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Lecture 6. Polymorphic types
1. Recall: 1 :=Va.a, T :=Va.a — a.

(a) Verify that in Church A2: Az : T.2Ta: T — T.
ANSWET: ..

app, 1
app, 2
A:TaxTax: T—=T Arule 1,3

End Answer .......... .

(b) Verify that in Curry A2: Az.xxz: T — T
ANSWET: .

app, 1
app, 2
A.xx: T —T  Arule, 1,3

End AnsSwer . ... ...

(¢) Find a type in Curry A2 for Az.xzx

A SWT: .
1 z:Voa.a — «
2 z: T =T app, 1
3 zxr: T app, 2
4 zx: T =T app, 3
5 zrx: T app, 4
6| AXzxxzax:T—>T Arule 1,5
OR:



app, 1
app, 2, 1
app, 3, 1
Arxzxzx: Ll — 1  Arule 1,4
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End Answer ... ...
(d) Find a type in Curry A2 for Az. (x z)(zx)

ANSWeTr: .
1 z: Ll
2 r:l— 1 app, 1
3 zx: L app, 2, 1
4| lxzx: L — L app, 3
50| (za)(xz): L app, 4, 3
6| \e(za)(zx): L—-L  Arule, 1,5

End Answer . ...

(e) Find a type in Curry A2 for Az.z(Az.z x)
2. Let z : T and remember that T :=Va:*x.a— a.
(a) Give a type to the term
Ay.xy x(Az. 22 2)

in A2 a la Curry and give the typing derivation of your result.
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1 T: T

2 y: L

3 rz:l—1 app, 1

4 xy: L app, 3, 2

) zy: T — L1 app, 4

6 xyx: L app, 4, 1

7 z: 1

8 z: T — L app, 7

9 zx: L app, 8, 1

10 zx: Ll — 1 app, 9

11 zxz: L app, 10, 1
12 Azzrz:l — L A-rule, 7, 11
Bllzyz:(L—>1)—> 1 app, 6

4| lzyz(Azzxz): L app, 13, 12
15 | Adyzyx (Az.zzz): L— 1L Arule, 2, 14

End AnsSwer . ... e

(b) Give a type to the term
Ay.zy(x(Az. 2z 2))
in A2 a la Curry. Also give the typing derivation of your result.

3. Define:

oxT = Ya.(6o >T—=a)—a,

c+17 = VYa (o —a)—=(T—a)—a

(a) Define inl: 0 — o + 7.

(b) Define pairing : [—, —] :
ADNSWET: .

Ao ANy :T. A b0 —>T—=a. hxy

End Answer .......... .

(c) Define the first projection : 7 : 0 x 7 — ¢ and show that [z, y] =3
x.
ANSWeEr: ...
T =20 XT.zo(Ax 0. Ay T.x)
End Answer ... ...



4. Define the type of binary tress with leaves in B and node labels in A:

(a)

()

Treeap = Va.(B—a)= (A—-a—a—a)—a
Define leaf : B — Trees p and join : Treeq p — Treeap — A —
TreeA7B.
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leaf ;= Ab: BAa.Af : B— a.Ah: A— a— a— «. fband join is
defined as follows:

join = Xt :Treey p. Aty : Trees p. Aa : A.
Aa.Af:B—=a. h:A— a— a— a ha(tiafh)(taafh)

End AnNSwer . ... ...

Give the Tree-iteration scheme for Tree4 p and define h : Treeq p —
Nat that counts the number of leaves of a tree.

ADNSWEr: ...
The Tree iteration scheme is: given a type D and f : B — D,
g:A— D — D — D, there is a term k : Trees g — D satisfying

k(leafb) = fb
k(joinatits) = ga(kty) (kta)

as a matter of fact k is just At : Trees g.t D fg.
The function A that counts the number of leaves satisfies

h(leafb) = SO
h (joinaty ta) Plus (hty) (hts)

so we can take h := At : Treey p.tNat (Ab : B.S0) (Aa : A, Ang,ng :
Nat.Plusnj ns).
End AnNswer . ... ...

Define g : Treeq, p — B that computes the left-most leaf of a tree.

Lecture 7. Higher order logic in the Calculus of construc-
tions and in Coq

NB. The exercises can also be made with Coq. Please look at the web site for
the HOL_inductivetypes.v file.

1. Definition in CC (for ¢,q: A):

t=4q:=IIP: A— x (Pt — Pq)



(a) (basic) Prove that this equality is reflexive by giving a term of type
Mz : Ax=4 .
ANSWer:
Without typing derivation:
M :AMNP: A=+« v:Pxh:Mlv:Ax=sx
End Answer ... ...

(b) (basic) Prove that this equality is transitive by giving a term of type
He,y,z: Az =2y —>y=a2z—>x=4 2
ANSWer: ..
Without typing derivation:
A, y,z : ANfix=ay.Ag:y=a2.AP: A=« h:Px.gP(fPh):

Me,y,z: Ax =4y > Yy=a2—>T =42

End Answer . ...
(c) (advanced) Prove that this equality is symmetric by giving a term of

the type Hz,y: A x =4y -y =4 .

ANSWer: ..

Without typing derivation:

A,y : A de :x =4 y AP : A = x. A : Py.e(Az : APz —

Pz)(Au:Pzx.u)h:llz,y: Az =2y —>y=acx

With typing derivation. At line 5 we need a smart choice for P’ so

that e can help us to construct a term of type Pz from h : Py. The

trick is to take A\z: A. Pz — Px for P'.

1 T,y A

2 e:lIP":A—*. Pz — Py

3 P:A—x

4 h:Py

5 e(AMz2:A.Pz— Pz):(Px— Pz)— (Py— Pux)

6 u:Px

7 u:Px

8 M:Pz.u:Px— Px

9 e(A2:A.Pz— Pz)(Mu:Pzx.u): Py— Pz

10 e(Az: A.Pz— Pz)(Au:Px.u)h: Pz

11 M :Pye(Az: A Pz— Px)(Au:Pzx.u)h: Py— Px

12 AP:A— % h:Pye(Mz:APz—Px)(Au:Prx.u)h:y=pz
Bl|Ae:x=a4y\P:A—>* h:Pye(Az:A.Pz—Pzx)(MAu:Pr.u)h:x =4y —y=421
4| dz,y: Ade:x=4y A\P: A=+ h:Pye(Az: A Pz— Px)(Qu:Pz.u)h:
15 He,y: Ax=ay—y=acx

End AnNsSwer . ... ...



2. The transitive closure of a binary relation R on A has been defined as
follows.

trclosR = Ax,y: A.
(VQ:A— A—x (trans@Q — (RC Q) = (Qzy))).

(a) (basic) Prove — by giving a proof-term — that the transitive closure
of R contains R.

(b) (medium) Prove — by giving a proof-term — that the transitive closure
is transitive.
ANSWer:
Without typing derivation:
A,y : A de :x =4 y AP : A = x. M : Py.e(Az : APz —
Pz)(Au:Px.u)h:Mlz,y: Ax=ay > y=acx
With typing derivation. At line 5 we need a smart choice for P’ so
that e can help us to construct a term of type Pz from h : Py. The
trick is to take Az : A.Pz — Px for P’.

1 x,y,z: A

2 h:trclosRxy

3 g:trclosRyz

4 Q:A— A—x

5 t:trans@

6 s:RCQ

7 gQts: Qyz

8 hQts:Qxy

9 tryz: Qry —Qyuz— Qxz

10 tryz(hQts)(gQts): Quz

11 As:RCQ.txyz(hQts)(gQts): RCQ - Qxz

12 M:transQ. A s : RC Q.txyz(hQts)(gQts) trans@Q > RCQ — Qxz

13 A :A— A s A :transQ.As: RC Q.tzyz(hQts)(gQts):trclosRxz

14 || M :trclosRzy. Ag:trclosRyz. AQ : A — A — x. X :transQ.As : RC Q.txyz(hQts)
15 strclos Rxy — trclos Ry z — trclos Rz 2z

16 | Ax,y,z: A.Ah i trclos Rz y. Ag i trclos Ry 2. AQ : A — A — x. Xt :transQ. As: R C Q.
17 teyz(hQts)(gQts) : trans(trclos R)
End Answer . ...

(c) (basic) Prove — by giving a proof-term — that, if P is transitive and
P contains R, then P contains trclos R.



. The existential quantifier has been defined by
dr:o.¢p:=Va:x.(Vx:0.¢0 > a) =«

(a) (medium) Given ¢ : o and ¢ : Pt, give a term M such that M : 3z :
o.Px

(b) (medium) Given ¢ : 3z : 0. Pz and h : Yy : 0. Py — C with y ¢
FV(C), give a term N of type C.

.For D:x, AB:D — %, we define A C BasVx: D.Ax — Bxz. We now
define

ANB
AUB

M :D.VP:D—x (Vy:D.Ay— By — Py) = Px
M:DVP:D—-%x ACP—+BCP—+Px

Prove the following, by giving a (proof) term of the type. Remember that
X VY is defined as Vo : . (X = o) = (Y = a) — «a.

(a) ACAUB.

(b) (This is a hard question) Va : D.(AUB)x — Az V Bx.

(¢) AnNBC A.

(d) Ve:D.Ax - Bz — (AN B)z.



