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Introduction

Part I: Kleene Algebra[1]
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Regular Expressions Radboud University Nijmegen

Definition (Syntax of regular expressions)

Given a set of symbols ¥ = {a, b, c, ...}, regular expressions are
inductively defined with

e,f i=e+fle-fle"|0]|1l]ack

(a+b)-c*
a-(b+c-d)
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Regular Expressions Radboud University Nijmegen

Semantics

Interpretation (or meaning) of a regular expression

Example ( (a+ b) - c¢*)

The set of accepted words is {a, b, ac, bc,acc,bec, ...}
Thus [(a+ b) - ¢*] = {a,b,ac,bc,...}

Definition (Semantics for regular expressions)
[o] =0 [1] = {e} [a] = {a}
[e+fI=T[elV[f] [e-fl=T[el-[f] [e*] = [el*
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Kleene Algebra Radboud University Nijmegen

Kleene Algebra

® Set of axioms like e + e = e
® Does (a+b)-c*=a-c*+b-(c-c*)+ b hold?

Definition (Kleene algebra)

We define = as the smallest congruence on all regular expressions
e, f, g, satisfying the following rules:

e+(f+g)=(e+f)+g

ef=1+e-e" ef=1+¢e"-e

® We write KA+ e = f, if e = f can be derived with the
Kleene algebra axioms using equational logic
= e and f are provably equivalent
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Kleene Algebra Radboud University Nijmegen

Soundness and Completeness

Theorem (Soundness)

KAl e=f = [e] = [f]

Theorem (Completeness)

[e] = [f] = KAFe=f
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Relational Model Radboud University Nijmegen

Relational Model

Think of a € ¥ as a binary relation on N

Think of regular expressions as programs

even(x) = {(x,x) | x € N, x is even}
x=x+1 = {{(x,x+1)|xeN}

even(z) z:=x+1
z=0 A z=0
=2 . =2
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Relational Model Radboud University Nijmegen

Relational Model

Think of a € ¥ as a binary relation on N

Think of regular expressions as programs

even(x) = {(x,x) | x € N, x is even}
x:=x+1 = {{x,x+1)|x €N}

even(z) zi=z+1 even(z); x:=x+1
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Relational Model Radboud University Nijmegen

Relational Model examples

Ti=x z:=xorz+1
z=0 z=0 z=0 z=0
rz=1 ® >0® z=1 rz=1 ® >e rz=1
=2 ® >0 =2 =2 ® e =2
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Relational Model Radboud University Nijmegen

Relational Model (formal)

® A relational interpretation of X = {a, b, ...} consists of

® aset X
® a function 0 : X — P(X x X)

e RELFe="f

Definition (Semantics of the relational model)
[0]r =0 [1r = {0x) [ x e X} [a]r = o(a)
[e+flr=[elrU[flr [e*lr=[1]rU[elrU[e-e]rU...
[e-flr ={(x,2z) : yeX.(x,y) € [e]r Ay, 2) € [f]r}

Rutger Dinnissen January 2024 Completeness Theorems for Kleene Algebra with Top 10 / 23



Relational Model Radboud University Nijmegen

Relational Model examples (cont.)

i:=0;
while (i4+1)> < n do
| =041

® o(a)={((ni),(n0)) |n,ieN}
a(b) = {{(n,i),(n,i)) | n,ieN,(i+1)> < n}
o(c)={((n,i),(n,i+1)) |[n,ieN}
o(d)={{(n,i),(n,i)) | n;i €N, (i +1)%> > n}

e [a-(b-c) -dlr={((n,i),(n,IntSqrt(n))) | n,i € N}
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Relational Model Radboud University Nijmegen

Summary of part |

Regular expressions: e, f :=e+f|e-f|e*|0|1l|ace X

Kleene algebra: set of equations between regular expressions

Language model: [e], C T*

Relational model: Set X and 0 : ¥ — P(X x X)
[[e]]R - X x X

KA is sound and complete w.r.t. LANG and REL
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Kleene Algebra with Top Radboud University Nijmegen

Part 1I: Kleene Algebra with Top|[2]
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Kleene Algebra with Top Radboud University Nijmegen

What is Top?

o T
® |nterpreted as the full element
® 3% in LANG
This is the full language
® X x X in REL

This relates every element in X to every element in X
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Kleene Algebra with Top Radboud University Nijmegen

Problems with Kleene Algebra with Top

e |f T is the full relation in REL,
then RELE a+aTa=aTa

a a T a

) :\M‘-

e If T is the full language in LANG,
then LANGFE a+aTa=aTa

[a+ aTa]L = {a,aa,aaa,aba,...}
[aTa]L = {aa, aaa, aba,...}
e KA with top cannot be sound and complete for all models

® Can KA with top be sound and complete for some models?
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Kleene Algebra with Axiom T Radboud University Nijmegen

Axiom for KA with Top (1)

® T is the full element
e+ T =T
[e+ Tl =[elcU[TIL =[T]L =%
e e<fisshortfore+f=f
If e < £, then [e]L C [f]L

e < T holds for all e
What happens if e < T is added to KA?
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Kleene Algebra with Axiom T

Radboud University Nijmegen

Axiom for KA with Top (2)

Axiom T: e< T
KA is Kleene algebra with axiom T
KA is sound and complete for LANG

Soundness is fairly trivial
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Kleene Algebra with Axiom T

Axiom for KA with Top (3)

Radboud University Nijmegen

Definition (Language closure Ct)

Given u,v € ¥*, we write u «~7 v, if u is obtained by replacing
some T in v with an arbitrary word w € X 7.

Cr(L)={u|u«% v forsomev e L}

Definition (Expression closure r)

Let r be the unique homomorphism on regular expressions with T,
such that:

r(a) = a, for all letters a € &
r(My=(a+b+---+T)*
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Kleene Algebra with Axiom T Radboud University Nijmegen 5)%:

Kleene Algebra with Top for LANG

LANGFe="f
= Crle]L = Cr[f]L Cr[-]JvL is a member of LANG

& [r(e)l = [r(HlL [r(e)lL = Crlelv

< KAF r(e) =r(f) completeness of KA
= KArkFe=f KArFe=r(e)
= LANGFe="f soundness of KAt
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Kleene Algebra with Axioms T and F Radboud University Nijmegen

Kleene Algebra with Top for REL

®* RELFe=f ¢ LANGEe="f

* LANGFZ a+aTa=aTlTa but RELFa+aTa=aTa
e KA+ is sound w.r.t. LANG

e KA is not complete w.r.t. REL

® What axiom needs to be added to KAt to make it (more)
complete w.r.t. REL?

e Axiom F: e<e-T-e
o KAr is Kleene algebra with axioms T and F
o KAfr is sound and complete w.r.t. REL
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Kleene Algebra with Axioms T and F Radboud University Nijmegen 5%:

Kleene Algebra with Top for REL

RELFe="f
= Crle]L = Ce[f]L Cr, with wTw— w
< E(Crle]l) = E(Cr[f]L) CF=EoCt
< [s(r(e))]L = [s(r())IL s on expressions = E on languages
< KA+ s(r(e)) = s(r(f)) completeness of KA
= KApFe=f KArFe=r(e) and KAg F e = s(e)
= RELFe=f soundness of KAr w.r.t. REL
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Kleene Algebra with Axioms T and F Radboud University Nijmegen

Summary of part Il

® T is the full element
® Axiom T: e< T ie.e+ T =T
® Axiom F: e<e-T-e ie.ete-T-e=e-T-e

This is not sound for LANG

KA is sound and complete w.r.t. LANG

KAF is sound and complete w.r.t. REL
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Thank you!
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