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Introduction first paper

» Propositions as Sessions
> Philip Wadler

» Distributed systems
» m-calculus (CP)

>

>

Channels
GV
A-calculus m-calculus
Evaluation of functions | Communication between processes
Data types Session Types
Traditional Logic Linear Logic
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Introduction second paper

» Session Type Systems based on Linear Logic: Classical versus
Intuitionistic

» Bas van den Heuvel and Jorge A. Pérez
» Locality Principle
» 7CLL®P, 7ILL and 7ULL

wCLLP mlLL wULL
Locality No Yes Yes and no
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Pr.e(l;eguisites
Intuitionistic Sequent Calculus

Sequents

Sequents are of the following form:

A Az ..., AnE B and F(ALAAsA--AA)— B

Rules
-
AFA ! r-ang /R
rFA Y. AFB MAFC

ALy

ryrB t LAABFC
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Classical Sequent Calculus

Sequents

Judgements are of the following form:

A1, Ay, ... Ay & Bi,Bo,. .., B

Logical Interpretation
This can be expressed as:

l—(Al/\AQ/\'”/\An) = (Bl\/BQ\/“'\/Bk)

or, equivalently,

F-A1V-AV--- VA, VB VB V-V B
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Some Rules for CL Sequent Calculus

Rules
| (FAA  ATED
AFA LEFA ut
(FAA  TEBA o LAFA
TFAAB,A A LAANBEA 1
M-A A LAFA
r-ArFA re-AA
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Introduction to Linear Logic

» Only use assumptions exactly once

» In traditional logic we can prove:

FAANA— A FAAB— A FA—>ANANA
» In linear logic, we cannot prove:

FARA—A FARB—oA FA—-ARA
» But we can prove:

FARA—oARA FARB-—oB®A
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Symbols in Linear Logic

Usage Name Meaning
A—B Lollipop Linear implication: “Consume A to pro-
duce B”
A® B Times Multiplicative conjunction: “Both A and
B"
A% B Par Multiplicative disjunction: “A or B”
1A “Of course” | Exponential: "“A may be used multiple
times”
7A “Why-not” | Dual exponential: “A may be produced
(proven) multiple times"
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Linear Negation

Neutral elements

» 1 unit for ®: absence of
any recources

» | unit for ®:
unconsumable recourses

(-)*(nil)

Definitions
A—oB:=A'"%B
1A=A
1 B¥A=A

1t=1 (AgB)t=AnB* (1A =24+
1+:=1 (A% B): = At @B+ (?A)* =1At
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Sequents in Linear Logic

» [: unrestricted context
> A: restricted context
» (: single proposition

Intuitionistic Linear Logic
Judgements are given by:

AEC

Classical Linear Logic
Judgements are given by:

FI A
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Intuitionistic Linear Logic (ILL)

Rules
I MAFA rAAEC
AFA P AN FC Cur
HAABEC oL, MAFA rAFB R
A AQBFC NAAFARB
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Classical Linear Logic (CLL)

Rules

FLAA R ALA
F T A AT FT A, A

CuTt

FIAA FTALB
FT;A,0,AQB
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Curry-Howard correspondence

Traditional Logic A-calculus
Propositions Types
Proofs Programs

Normalization of proofs

Evaluation of programs

Linear Logic m-calculus
Propositions Session types
Proofs Processes

Cut elimination

Communication
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Introduction to the m-calculus

Session types of the m-calculus

Session types in the 7-calculus:

A = 1| L| A9B| ABB| A—B| |A| 7A

Duality in channels
> If Ais sent, AL is received
> If AL is sent, (A1) = A is received
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Par and times

Times

A ® B: Output a channel of session type A, then behave as a
channel of session type B

Par
A% B: Dual of A® B, input A and behave as B

Example

If one side of a channel behaves as A ® B, the other side behaves
as AL ¥ Bt

(Ao Byt = At ® B+
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Server Accept and Client Request

Server Accept

IA: Repeatedly provide a service of type A. Accepts (receives)
input of type A

Client Request

?A: Connect to a service of type A. Request a service (sends)
output of type A
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Terms of the m-calculus

Terms

P,Q == 0| [xeyl| wx).P| PIQ| x{(y).P| x(y).P]
Ix(y).P| x().0| x().P
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Forwarder and Parallel Composition

» Process [w <> x] “fuses’ channels x and y
P Input sent along w is sent as output along x

P Input sent along x is sent as output along w

Rule

Ip
W x]FT; w:AL x: A
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Forwarder and Parallel Composition

» Process [w <> x] “fuses’ channels x and y
P Input sent along w is sent as output along x

P Input sent along x is sent as output along w

Rule

Ip
W x]FT; w:AL x: A

Parallel composition

» P|Q: do processes P and @ concurrently
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Channel creation

A-calculus 7r-calculus
Ax.M (vx).P
x bound in M x bound in P
Cut rule
PHT; A, x:A QFT; A, x: At
Curt

(vx)(PIQ) FT; A, A
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Input

» x(y).P : receive a channel on channel x, bind it to y and
behave as P

» Ix(y).P : receive on channel x and bind result to y, execute
P and repeat.

Rules

PET;, A, y: A x:B 3 PHT, y:A
x(y)PFT;, A, x:A®B Ix(y).PET; x: 1A
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Output

» x(y).P : send y over channel x and behave as P

» Sending multiple times?

Rules

PHT, y:A QFA, x: B
vyx(y).(PIQ)FT, A, x:A® B

PHET, u:A A
P{x/u} = T; A, x:7A
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Closing a channel

0
» 0: process construct for inaction

» Similar to nil for lists or O for nat

Closing x

x().0 | x().Q = Q

Rules

PITiA B .
x().PET; A, x: L x().0FT; x:1
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Findings first paper

CP
» Wadler uses F!I', A instead of HT; A
» Judgements in CP look like P FIT", A

GV

» Based on the language by Gay and Vasconcelos
> A session-typed functional language
» Translation into CP
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Sequents in 7CLLP, 7ILL and 7wULL

Sequents
» Unrestricted context: I
» Restricted (Linear contexts): A and A

aCLLCP
PHT:A

wlLL
AP x: A

wULL
AP A
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Differences in the identity rule

Ip wCLLCP

Ip
[x<y]FT;x: A y: A

Ip 7-ILL

Ip

M x:Ab[xey]lay: A
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Locality Principle

» ‘“received channels cannot be used for further reception, i.e.,
only the output capability of channels can be sent”

» ‘“received channels cannot be used to provide a service’

= 0 ’( y 0

Question J

What should happen when CPU1 sends a message on channel x?




Term that violates locality

Let € = (x)(x(»).y(2). Pxl(va)x(9)-(Qq|R.)
Prooftree mCLLSP

(vx)(x()-ly(2)-Pcl(¥q)x(q) (Qq| R)) F - -




Term that violates locality

Let C = (vx)(x(y).ly(2).P«|(rq)x(q).(Qq|Rx))
Prooftree mCLLSP
x(y)ly(z).PcF -5 x: (1A) & (?B) ty
(vx)(x(y)-ly(2)-Px|(va)x(q).(Qq|Rx)) = - ; -

Cut




Term that violates locality

Let C = (vx)(x(y)-ly(2)-Px|(vq)x(q).(Qq| Rx))
Prooftree mCLLSP

ly(z).Pc -, y: 1A x:?B
x(y)ly(z).Pc F - x: (MA) B (?B) " ty
(x)(x(y)-1y(2). Pl (vq)x(q).(Qq|Re)) F - -

Cutr
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Term that violates locality

Let C = (vx)(x(y).ly(2).Pl(vq)x(q)(Qq|Rx))
Prooftree 7CLLP
ly(z).P.Fu:B;y: 1A
ly(z).Pc -, y: 1A x: 7B
X)) YD PF - x (ABEB) | &
(vx)(x(y)ly(2)-Pel(vq)x(q).(Qq| R)) F - -

P = P{x/u}

Cutr
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Term that violates locality

Let € = (m)(x(y).y(2). Pel(va)x(a).(Qg R.))
Prooftree 7CLL<P
P.ru:B;z: A
ly(z).P.Fu:B;y: 1A
ly(z).Py -,y 1A x: 7B
x(y)ly(z).Pc F - x: (MA) B (?B) " ty
(x)(x(y)-ly(2). Pl (vq)x(q).(Qq|Rc)) F - -

Py = P, {x/u}

Cutr
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Term that violates locality

Let € = () (x(y)-\y(2)-Pl(vq)x(0)-( Q4| R.))

Prooftree 7CLLP

t2
P.Fu:B;z: A
ly(z).P.Fu:B;y: 1A
ly(z).Py -, y: 1A x: 7B

x(y)ly(2).PcF -5 x: (1A) % (?B) ¥ ty
(vx)(x(y)-1y(2). Pl(vq)x(q).(Qq|Rc)) F - : -

P = P {x/u}

Cutr
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C is not Typeable in wILL

Attempt 1 with R rule

Prooftree

- (vx)(x(y)-ly(2).Pl(vq)x(q).(Qq|Rx)) == w: C J
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C is not Typeable in wILL

Attempt 1 with R rule
Prooftree

- Fx(y)ly(z).Pc: x: AR B t
i B (x)(x(y)-ly(2).Pel(vq)x(q) (Qq|Rx)) = w: C

Cutr
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C is not Typeable in wILL

Attempt 1 with &R rule
Prooftree
oy AR R P, x:B
y y(2) X 2R
- Fx(y)ly(z).Pe: x: AT B t1
+1 o B (x)(x(y) 1y(2)-Pel(vq)x(q).(Qq|Ry)) = w: C

Cutr
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C is not Typeable in wILL

Attempt 1 with R rule

Prooftree

iy AR ly(2).Pc x: B
o Fx(y)ly(z).Pc:: x: AR B R t
i B x)(x(y).ly(2). P (vq)x(q).(Qq|R)) == w : C

Cutr

4

» Channel y ends up on the left of the turnstile

» No rule to define a service on y
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C is not Typeable in wILL

Attempt 2 with QL rule

Prooftree

- F (wx)(va)x(q).(Qq| R)Ix(y)-ly(2).Ps) = w: C J
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C is not Typeable in wILL

Attempt 2 with QL rule
Prooftree
ty o x AT B R x(y)ly(2).Pew: C
- E (x)((v9)x(a)-(Qq|Ra)Ix(v) 1y (2)-Px) = w = C
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C is not Typeable in wILL

Attempt 2 with ®L rule
Prooftree
Sy Al x B ly(2).Py W:C
ty ox AL B R x(y)ly(2).Pcow
- F (x)((va)x() (Qq| R)Ix(y).ly(2) . Pe) = w: C

QL
Cutr
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C is not Typeable in wILL

Attempt 2 with QL rule

Prooftree

oy At x B R ly(2).Py W:C
ty ox AL BEE x(y)ly(2)Peow
s (@) ((v9)x(q)-(Qql Ra)|x(y) 1y(2)-Ps) == w: C

QL
Cutr

V.

» Again, channel y ends up on the left of the turnstile

» No rule to define a service on y
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Questions

Are there any questions?
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