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Abstract
Let y be a partial recursive function (of one argument) with A-defining term Fe A°. This means
y(n)y=m< Fn' =, m.

There are several proposals for what Fn" should be in case y(n) is undefined: (1) a term
without a normal form (Church); (2) an unsolvable term (Barendregt); (3) an easy term
(Visser); (4) a term of order 0 (Statman).

These four possibilities will be covered by one master’ result of Statman which is based on
the ‘ Anti Diagonal Normalization Theorem’ of Visser (1980). That ingenious theorem about
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Applications of complete and precomplete numerations (as
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0,5,77;',
f=goh
£(0,X) = g(x), f(n+1,x) = h(f(n, X), X, n)
f = un.R(n,Xx)
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® General Recursive Functions
© Closed Lambda Terms
VfeR FFeN VneN Fn=gf(n)

VFeN,neN IMeN Fn=3 M

o(n) 17

W = AX.XX

ww = (Ax.xx)w =5 (xXx)[x = w] = ww
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Notation

o N={0,1,2,...}
® PR unary partial recursive functions
1(n) | denotes 1(n) is defined
¥ (n) 1 denotes 1 (n) is undefined
® R unary total recursive functions
O A set of A-terms
A° set of closed A-terms
® n: from codes to objects
"N from objects to codes

® E < A° self interpreter
E"M =3 M
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Definitions

Definitions numeration

® A numeration is a pair v = (v,S) with v : N — S
®n~, m <= v(n)=v(m)
© 11 = (v1,51), 72 = (12,52)
A map p: S1 — Sy is a morphism from 71 to s if for some

feR:
vof =pow

Notation: u:v1 — 72
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Numerations

Definitions

Definitions numeration

® A numeration is a pair v = (v,S) with v : N — S
®n~, m <= v(n)=v(m)
© 1 = (v1,5), 72 =(v2,%)
A map p: S1 — Sy is a morphism from 71 to s if for some
feR:
vof =pow
Notation: u:v1 — 72
N

N

n 2

S1 Ss
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® PR = (¢,PR)
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® T D PA, A(X) € 29(x)
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Definitions

Properties of numerations

® 7 is positive if ~, is recursively enumerable

® 7 is precomplete if

Vip € PR IF €R YneN 1(n) | = £(n) ~y 1(n)

© v is complete if

P(n) L = £(n) ~y ¢(n)
JdJaeS VY ePR IFeR VneN B(n) T = v(e(n)) = a
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Examples

Mg is precomplete

® Given ¢ € PR let F € A° be a A-defining term for 1.
Define f(n) ="E o Fn'. Then if ¥(n) |:

Ef(n)=g ETEo Fn"
=g EoFn
=5 E(Fn)

=g E1(n)

Hence f(n) ~. 9 (n).
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Examples

PR is precomplete

® Given ¢ € PR define

0(”7 m) = (Pw(n)(m)

By the S-m-n theorem there exists an f € R such that

0(n, m) = @¢(n)(m)
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Precomplete Numerations

Examples

PR is precomplete

® Given ¢ € PR define
0(n, m) = Ly (m)
By the S-m-n theorem there exists an f € R such that
0(n, m) = e(n)(m)
Then

Y(n) I = Prn) = Py(n)
= f(n) ~y ¢(n)
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Precomplete Numerations

Examples

Sigr?j is precomplete

©® Thereis a Ty(y,X) € Z(y, X) s.t. for every A(X) € £9(x)
PAF VR A(R) & To("A(X)", %)

Consider ¢y € PR.

Define f(m) ="3y ¢(m) =y & Tp(y,x)"

If »(m) | =TA(X)7, then

THEVX(Ey ¥(m)=y & Ta(y,X) ¢ Ta(TA(X)7,X) < A(X))
L]
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VfeR dneN f(n)~yn
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Theorem

Fixed-point theorem

If v is precomplete, then

VfFeR dneN f(n)~yn

Given f € R define yy(m) = f(om(m)).
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Fixed-point theorem

If v is precomplete, then

VfFeR dneN f(n)~yn

Given f € R define yy(m) = f(om(m)).
Choose h = . € R totalising v» modulo ~.

Marten Straatsma 23 January 2023 Representing 1 in A3 14 / 35



Numerations Radboud University Nijmegen

Fixed-point Theorem

Theorem

Fixed-point theorem

If v is precomplete, then
VfFeR dneN f(n)~yn

Given f € R define yy(m) = f(om(m)).
Choose h = . € R totalising v» modulo ~.
Define n = h(e).

Marten Straatsma 23 January 2023 Representing 1 in A3 14 / 35



Numerations Radboud University Nijmegen %f

Fixed-point Theorem

Theorem

Fixed-point theorem

If v is precomplete, then

VfFeR dneN f(n)~yn

Given f € R define yy(m) = f(om(m)).
Choose h = . € R totalising v» modulo ~.
Define n = h(e). Then also v (e) | and

n = h(e) ~y ¥(e) = f(pe(e)) = f(n)
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VFeN INeAN FN=gN
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Corollaries

Corollary

@ Fixed-point theorem in A-calculus

VFeN INeAN FN=gN

® Recursion theorem

VEER IneN ¢rn = pn
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Fixed-point Theorem

Corollaries

Corollary

@ Fixed-point theorem in A-calculus

VFeN INeAN FN=gN

® Recursion theorem

VEER IneN ¢rn = pn

©® "x'~1"Ty!" < x,y provably equivalent in T D PA
Corresponding v not precomplete
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Use f(n) = F(E"n").
® Apply fixed-point theorem to PR.
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Fixed-point Theorem

Corollaries

® Apply fixed-point theorem to Ag.
Use f(n) = F(E"n").
® Apply fixed-point theorem to PR.
©® Suppose 71 precomplete. Define f(Tp™) ==
By the fixed-point-theorem there exists a "¢ such that

9

"l () ="
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Ordering Predicates

Let Qi(n) < Im Ri(n,m) and @»(n) <= Im Rz(n, m) be
r.e. predicates. Write

Ql(nl) < Qz(nz) <— dm Rl(nl, m) & Vm' < m ﬁRz(nz,m/)

Qi(m) < @(m) <= Im Ri(n1,m) & Vm' < m =Rx(np, m')

Informally:
Qi(m) < @(m) <= pum.Ri(n1, m) < pm.Ra(ny, m)

Qi(m) < Q(m2) < pm.Ri(n1, m) < um.Ra(nz, m)
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Ordering Predicates

Lemma

O Qi(n) < Q(n) and Q1(n1) < Q2(n2) are r.e. relations.
A Qu(n)V Q(m) = Qi(n) < Q2(n) V @2(n2) < Q1(n)
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Anti Diagonal Functions

Definition (anti) diagonal function

An (anti) diagonal function (w.r.t. ) is a § € PR such that for all
neN
d(n) L = d(n) =y n
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The Anti Diagonal Normalisation Theorem

Anti Diagonal Normalisation Theorem

Let v be a precomplete numeration and § € PR an anti diagonal
function. Then

Y(n) L = f(n) ~y ¥(n)

Vip e PR 3f e R VneN ¥(n)+ = f(n) ¢ dom(é)

We say that f totalises 1» modulo ~~ avoiding dom(J).
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The Anti Diagonal Normalisation Theorem

Given ¢ € PR, define §(n) = pp(n) also PR.
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The Anti Diagonal Normalisation Theorem

Given ¢ € PR, define §(n) = pp(n) also PR.
7 precomplete — g € RVn e N ¢,(n) | = g(n) ~y ¢n(n)
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The Anti Diagonal Normalisation Theorem

Given ¢ € PR, define §(n) = pp(n) also PR.
7 precomplete — g € RVn e N ¢,(n) | = g(n) ~y ¢n(n)
By the S-m-n theorem there exists an s € R such that

() if ¥(n) 1< d(g(m)) 4
s(n)(m) = § 0(g(m)) if 6(g(m)) L< v(m) |

T otherwise
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Suppose that cps(,,)(s(n)) J and gps(n)(s(n)) = d(g(s(n))). Then

g(s(n)) ~ @s(n)(s(n)) = d(g(s(n))) =~ g(s(n))

0J
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Suppose that @s(n)(s(n)) | and st(n)(s(n)) = 5(g(5(n))) Then
g(s(n)) ~ #s(n)(s(n)) = d(g(s(n))) =~ g(s(n))

Therefore 505(,,)(5(”)) = (Ps(n)(s(n)) = (n).

0J
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Suppose that @s(n)(s(n)) | and st(n)(s(n)) = 5(g(5(n))) Then
g(s(n)) ~ #s(n)(s(n)) = d(g(s(n))) =~ g(s(n))
Therefore 505(,,)(5(”)) = (Ps(n)(s(n)) = (n).

P(n) L = @s(n)(s(n)) = ¢(n)
—> &(s(n)) ~y @s(n)(s(n)) = ©(n)

0J
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The Anti Diagonal Normalisation Theorem Radboud University Nijmegen 5%2

Suppose that ¢s(n)(s(n)) I and @gny(s(n)) = d(g(s(n))). Then
g(s(n)) ~ ¢s(n)(s(n)) = 6(g(s(n))) =~ &(s(n))
Therefore @,y (s(n)) } = @sn)(s(n)) = ¥(n).
P(n) L = @s(n)(s(n)) = ¥(n)
= g(s(n) ~v @s(n)(s(n)) = ¥(n)

P(n) T = @s(n)(s(n)) T
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Suppose that @s(n)(s(n)) | and st(n)(s(n)) = 5(g(5(n))) Then
g(s(n)) ~ #s(n)(s(n)) = d(g(s(n))) =~ g(s(n))
Therefore 505(,,)(5(”)) = (Ps(n)(s(n)) = (n).

P(n) L = @s(n)(s(n)) = ¢(n)
—> &(s(n)) ~y @s(n)(s(n)) = ©(n)

P(n) T = wsm(s(n)) T
— 0(g(s(m)) 1
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The Anti Diagonal Normalisation Theorem Radboud University Nijmegen 5%’5

Suppose that @s(n)(s(n)) | and st(n)(s(n)) = 5(g(5(n))) Then
g(s(n)) ~ #s(n)(s(n)) = d(g(s(n))) =~ g(s(n))
Therefore 505(,,)(5(”)) = (Ps(n)(s(n)) = (n).

P(n) L = @s(n)(s(n)) = ¢(n)
—> &(s(n)) ~y @s(n)(s(n)) = ©(n)

P(n) T = sos(n)( s(m) 1
d(g(s(m)) 1
g(s(n)) ¢ dom(d)
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Suppose that @s(n)(s(n)) | and st(n)(s(n)) = 5(g(5(n))) Then
g(s(n)) ~ #s(n)(s(n)) = d(g(s(n))) =~ g(s(n))
Therefore 505(,,)(5(”)) = (Ps(n)(s(n)) = (n).

P(n) L = @s(n)(s(n)) = ¢(n)
—> &(s(n)) ~y @s(n)(s(n)) = ©(n)

P(n) T = psmy(s(n)) 1
= J(g(s
= g(s(n
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Notions of ‘undefined’
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

Definition of ¢

Let R(x,y) = 3z Ro(z, x,y) be an r.e. relation.

Define ex. R(x, y) = (pu. Ro(uo, u1, ¥)1.

Informally: ex. R(x,y) gives an element of {x | R(x, )} if there is
one.
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Notions of ‘undefined’ Radboud University Nijmegen 5’%}

‘undefined’ a la Visser

Visser's Theorem (simplified)

Let U C N be a set of (codes of) identities between \-terms such
that

"TM=N"€eU M¥FM=N

Let
I={Q eN|YVPENTM=N"cU N5+ (Q=P)¥ M= N}.

Then there is an F € A° such that for all p, m,n € N:

op(m)t <= I el MgFF pm=Q
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

(TP =eQ. ITM=N"€U \+(P=Q)FM=N)
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

(TP =eQ. ITM=N"€U \+(P=Q)FM=N)

d is an anti diagonal function for Ag & "P7 ¢ dom(d) <= P e/
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

(TP =e"QT. I M=N"elU M+(P=Q)FM=N)
d is an anti diagonal function for Ag & "P7 ¢ dom(d) <= P e/

MRl f —
Let pp(m) = { 2 fep(m =0y ADNT to get o € R.

1T otherwise
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Notions of ‘undefined" Radboud University Nijmegen

‘undefined’ a la Visser

Proof.

(TP =eQ. ITM=N"€U \+(P=Q)FM=N)

d is an anti diagonal function for Ag & "P7 ¢ dom(d) <= P e/

MRl f —
Let p(m) =4 & T@lm=n o ADNT to get g € R.
1T otherwise

Choose A-term Q representing (p, m) = @pr(m) in AS.
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Notions of ‘undefined’ Radboud University Nijmegen 5’%}

‘undefined’ a la Visser

Proof.

(TP =eQ. ITM=N"€U \+(P=Q)FM=N)

d is an anti diagonal function for Ag & "P7 ¢ dom(d) <= P e/

n7 if pp(m)=n

Let o (m) = . apply ADNT to get ¢, € R.

1T otherwise
Choose A-term Q representing (p, m) = @pr(m) in AS.
Define F = Axy.E(Qxy).
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

@p(m) =n

Marten Straatsma 23 January 2023 Representing 1 in A3



Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

wp(m)=n = pp(m)="n"
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

¢p(m)=n = ¢p(m)="n"
= @p(m) ="M" where "M ~g "n”
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

¢p(m)=n = ¢p(m)="n"
= @p(m) ="M" where "M ~g "n”
— ABFE(Qpm)=E"M =M=n
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

¢p(m)=n = ¢p(m)="n"
= @p(m) ="M" where "M ~g "n”
— ABFE(Qpm)=E"M =M=n

pp(m) T
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

¢p(m)=n = ¢p(m)="n"
= @p(m) ="M" where "M ~g "n”
— ABFE(Qpm)=E"M =M=n

ep(m 1T = op 1
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

¢p(m)=n = ¢p(m)="n"
= @p(m) ="M" where "M ~g "n”
— ABFE(Qpm)=E"M =M=n

@p(m)/r — Pp! T
e SOPN = I—QO—I

Marten Straatsma 23 January 2023 Representing 1 in A3



Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Visser

wp(m)=n = pp(m)="n"

= @p(m) ="M" where "M ~g "n”
— A\FE(Qpm)=E"M =M=n

@p(m) T — Pp! T
e SOPN = I—QO—I
— MFEQpm)=EQ =Q€l
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Notions of ‘undefined’

Radboud University Nijmegen

‘undefined’ a la Barendregt

Corollary of ADNT

Let v be precomplete and B C N be a non-trivial r.e. set closed
under ~..

Then Vip € PR 3f € R f totalises ¢ modulo ~., avoiding B.
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Corollary of ADNT

Let v be precomplete and B C N be a non-trivial r.e. set closed
under ~..
Then Vip € PR 3f € R f totalises ¢ modulo ~., avoiding B.

Proof.

Let no ¢ B.
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Corollary of ADNT

Let v be precomplete and B C N be a non-trivial r.e. set closed
under ~..
Then Vip € PR 3f € R f totalises ¢ modulo ~., avoiding B.

Proof.

ng ifneB

Let n B. Define §(n) = :
0 ¢ (n) {T otherwise

Marten Straatsma 23 January 2023 Representing 1 in A3



Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Corollary of ADNT

Let v be precomplete and B C N be a non-trivial r.e. set closed
under ~..

Then Vip € PR 3f € R f totalises ¢ modulo ~., avoiding B.

Proof.

if B
Let ng ¢ B. Define 6(n) = Ty B (E

S
—N—

1 otherwise
Then 6(n) | = 0(n) = ng »~ n, i.e. 0 is an anti diagonal
function and the ADNT applies. O
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Definition of a Visser set

A set B C A° is called a Visser set if
e Bisre. (ie. {"M7|Me B}isre.)

® B is closed under =g
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Barendregt's Theorem

Let B C A° be a non-trivial Visser set. Then

Vip € PR 3F € N° vneN{w(””:> F n=gv(n)
Y(n)t= Fné¢B
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Define B={n| E n € B}.
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Define B={n| E n € B}.
Given 1) € PR define 11 (n) = {FT/’("W if ib(n) |

T otherwise
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Proof.
Define B={n| E n € B}.

Given 1 € PR define ¥1(n) = ;w(n)_' ifthT/J(n)_i :
otherwise

Then E 91(n) =g 1(n).
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Proof.
Define B={n| E n € B}.
r T H
Given v € PR define py(n) = 4 e Folm L
) otherwise

Then E 91(n) =g 1(n).
By the ADNT there exists an fi € R that totalises 1 modulo ~g
avoiding B.
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Notions of ‘undefined’ Radboud University Nijmegen 5’%;

‘undefined’ a la Barendregt

Proof.
Define B={n| E n € B}.

r il 1
Given ¢ € PR define ¢1(n) = plm)? if T/J(H)_i :
T otherwise
Then E 91(n) =g 1(n).
By the ADNT there exists an fi € R that totalises 1 modulo ~g
avoiding B.
Let F; \-define f1.
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt
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‘undefined’ a la Barendregt
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Y(n)l = ¥i(n)l
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Y(n) L = va(n)
= EoF; n=3E fi(n) =g E ¢1(n) = ¢(n)
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Y(n) L = va(n)
= EoF; n=3E fi(n) =g E ¢1(n) = ¢(n)

Y(n) T = ¢a(n) 1
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Notions of ‘undefined’ Radboud University Nijmegen

‘undefined’ a la Barendregt

Y(n) L = va(n)
= EoF; n=3E fi(n) =g E ¢1(n) = ¢(n)

Y(n) T = ¢a(n) 1
= fi(n) ¢ B
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Notions of ‘undefined’ Radboud University Nijmegen 5’%}

‘undefined’ a la Barendregt

Y(n) L = va(n)
= EoF; n=3E fi(n) =g E ¢1(n) = ¢(n)

P(n) T = ¢u(n) 1
= fi(n) ¢ B
— E fi(n) ¢ B
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‘undefined’ a la Barendregt

Y(n) L = va(n)
= EoF; n=3E fi(n) =g E ¢1(n) = ¢(n)

P(n) T = ¢u(n) 1
= fi(n) ¢ B
— E fi(n) ¢ B
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Notions of ‘undefined’ Radboud University Nijmegen 5’%}

‘undefined’ a la Barendregt

Y(n) L = va(n)
= EoF; n=3E fi(n) =g E ¢1(n) = ¢(n)

P(n) T = ¢u(n) 1
= fi(n) ¢ B
— E fi(n) ¢ B

Take F = E o Fy. ]
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Notions of ‘undefined’ Radboud University Nijmegen %‘

‘undefined’ a la Barendregt

Corollary

Let A C A° be one of the following sets:
® A= {M € A°| M has no normal form}
® A= {M € A°| M is unsolvable}
©® A={Mec N\ | Mis easy}
O A={M e A\° | Mis of order 0}
Then every 1) € PR can be \-defined by an F € A° such that

Y(n) L = F n=31(n)

w(nt = FneA

Say all » € PR can be A-defined w.r.t. A as undefined elements.
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Conclusion

Fin
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