting system

Set of terms T(F,V), signature F = {—,V, A} and disjoint set of
variables V

O —x—>x
@ ~(xVy) = xA-y
© ~(xNy) = ~xV-y
O xN(yVz)—=(xAy)V(xAz)
O (yV2))Ax—= (xAy)V(xAz)
O (xVy)Vz—=xV(yVz)

(X A~y VX))
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variables V

® ——x—x
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Example Term Rewriting system

Set of terms T(F,V), signature F = {—,V, A} and disjoint set of
variables V

O —x—>x
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Example Term Rewriting system

Set of terms T(F,V), signature F = {—,V, A} and disjoint set of
variables V

® ——x—x

@ ~(xVy) = xA-y
® (xA\y)— xV-y
O xN(yVz)=(xAy)V
O (yVa)Ax—=(xAy)V
O (xVy)Vz—=xV(yVz)

—(x A=y Vx)) =3 axVaa(y Vx) = ax vy Vx)
—(x A=y V x)) =2 =(x A (my A=x)) =3 =x V a(my A x)
=3 xV (=Y Vox) = ax v (y Voox) = ax vy Vx)
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Substitutions

o1V = T(F,V)
® (xAy)— xV-y
o(x)=x, o(y)=-(y vx)

—(x A=(y V x)) =3 =x V-=(y V x)
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Minimal non-terminating terms

If a TRS R is not terminating, it has non-terminating terms and
also minimal non-terminating terms.

Too = {t € T(F,V) | tis non-terminating and every proper
subterm is terminating }
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Minimal non-terminating terms

If a TRS R is not terminating, it has non-terminating terms and
also minimal non-terminating terms.

o ={t € T(F,V)| tis non-terminating and every proper
subterm is terminating }

° f(x,y) — f(g(y). x)
* g(x) = h(x)
f(f(x,2),y)
f(x,g(x))
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Minimal non-terminating terms

If a TRS R is not terminating, it has non-terminating terms and
also minimal non-terminating terms.

Too = {t € T(F,V) | tis non-terminating and every proper
subterm is terminating }

Lemma. For every term t € T, there exist a rewrite rule | — r, a

substitution o, and a non-variable subterm u of r such that

>e * €
t = lo = ro> uo and uo € T
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Dependency pairs

* f(x,y) — flg(y),x)
* g(x) = h(x)
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Dependency pairs

f(x,y) = f(g(y), x)
g(x) — h(x)

F#(x,y) = f#(g(y), x)
f#(x,y) = g%(y)
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Dependency pairs

If s = f(s1,...,5s,) then denote s7 as f#(sy,...,s,) If | - reR
and u is a subterm of r with defined root symbol such that v is
not a proper subterm of /, then the rewrite rule /# — u# is called
a dependency pair of R.

The set of all dependency pairs of R is denoted by DP(R)
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Dependency pairs

o <#(xVy) = x AT ay o XA\ (yVz) = xATy
o —#(xVy) = -x ® XANT(yVz)—=xA"z
o <#(xVy)— Ty * (yVz)A*x = (xAy)V¥ (xA\2)
o —#(xAy) = —x V¥ oy o (yV2)AT x =+ x ATy
)

e o
4]
H* F*
—~
X X
> >
= =
AN
4]
* F*
< X
e o
—~ o~
X <
< <
< >
* 3k
N X
AN
X X
< >
* F#*
(?N
<

S

o xA*(yVz) = (XAY)V#(xAz) ® (xVy)VFz—=yV7z
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Dependency pairs

® For all s € T there exist terms t, u € T such that
S# —);kz t# _>DP('R) U#
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Dependency pairs

® For all s € T there exist terms t, u € T such that
S# —);kz t# _>DP('R) U#
® If s=f(s,...,s,) then denote s7 as f#(sy,...,s,)

® Every non-terminating TRS R admits an infinite rewrite
sequence of the form

t —)% t2 = pp(R) 13 —)72 t4 —pp(R) - --
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Dependency pairs

® For all s € T there exist terms t, u € T such that
s# —>>7kz t# —DP(R) ut

® If s=f(s,...,s,) then denote s7 as f#(sy,...,s,)

® Every non-terminating TRS R admits an infinite rewrite
sequence of the form
t —)% t2 = pp(R) 13 —)72 t4 —pp(R) - --

® Reduced termination problem to proving that there cannot be
infinitely many DP(R) steps
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Dependency pairs

Note that for instance DP rule 10 can only be followed (directly)
by DP rule 19 and 20

@ 7 (xVy) = x AT oy @ xAN" (yVz) = xAfy

0 7 (xVy)— —"x ® x A7 (yVz) = xA\ 2z

0 7 (xVy)— Ty © (yV2)AT x = (xAy)V# (xAz)
0 7 (x\y) = ~x V¥ -y ®(yVz) AT x = xATy

® 7 (xN\y)— —"x & (yVz) A" x = x N\ z

® 7 (xAy)— Ty © (xVy)VFz = xV* (yVz)
& x\7 (yVz) = (xAy)V#(xAz) @ (xVy)VFz—yVH#z
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Dependency graph

@ Fxvy) = x At oy

O #xvy) - -#x

O —F#(xvy) = -Hy

M —#xny) > ~x vy

® —#(xny) - Fx

B —Fxny) - -ty

® x A (yvz) = (xAy) VF (x A 2)
W xr#(yvz) o xaty

@ xA#F (yVz) = xAFz

@ (y V) AT x = (x Ay) VT (x A 2)

@ (yVZ)A#E x = xn#y

@ (yV2)AF x = x £# 2

(x\/y)v#z—)xv#(sz)

S

(xVy)V# z = yv# 2z
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Dependency graph

Cycle of earlier example:
C = {—\#(X Vy)— —#x, —|#(x Vy)— —#x,
—F(x Ny) = —Fx,~#(xVy) - ~Fy}

gl gl

ﬂ#(x Vy)— Y ﬁ#(x\/y) — —Fx

—\#(X Ay)— —#x —|#(x Vy)— —#y

U U
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Cycles in Dependency graph

Theorem For every non-terminating TRS R there exist a cycle C
in DG(R) and an infinite rewrite sequence in R U C of the form
ngB ty _>>7|<2 th —c t3 —>% ty —c ...

in which all rules of C are applied infinitely often.
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Cycles in Dependency graph

Theorem For every non-terminating TRS R there exist a cycle C
in DG(R) and an infinite rewrite sequence in R U C of the form
TOZ%B ty _>>7|<2 th —c t3 —>% ty —c ...

in which all rules of C are applied infinitely often.

We call such an infinite rewrite sequence C-minimal
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Using projections

o #(s(x),y) = &% (y,x)
° g%(y,x) = f#(x,y)
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Using projections

o #(s(x),y) = &% (y,x)
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Using projections

®
-
BiS

(s(x),y) = g7 (y,x)
g#(y,x) = f#(x,y)

m(f)=1and w(g) =2

T(F(5(x),¥)) = 5(x) & x = 7(g(y, %))

m(g(y,x)) = x & x = n(f(x,y))

Note that > is well-founded

(There are no infinite sequences of the form t; >t > t3>...)
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Using projections

m(C)=A{n(l) = w(r)| I - reC}

Theorem Let R be a TRS and let C be a cycle in the DG(R). If
there exists a simple projection 7 for C such that 7(C) C> and
7(C) N> # O then there are no C-minimal rewrite sequences

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 16 / 53



Radboud University Nijmegen

Using projections

m(C)=A{n(l) = w(r)| I - reC}

Theorem Let R be a TRS and let C be a cycle in the DG(R). If
there exists a simple projection 7 for C such that 7(C) C> and
7(C) N> # O then there are no C-minimal rewrite sequences

Reminder: In a C-minimal sequence, every rules of C is applied
infinitely often.
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Using projections

w(C)={n(l) = n(r)| I = reC}
Theorem Let R be a TRS and let C be a cycle in the DG(R). If
there exists a simple projection 7 for C such that 7(C) C> and

7(C) N> # O then there are no C-minimal rewrite sequences

Reminder: In a C-minimal sequence, every rules of C is applied
infinitely often.

m(ty) &* w(ty) > w(ths1) BF w(tm) > 7(tme1) B
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Using projections

C1 = {~#(xVy) = =#x, = #(xVy) = =Ty,
—#(xAy) = —#x, = #(xAy) = =y}
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Using projections

C1 = {~#(xVy) = =#x, = #(xVy) = =Ty,
—#(xAy) = —#x, = #(xAy) = =y}

Choose 1 (%) =1

* (xVy) — x
* (xVy) — x
® (xA\y) — x
° (xVy) =y
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Using projections

C1 = {~#(xVy) = =#x, = #(xVy) = =Ty,
—#(xAy) = —#x, = #(xAy) = =y}

Choose 1 (%) =1

(xVvy) =
* (xVvy) =
(XAy)
(

m1(C1) Cp, t hus this cycle C1 can be ignored.
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Using projections

Ca = {(xVy)V#z — xV#(yVz),
(xVy)V#z = yV#z}
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Using projections

Ca = {(xVy)V#z — xV#(yVz),
(xVy)V#z = yV#z}
Choose mp(V#) =1

® XVy — X
® xVy =y
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Using projections

Ca = {(xVy)V#z — xV#(yVz),
(xVy)V#z — yV#z}
Choose mp(V#) =1

® XVy — X
® xXVy —y
m2(C2) C >, thus this cycle can also be ignored.
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Using projections

C3 = {(yVz)\#x = xA\Ty,
(yVz)A? x — x\# z}
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Using projections

C3 = {(yVz)\#x = xA\Ty,

(yVz)A? x — x\# z}

Choosing m(A#) = 1 gives
® yWz = x
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Using projections

C3 = {(yVz)\#x = xA\Ty,
(yVz)A? x — x\# z}
Choosing m(A#) = 1 gives
® yWz = X
And choosing m(A%) = 2 gives
°* x—y

® X —Zz
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Using projections

C3 = {(yVz)\#x = xA\Ty,
(yVz)A? x — x\# z}
Choosing m(A#) = 1 gives
® yWz = X
And choosing m(A%) = 2 gives
°* x—y
* x—z

These are not compatible with >
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Looking at SCCs

® Problem: there can be exponentially many cycles in the
dependency graph (in the number of dependency pairs)
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Looking at SCCs

® Problem: there can be exponentially many cycles in the
dependency graph (in the number of dependency pairs)

® solve strongly connected components (linear algorithm)
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Looking at SCCs

® Problem: there can be exponentially many cycles in the
dependency graph (in the number of dependency pairs)

® solve strongly connected components (linear algorithm)

e If all pairs in in SCC are compatible with > after applying a
simple projection, remove the ones that are compatible with .
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Looking at SCCs

Problem: there can be exponentially many cycles in the
dependency graph (in the number of dependency pairs)

® solve strongly connected components (linear algorithm)

If all pairs in in SCC are compatible with > after applying a
simple projection, remove the ones that are compatible with .

® Compute new SCCs among the remaining pairs

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 20 / 53
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Using projections and SCCs

@ intlist([]) —

@ intlist(x:y) — s(x): intlist(y)

® int(0,0) —

© int(0, s(y)) = 0:int(s(0), s(y))
0@ int(s(x),0) —

@ int(s(x),s(y)) — intlist(int(x, y))

The term int( ’"( ), 7(0)) evaluates to the list

[sm(0), s™1(0), ..., s"(O)];
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Using projections and SCCs

@ intlist([]) —

@ intlist(x:y) — s(x): intlist(y)

® int(0,0) —

@ int(0, 5(v)) = 0 int((0), 5(»))
@ int(s(x),0) —

O int(s(x),s(y)) — intlist(int(x, y))
@ intlist”(x : y) — intlist¥(y)

@ int#(0, (y)) = int#((0), :(»))
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Using projections and SCCs

intlist™ (y)

int#(s(0), s(y))
— intlist# (int(x, y))
— int?(x, y)
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Using projections and SCCs

intlist™ (y)

int#(s(0), s(y))
— intlist# (int(x, y))
— int?(x, y)

<
&~
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Using projections and SCCs

@ intlist” (x:y) — intlist™ (y)
® int? (0, 5(y)) — int¥(s(0), 5(y))
O int?(s(x), s(y)) — intlist” (int(x,y))
@ int#(s(x), 5(y)) — int#(x, )
U U

Contains two SCCs: {7} and {8,10}
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Using projections and SCCs

@ intlist” (x:y) — intlist™ (y)
{7} is handled by (intlist#) = 1:

¢ Xy—y
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Using projections and SCCs

@ intlist” (x:y) — intlist™ (y)
{7} is handled by (intlist#) = 1:

*xy—y

@ int#(0,s(y)) — int#(s(0), s(y))

© int#(s(x), s(y)) — int#(x, y)
{8,10} is handled by w(int#) = 2

°* s(y) = s(y)

°sly) =y
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Using projections and SCCs

TN

8 10 9 7
U U

After removing, 7 and 10, we are only left with 8.
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Returning to dependency pairs

® Possible recursive calls
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®t —)% to = pp(r) 13 —)72 t4 —pp(R) - --
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Returning to dependency pairs

Possible recursive calls

®t —)% to = pp(r) 13 —)72 t4 —pp(R) - --

Towards automation

® Nusveppr) U = VAN er 12T

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 26 / 53
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Dependency pairs

® half(0) —

@® half(s(0)) —

© half(s(s(x))) — s(half(x))

O bits(0) —

@ bits(s(0)) — s(0)

@ bits(s(s(x))) — s(bits(s(half(x))))
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Dependency pairs

@ half(0) —

@ half(s(0)) —

® half(s(s(x))) — s(half(x))

O bits(0) —

® bits(5(0)) — 5(0)

@ bits(s(s(x))) — s(bits(s(half(x))))
@ half(s(s(x))) — half”(x)

® bits? (s(s(x))) — half#(x))

O bits™(s(s5(x))) — bits” (s(half(x)))
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Polynomial interpretations
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with coefficients in N
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Polynomial interpretations

® Polynomial interpretation Pol maps symbols to polynomials
with coefficients in N

* [Xlpor = x and [f(t1, ..., tn)] = [flpoi([ti]pol, - - - [ta] Por)

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 28 / 53



Radboud University Nijmegen

Example polynomial interpretation

halfpo/:halfﬁo, = X1, bitSpo/:bitSﬁoI:Spo/ =x3+1, 0py =0.
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Radboud University Nijmegen %

Example polynomial interpretation

halfpoi=halff,, = x1, bitspo/=bitsh,,=spo; = x1 + 1, Opos = 0.
® [half(0)] = 0 > 0 = [0]
@ [half(s(0))] =1 >0=[]]
© [half(s(s(x)))] = x +2 > x + 1 = [s(half(x))]
© [bits(0)] =1 >0=[0]
6 [bits(s(0))] =2 =1 =[5(0)]
@ [bits(s(s(x)))] = x + 3 > x + 3 = [s(bits(s(half(x))))]
(7] [half#( )] = x +2 > x = [half#(x)]

)]
(s(x)
#(s( ))] = x +3 > x = [half#(x))]
(s(s(x))
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Example polynomial interpretation

halfpoi=halff,, = x1, bitspo/=bitsh,,=spo; = x1 + 1, Opos = 0.
@ [half(0)] =0 > 0 = [0]
@ [half(s(0))] =1 > 0= [0]
© [half(s(s(x)))] = x +2 > x + 1 = [s(half(x))]

© [bits(0)] =1 > 0= [0]
® [bits(s(0))] =2 > 1 = [(0)]
@ [bits(s(s(x)))] = x + 3 > x + 3 = [s(bits(s(half(x))))]
@ [half”(s5(5(x)))] = x + 2 > x = [half#(x)]
© [bits™(s(s(x)))] = x + 3 > x = [half#(x))]
O [bits?(s(s(x)))] = x + 3 > x + 2 = [bits¥(s(half(x)))]
Thus all rules are weakly decreasing and the DP’s are strictly

decreasing
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Automating polynomial interpretations

t1 —)fk t2 —pp(r) B3 —>>7k2 t4 =ppR) --- =
>t >t3 >ty > ...
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Automating polynomial interpretations

[f(xl, o ;Xn)] =ag+ alxell . _Xeln R amXeml ... xemn
halfpo = axy + b, spoy = cx1 + d
We can now transform the rule half(s(s(x)))—s(half(x)) to
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halfpo = axy + b, spoy = cx1 + d
We can now transform the rule half(s(s(x)))—s(half(x)) to

® a(c(ex+d)+d)+b>c(ax+b)+d

® ac’x+acd +ad +b>cax+cb+d
® ac’x+acd+ad+b—cax—cb—d >0
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Automating polynomial interpretations

[f(xl, o ;Xn)] =ag+ alxell . _Xeln R amXeml ... xemn
halfpo = axy + b, spoy = cx1 + d
We can now transform the rule half(s(s(x)))—s(half(x)) to

® a(c(ex+d)+d)+b>c(ax+b)+d

® ac?x +acd + ad + b > cax + cb+d

® ac’x+acd+ad+b—cax—cb—d >0
® (ac* —ca)x+acd +ad+b—cb—d >0

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 31 / 53



Radboud University Nijmegen

Automating polynomial interpretations

[f(xl, o ;Xn)] =ag+ alxell . _Xeln R amXeml ... xemn
halfpo = axy + b, spoy = cx1 + d
We can now transform the rule half(s(s(x)))—s(half(x)) to

® a(c(ex+d)+d)+b>c(ax+b)+d

® ac?x +acd + ad + b > cax + cb+d

® ac’x+acd+ad+b—cax—cb—d >0
® (ac* —ca)x+acd +ad+b—cb—d >0

® p1x1 + po > 0, where
p1=ac®>—caand pg=acd +ad+b—cb—d
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Automating polynomial interpretations

[f(xl, o ;Xn)] =ag+ alxell . _Xeln R amXeml ... xemn
halfpo = axy + b, spoy = cx1 + d
We can now transform the rule half(s(s(x)))—s(half(x)) to

® a(c(ex+d)+d)+b>c(ax+b)+d

® ac?x +acd + ad + b > cax + cb+d

® ac’x+acd+ad+b—cax—cb—d >0
® (ac* —ca)x+acd +ad+b—cb—d >0

® p1x1 + po > 0, where
p1=ac®>—caand pg=acd +ad+b—cb—d

®*p1=>0Ap=0
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Automating polynomial interpretations

® apso=(po>0ApL>0A---Apc>0)
® ap>0=(p0>0ApPL>0A---Apx=>0)
® ap—0=(po=0Apr=0A"--Apc=0)
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Algorithm so far

® Transform termination problem into inequalities u > v and
uwv.
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Algorithm so far

® Transform termination problem into inequalities u > v and
uwv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u] — [v] > 0 or [u] —[v] > 0.

® Replace [u] — [v] > 0 and [u] — [v] > 0 by the constraints per
variable combination (a[y—[v]>0 and a[y)—[v]>0)
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Algorithm so far

® Transform termination problem into inequalities u > v and
uwv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u] — [v] > 0 or [u] —[v] > 0.

® Replace [u] — [v] > 0 and [u] — [v] > 0 by the constraints per
variable combination (a[y—[v]>0 and a[y)—[v]>0)

® Transform constraints to contain only =, > and no
subtractions
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Radboud University Nijmegen

Algorithm so far

® Transform termination problem into inequalities u > v and
uwv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u] — [v] > 0 or [u] —[v] > 0.

® Replace [u] — [v] > 0 and [u] — [v] > 0 by the constraints per
variable combination (a[y—[v]>0 and a[y)—[v]>0)

® Transform constraints to contain only =, > and no
subtractions

® Check satisfiability of Diophantine constraint
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Encoding in SAT

Tt en)) =2""1-T(e1) + - +2-T(p2) + T (@n)
Ip+qll = B*(|lpll, lqll) and [[p - qll = B*(llpll, ll4l)

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 34 / 53



Radboud University Nijmegen %

Encoding in SAT

° B+(<9017--'¢n>7<w17"‘7wm>):
BH((1, - o) (One 0, tbrs b)) i 1> m
® BT ({¢1,---¢n): <1;Z)17---77/}m>):
BH((0,--.,0, 01, on). (Y, b)) if 1 < m
° B ((¢), (v >)_(<PA¢>SO@¢>
. B+(<<P17 en), (Y1, ¥m)) =
<B o (901,1/11, ) Blor3(§017¢17€1)7§27'"7§f7> if
B+( $2; . >7<¢27"')¢m>):<£2a"'£n>
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Encoding in SAT

lp > qll = B=(llpll; llqll) and |[p = qll = B=(lIpll; llqll)

B=((#15- )y (1,0, ¥n)) = (01 <> Y1) A Ao <> Pn)
. B>(<¢> () = o A
® BZ((15- )y (V1,0 ¥n)) =
(p1 A =91) Vv ((901<—>¢1)/\B>(<802,--~ason>7<¢2,~-ﬂ/)n>))

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 36 / 53



Radboud University Nijmegen

Encoding in SAT

e {0,...2Fk -1}
® o € C and every number in a < 2K — 1. Then the size of ||c||
is in O(Jal? - k?)

Alex van der Hulst 26 January 2022 Proving termination using the dependency pair method a 37 / 53



Radboud University Nijmegen %

Negative coefficients

® half(0) —

@® half(s(0)) —

©® half(s(s(x))) — s(half(x))

O bits(0) —

© bits(s(0)) — s(0)

@ bits(s(s(x))) — s(bits(s(half(x))))
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©® half(s(s(x))) — s(half(x))
O bits(0) —
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Negative coefficients

@ bits(s(x)) — s(bits(half(s(x))))
0 bits™(s(x)) — half”(s(x))
@ bits™(s(x)) — bits” (half(s(x)))
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Radboud University Nijmegen

Negative coefficients

@ bits(s(x)) — s(bits(half(s(x))))
0 bits™(s(x)) — half”(s(x))
@ bits™(s(x)) — bits” (half(s(x)))
No polynomial interpretation with non-negative coefficients

~— ~—
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Negative coefficients

Poly = X1 + 1, bitspo, = x1 + 1 and halfpy, = x1 — 1

0 bits(s(x)) — s(bits(half(s(x))))
0 bits™(s(x)) — half”(s(x))
@ bits”(s(x)) — bits” (half(s(x)))
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Negative coefficients

Poly = x1 + 1, bits}, = x1 +1 and halfpo;, = x1 — 1
0 [bits#(5(x))] = x + 1 > x = [half#(s(x))]
@ [bits#(5(x))] = x +2 > x + 1 = [bits#(half(s(x)))]
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Negative coefficients

L [t1]>[t2]>[t3]>"'>0
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Negative coefficients

° [tl] > [t2] > [t3] >--->0
o [F(ts,.... t)] = max(Frar([ts], - - - [ta]), O)
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Negative coefficients

L [tl] > [t2] > [t3] >...>0
o [F(ts,.... t)] = max(Frar([ts], - - - [ta]), O)
° [ul >[v] = [u] - [v] >0
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Negative coefficients

[tl] > [t2] > [t3] >--->0

[f(t1,...,tn)] = max(fpor([t1],-- -, [tn]),0)
[u] > [v] = [u] —[v]>0

[/]Ieft < [/] < [/]right
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Negative coefficients

[tl] > [t2] > [t3] >--->0

[f(t1,...,tn)] = max(fpor([t1],-- -, [tn]),0)
[u] > [v] = [u] —[v]>0

[/]Ieft < [/] < [/]right

for | — r we have [/]/¢t > [r]"8"
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Left and right

o [half]ef = x—1
e [halflpy = max(x -1,0)

* [haf5) =
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Left and right

o [half]ef = x—1

¢ [halflpo = max(x — 1,0)
o [half] ) = x

® x —1<max(x—1,0) <x
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Left and right

o [half]ef = x—1

e [half]lpy = max(x -1,0)
* [halfl5) =

o x—1<max(x—1 0) <x

[half]jsf, < [halflpo < [half]fey
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Left and right

t if tis a variable

[t]eft = L0 if t = f(t1,...,tn), ncon(p1) = 0,and 0 > con(py)
p1 if t =1f(t,...,ty),otherwise

Where p1 = fpo([ta]'*®, . .., [ta]'")
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Left and right

t if tis a variable
[t]"8ht = { ncon(py) if t = f(t1,...,ts),and 0 > con(p)
P2 if t = f(t1,...,1t,),otherwise

Where p, = fpo,([tl]right’ o [tn]right)
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Left and right

Pols = X1 + 1, bitspor, = x1 + 1 and halfpy, = max(x; —1,0)
® bits?(s(x)) — half”(s(x))
® bits#(s(x)) — bits? (half(s(x)))
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Left and right

Pols = X1 + 1, bitspor, = x1 + 1 and halfpy, = max(x; —1,0)
® bits?(s(x)) — half#(s(x))
® bits#(s(x)) — bits? (half(s(x)))
o [bits#(s()]" = x + 2 > x = [nalf(s(x))] "
o [bits#(s(x))]" = x +2 > x + 1 = [bits¥ (half(s(x)))]"&"*
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Radboud University Nijmegen %

Left and right

Pols = X1 + 1, bitspor, = x1 + 1 and halfpy, = max(x; —1,0)
® bits?(s(x)) — half#(s(x))
® bits#(s(x)) — bits*(half(s(x)))
o [bits#(s()]" = x + 2 > x = [nalf(s(x))] "
o [bits#(s(x))]" = x +2 > x + 1 = [bits¥ (half(s(x)))]"&"*

e Since con(halff_,([s(x))])) = con(halff,,(x + 1)) > 0

Proving termination using the dependency pair method a 46 / 53
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Left and right

® Only for concrete polynomials
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Left and right

® Only for concrete polynomials
® halfpyy =ax+ b
® ncon(p;) = ax ="' 0 and con(p;) = b <’ 0
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Left and right

t if tis a variable

[t]eff =30 if t = f(t1,...,ta), ncon(p1) = 0,and 0 > con(p)
p1 if t ="f(t1,...,1t,),otherwise

Where p; = fpo/([tl]left, ey [tn]IEft)

t if tis a variable
[t]"8" = { ncon(py) if t = f(t,...,t,),and 0 > con(pz)
P2 if t = f(t1,...,1t),otherwise

Where pp = fpo/([tl]right, o [tn]right)

If t is a variable then [t]/*ft = t = [t]"&" and /¢ = true = a?ght
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Left and right

t if tis a variable

[t]eft =<0 if t = f(t1,...,tn), ncon(p1) = 0,and 0 > con(py)
p1 if t =1f(t1,...,ty),otherwise

Where pL = fPo/([tl]left, e [tn]left)

If t = f(t1,...ta), then [t]"*" = ncon(p1) + bleft,
alfft = left AL aleft A (@ncon(py)=0 A O > con(p1) — bleft = 0)
AN=(ncon(pr)=0 A 0 > con(pr)) — b = con(py))
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Left and right

t if tis a variable
[t]7&" = { ncon(py) if t = f(t1,...,t,),and O > con(pz)
P2 if t =17(t1,...,1tn),otherwise

Where p2 = f’Pol([t]_]right7 . [tn]right)
If t = f(t1, ... t,), then [t]"8" = ncon(py) + byE™,

et — aﬁght A... agf’rht A (0 > con(pz) — b”ght 0)
A(=(0 > con(p2)) — b;’ght = con(p))
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Concluding procedure

® Transform termination problem into inequalities v > v and
urv.
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Concluding procedure

® Transform termination problem into inequalities v > v and
urv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u]®® — [v]"&" > 0 or [u]ft — [v]"&" > 0.

Add conjunction of all corresponding constraints o/ and
aright
v
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Concluding procedure

® Transform termination problem into inequalities v > v and
urv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u]’ft — [v]"&"t > 0 or [u]’®ft — [v]"8" > 0.
Add conjunction of all corresponding constraints o/ and
ar\’/ight

* Replace [u]’®t — [v]"8ht > 0 and [u]"f — [v]"&" > 0 by the
constraints per variable combination (a[u]left_[vlright>0)
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Concluding procedure

® Transform termination problem into inequalities v > v and
urv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u]’ft — [v]"&"t > 0 or [u]’®ft — [v]"8" > 0.
Add conjunction of all corresponding constraints o/ and
ar\’/ight

* Replace [u]’®t — [v]"8ht > 0 and [u]"f — [v]"&" > 0 by the
constraints per variable combination (a[u]left_[vlright>0)

® Fix n and remove bold variables a by "a — n" for a fresh a.
{—=n,....,2x—1-n} = {0,...,2Fk—-1}
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Concluding procedure

® Transform termination problem into inequalities v > v and
urv.

® Fix an abstract polynomial interpretation and transform
inequalities into [u]’ft — [v]"&"t > 0 or [u]’®ft — [v]"8" > 0.
Add conjunction of all corresponding constraints o/ and
ar\’/ight

left __ right left __ right

® Replace [u] [v] > 0 and [u] [v] > 0 by the
constraints per variable combination (a[u]left_[vlright>0)

® Fix n and remove bold variables a by "a — n" for a fresh a.
{—=n,....,2x—1-n} = {0,...,2Fk—-1}

® Remove > and subtractions from the constraint and check the
satisfiability using SAT
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Results

AProVE-SAT AProVE-PB AProVE 1.2
Limit|Range|Degree|[ Yes | TO | Time || Yes | TO [ Time || Yes | TO | Time

60s 1 1 421 0 45,5 421 0 61.6) 421 1 151.8
60s 2 1 431 0 91.8]] 431 0 158.5 414 48] 3633.2
60s 3 1 434 0 118.6[] 434 1 222.1) 408| 81 5793.2
60s 3 sm 4401 51| 5585.0( 427 82 T7280.3|f 404 171 11608.1
10m| 1 1 421 0 45.5]] 421 0 61.6)] 421 1 691.8
10m| 2 1 431 0 91.8]] 431 0 158.5[ 418 41| 27888.4
10m| 3 1 434 0 118.6[] 434 0 689.6)] 415 53| 38286.4

AProVE-CLP AProVE-CIME TTT
Limit|Range|Degree][ Yes | TO | Time || Yes [ TO [ Time || Yes | TO | Time
60s 1 1 420 16 1357.8|[ 408 1 168.3)| 326 32 2568.5

60s 2 1 420] 37|  3558.3|| 408] 43| 320L.0|f 335[ 83| 5677.6
60s 3 1 4071 91|  6459.5( 402 67| 5324.1) 338] 110[ 7426.9
60s 3 sm 367 145 10357.4f] 361 147 10107.7

0m| 1 1 421 11| 7852.2( 408 0 332,71 328 16 14007.8
10m | 2 1 423] 25 18795.6|[ 412] 33| 22190.4f 337[ 68| 45046.6
10m| 3 1 4201 51| 41493.8|] 407 46] 33873.6]] 340] 91| 61209.2
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Questions
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