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2 General Recursive Functions

0,S , πin

f = g ◦ h

f (0, x⃗) = g(x⃗), f (n + 1, x⃗) = h(f (n, x⃗), x⃗ , n)

f = µn.R(n, x⃗)
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M ::= x | λx .M | MM

λx .M[x ] →α λy .M[y ]

(λx .M[x ])N →β M[x := N]

n = λf . λx . f nx
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∀f ∈ R ∃F ∈ Λ◦ ∀n ∈ N Fn =β f (n)
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1 N = {0, 1, 2, . . .}
2 PR unary partial recursive functions
ψ(n) ↓ denotes ψ(n) is defined
ψ(n) ↑ denotes ψ(n) is undefined

3 R unary total recursive functions

4 Λ set of λ-terms
Λ◦ set of closed λ-terms

5 n: from codes to objects
⌜N⌝: from objects to codes

6 E ∈ Λ◦ self interpreter
E ⌜M⌝ =β M
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Definitions numeration

1 A numeration is a pair γ = (ν,S) with ν : N ↠ S

2 n ∼γ m ⇐⇒ ν(n) = ν(m)

3 γ1 = (ν1, S1), γ2 = (ν2,S2)
A map µ : S1 → S2 is a morphism from γ1 to γ2 if for some
f ∈ R:

ν2 ◦ f = µ ◦ ν2
Notation: µ : γ1 → γ2

N
f

N

ν1 ν2

S1 S2µ
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Examples of numerations

1 Λβ = (E ,Λ◦/ =β)
E (n) = En

2 PR = (Φ,PR)
Φ(n) = φn

3 T ⊇ PA, A(x⃗) ∈ Σ0
n(x⃗)

JA(x⃗)KTn,x⃗ = {B(x⃗) ∈ Σ0
n(x⃗) | T ⊢ ∀x⃗ A(x⃗) ↔ B(x⃗)}

sigT
n,x⃗(⌜A(x⃗)⌝) = JA(x⃗)KTn,x⃗

SigT
n,x⃗ = {JA(x⃗)KTn,x⃗ | A(x⃗) ∈ Σ0

n(x⃗)}

S igT
n,x⃗ = (sigT

n,x⃗ ,Sig
T
n,x⃗)
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Properties of numerations

1 γ is positive if ∼γ is recursively enumerable

2 γ is precomplete if

∀ψ ∈ PR ∃f ∈ R ∀n ∈ N ψ(n) ↓ =⇒ f (n) ∼γ ψ(n)

3 γ is complete if

∃a ∈ S ∀ψ ∈ PR ∃f ∈ R ∀n ∈ N ψ(n) ↓ =⇒ f (n) ∼γ ψ(n)
ψ(n) ↑ =⇒ ν(ψ(n)) = a
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3 S igT
n,x⃗ is precomplete

Marten Straatsma 23 January 2023 Representing ↑ in λβ 10 / 35



Notation
Numerations

The Anti Diagonal Normalisation Theorem
Radboud University Nijmegen

Precomplete Numerations
Examples

Λβ is precomplete

Proof.

1 Given ψ ∈ PR let F ∈ Λ◦ be a λ-defining term for ψ.

Define f (n) = ⌜E ◦ Fn⌝. Then if ψ(n) ↓:

E f (n) =β E⌜E ◦ Fn⌝
=β E ◦ Fn
=β E (Fn)

=β Eψ(n)

Hence f (n) ∼γ ψ(n).
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S ig0
n,x⃗ is precomplete

Proof.

3 There is a Tn(y , x⃗) ∈ Σ0
n(y , x⃗) s.t. for every A(x⃗) ∈ Σ0

n(x⃗)

PA ⊢ ∀x⃗ A(x⃗) ↔ Tn(⌜A(x⃗)⌝, x⃗)

Consider ψ ∈ PR.
Define f (m) = ⌜∃y ψ(m) = y & Tn(y , x⃗)⌝.
If ψ(m) ↓ = ⌜A(x⃗)⌝, then

T ⊢ ∀x⃗ (∃y ψ(m) = y & Tn(y , x⃗) ↔ Tn(⌜A(x⃗)⌝, x⃗) ↔ A(x⃗))
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Fixed-point Theorem
Theorem

Fixed-point theorem

If γ is precomplete, then

∀f ∈ R ∃n ∈ N f (n) ∼γ n

Proof.

Given f ∈ R define ψ(m) = f (φm(m)).

Choose h = φe ∈ R totalising ψ modulo ∼γ .
Define n = h(e). Then also ψ(e) ↓ and

n = h(e) ∼γ ψ(e) = f (φe(e)) = f (n)
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Fixed-point Theorem
Corollaries

Corollary

1 Fixed-point theorem in λ-calculus

∀F ∈ Λ◦ ∃N ∈ Λ◦ FN =β N

2 Recursion theorem

∀f ∈ R ∃n ∈ N φf (n) = φn

3 ⌜x⌝ ∼T ⌜y⌝ ⇐⇒ x , y provably equivalent in T ⊃ PA
Corresponding γT not precomplete
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Fixed-point Theorem
Corollaries

Proof.

1 Apply fixed-point theorem to Λβ.
Use f (n) = F (E⌜n⌝).

2 Apply fixed-point theorem to PR.

3 Suppose γT precomplete. Define f (⌜φ⌝) = ⌜¬φ⌝.
By the fixed-point-theorem there exists a ⌜φ⌝ such that

⌜φ⌝ ∼T f (⌜φ⌝) = ⌜¬φ⌝
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The Anti Diagonal Normalisation Theorem
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Notions of ‘undefined’
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Ordering Predicates

Definition

Let Q1(n) ⇐⇒ ∃m R1(n,m) and Q2(n) ⇐⇒ ∃m R2(n,m) be
r.e. predicates. Write

Q1(n1) ⩽ Q2(n2) ⇐⇒ ∃m R1(n1,m) & ∀m′ < m ¬R2(n2,m
′)

Q1(n1) < Q2(n2) ⇐⇒ ∃m R1(n1,m) & ∀m′ ⩽ m ¬R2(n2,m
′)

Informally:

Q1(n1) ⩽ Q2(n2) ⇐⇒ µm.R1(n1,m) ⩽ µm.R2(n2,m)

Q1(n1) < Q2(n2) ⇐⇒ µm.R1(n1,m) < µm.R2(n2,m)
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Ordering Predicates

Lemma

1 Q1(n1) ⩽ Q2(n2) and Q1(n1) < Q2(n2) are r.e. relations.

2 Q1(n1) ∨ Q2(n2) =⇒ Q1(n1) ⩽ Q2(n2) ∨ Q2(n2) < Q1(n1)
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Anti Diagonal Functions

Definition (anti) diagonal function

An (anti) diagonal function (w.r.t. γ) is a δ ∈ PR such that for all
n ∈ N

δ(n) ↓ =⇒ δ(n) ≁γ n
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The Anti Diagonal Normalisation Theorem

Anti Diagonal Normalisation Theorem

Let γ be a precomplete numeration and δ ∈ PR an anti diagonal
function. Then

∀ψ ∈ PR ∃f ∈ R ∀n ∈ N ψ(n) ↓ =⇒ f (n) ∼γ ψ(n)
ψ(n) ↑ =⇒ f (n) /∈ dom(δ)

We say that f totalises ψ modulo ∼γ avoiding dom(δ).
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The Anti Diagonal Normalisation Theorem

Proof.

Given ψ ∈ PR, define θ(n) = φn(n) also PR.
γ precomplete =⇒ ∃g ∈ R ∀n ∈ N φn(n) ↓ =⇒ g(n) ∼γ φn(n)
By the S-m-n theorem there exists an s ∈ R such that

φs(n)(m) =


ψ(n) if ψ(n) ↓⩽ δ(g(m)) ↓
δ(g(m)) if δ(g(m)) ↓< ψ(m) ↓
↑ otherwise
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Proof.

Suppose that φs(n)(s(n)) ↓ and φs(n)(s(n)) = δ(g(s(n))). Then

g(s(n)) ∼γ φs(n)(s(n)) = δ(g(s(n))) ≁γ g(s(n))

Therefore φs(n)(s(n)) ↓ =⇒ φs(n)(s(n)) = ψ(n).

ψ(n) ↓ =⇒ φs(n)(s(n)) = ψ(n)

=⇒ g(s(n)) ∼γ φs(n)(s(n)) = ψ(n)

ψ(n) ↑ =⇒ φs(n)(s(n)) ↑
=⇒ δ(g(s(n))) ↑
=⇒ g(s(n)) /∈ dom(δ)

Therefore f = g ◦ s totalises ψ modulo ∼γ avoiding dom(δ).
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à la Barendregt

Marten Straatsma 23 January 2023 Representing ↑ in λβ 24 / 35



The Anti Diagonal Normalisation Theorem
Notions of ‘undefined’

Conclusion
Radboud University Nijmegen

‘undefined’ à la Visser

Definition of ε

Let R(x , y⃗) = ∃z R0(z , x , y⃗) be an r.e. relation.
Define εx . R(x , y⃗) = (µu. R0(u0, u1, y⃗)1.
Informally: εx . R(x , y⃗) gives an element of {x | R(x , y⃗)} if there is
one.
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‘undefined’ à la Visser

Visser’s Theorem (simplified)

Let U ⊆ N be a set of (codes of) identities between λ-terms such
that

⌜M = N⌝ ∈ U λβ ⊬ M = N

Let
I = {Ω0 ∈ Λ | ∀P ∈ Λ, ⌜M = N⌝ ∈ U λβ + (Ω0 = P) ⊬ M = N}.

Then there is an F ∈ Λ◦ such that for all p,m, n ∈ N:

φp(m) = n ⇐⇒ λβ ⊢ F p m = n

φp(m) ↑ ⇐⇒ ∃Ω0 ∈ I λβ ⊢ F p m = Ω0
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‘undefined’ à la Visser

Proof.

δ(⌜P⌝) = ε⌜Q⌝. (∃⌜M = N⌝ ∈ U λβ + (P = Q) ⊢ M = N)

δ is an anti diagonal function for Λβ & ⌜P⌝ /∈ dom(δ) ⇐⇒ P ∈ I

Let φp′(m) =

{
⌜n⌝ if φp(m) = n

↑ otherwise
, apply ADNT to get φp′′ ∈ R.

Choose λ-term Q representing ψ(p,m) = φp′′(m) in λβ.
Define F = λxy .E (Qxy).
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‘undefined’ à la Visser

Proof.

φp(m) = n =⇒ φp′(m) = ⌜n⌝

=⇒ φp′′(m) = ⌜M⌝ where ⌜M⌝ ∼E ⌜n⌝

=⇒ λβ ⊢ E (Q p m) = E⌜M⌝ = M = n

φp(m) ↑ =⇒ φp′ ↑
=⇒ φp′′ = ⌜Ω0⌝

=⇒ λβ ⊢ E (Q p m) = E⌜Ω0⌝ = Ω0 ∈ I
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Proof.

φp(m) = n =⇒ φp′(m) = ⌜n⌝

=⇒ φp′′(m) = ⌜M⌝ where ⌜M⌝ ∼E ⌜n⌝

=⇒ λβ ⊢ E (Q p m) = E⌜M⌝ = M = n

φp(m) ↑ =⇒ φp′ ↑
=⇒ φp′′ = ⌜Ω0⌝

=⇒ λβ ⊢ E (Q p m) = E⌜Ω0⌝ = Ω0 ∈ I

Marten Straatsma 23 January 2023 Representing ↑ in λβ 28 / 35



The Anti Diagonal Normalisation Theorem
Notions of ‘undefined’

Conclusion
Radboud University Nijmegen

‘undefined’ à la Barendregt

Corollary of ADNT

Let γ be precomplete and B ⊆ N be a non-trivial r.e. set closed
under ∼γ .
Then ∀ψ ∈ PR ∃f ∈ R f totalises ψ modulo ∼γ avoiding B.

Proof.

Let n0 /∈ B.

Define δ(n) =

{
n0 if n ∈ B

↑ otherwise
.

Then δ(n) ↓ =⇒ δ(n) = n0 ≁γ n, i.e. δ is an anti diagonal
function and the ADNT applies.
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‘undefined’ à la Barendregt

Definition of a Visser set

A set B ⊆ Λ◦ is called a Visser set if

• B is r.e. (i.e. {⌜M⌝ | M ∈ B} is r.e.)

• B is closed under =β
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‘undefined’ à la Barendregt

Barendregt’s Theorem

Let B ⊆ Λ◦ be a non-trivial Visser set. Then

∀ψ ∈ PR ∃F ∈ Λ◦ ∀n ∈ N

{
ψ(n) ↓ =⇒ F n =β ψ(n)

ψ(n) ↑ =⇒ F n /∈ B
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‘undefined’ à la Barendregt

Proof.

Define B = {n | E n ∈ B}.

Given ψ ∈ PR define ψ1(n) =

{
⌜ψ(n)⌝ if ψ(n) ↓
↑ otherwise

.

Then E ψ1(n) =β ψ(n).
By the ADNT there exists an f1 ∈ R that totalises ψ1 modulo ∼E

avoiding B.
Let F1 λ-define f1.
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‘undefined’ à la Barendregt

Proof.

ψ(n) ↓ =⇒ ψ1(n) ↓
=⇒ E ◦ F1 n =β E f1(n) =β E ψ1(n) = ψ(n)

ψ(n) ↑ =⇒ ψ1(n) ↑
=⇒ f1(n) /∈ B

=⇒ E f1(n) /∈ B
=⇒ E ◦ F1 n /∈ B

Take F = E ◦ F1.
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‘undefined’ à la Barendregt

Proof.

ψ(n) ↓ =⇒ ψ1(n) ↓
=⇒ E ◦ F1 n =β E f1(n) =β E ψ1(n) = ψ(n)

ψ(n) ↑ =⇒ ψ1(n) ↑
=⇒ f1(n) /∈ B

=⇒ E f1(n) /∈ B
=⇒ E ◦ F1 n /∈ B

Take F = E ◦ F1.

Marten Straatsma 23 January 2023 Representing ↑ in λβ 33 / 35



The Anti Diagonal Normalisation Theorem
Notions of ‘undefined’

Conclusion
Radboud University Nijmegen
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‘undefined’ à la Barendregt

Corollary

Let A ⊆ Λ◦ be one of the following sets:

1 A = {M ∈ Λ◦ | M has no normal form}
2 A = {M ∈ Λ◦ | M is unsolvable}
3 A = {M ∈ Λ◦ | M is easy}
4 A = {M ∈ Λ◦ | M is of order 0}

Then every ψ ∈ PR can be λ-defined by an F ∈ Λ◦ such that

ψ(n) ↓ =⇒ F n =β ψ(n)

ψ(n) ↑ =⇒ F n ∈ A

Say all ψ ∈ PR can be λ-defined w.r.t. A as undefined elements.
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