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How to define Finite Sets

» Represent a set as a list of elements.
» Operations on sets then become operations on lists.

» However, then our implementation needs to maintain several
invariants.
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How to define Finite Sets according to Kuratowski

A more logical definition would be

Inductive Fin(_) (A: Type) :=

| 0: Fin(A)

| L:A— Fin(A)

| U:Fin(A) x Fin(A) — Fin(A)

and we require some equations (eg: U is commutative, associative,
() is neutral, ...).
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How to define Finite Sets according to Kuratowski

A more logical definition would be
Inductive Fin(_) (A: Type) :=

| 0:Fin(A)

| L:A— Fin(A)

| U:Fin(A) x Fin(A) — Fin(A)

and we require some equations (eg: U is commutative, associative,
() is neutral, ...).

However, inductive types are 'freely generated’. We can’t allow
extra equations.
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Possible solutions

1. Data Types with laws
2. Quotient Types
3

. Quotient Inductive-Inductive Types

o

. Higher Inductive Types

We will look at the last solution.
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» Published as ‘Higher Inductive Types in Programming’.

» Formalized in Coq using the HoTT library by Bauer, Gross,
Lumsdaine, Shulman, Sozeau, Spitters.
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Approach

For a higher inductive type, we want to add equations like

Hx:A,fx:gx
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Approach

For a higher inductive type, we want to add equations like

X A fx=gx
[[x:Afx=¢

This means the scheme looks something like

Inductive T (By: Type)...(By: Type) :=
| C Hl[TBlBg] — TBlBg

| CkZHk[TBl'“Bg]—)TBl---Bg
| p1ZH(X:Al[TBl'“Bg]),tlzrl

| pn:TI(x: AalT Br---Be]), th =1
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Approach

For a higher inductive type, we want to add equations like

X A fx=gx
[[x:Afx=¢

This means the scheme looks something like

Inductive T (By: Type)...(Be: Type) :=
| C Hl[TBlBg] — TBlBg

| CkZHk[TBl'“Bg]—)TBl---Bg
| p1ZH(X:Al[TBl'“Bg]),tlzrl

| pn:TI(x: AalT Br---Be]), th =1

However, for arbitrary A;, t;, r; deducing the elimination rule is
difficult.
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Constructor Terms

We start with:
> We have context I;
» We have ¢; : H;(T) — T (given by inductive type);

» We have a parameter x : A[T] with A polynomial functor.
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Building Constructor Terms

lN-t:B _ :TAd“(_)ei noéc occur in B YA X A
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Building Constructor Terms

lN-t:B _ :TAd“(_)ei noéc occur in B YA X A

Jje{1,2} x:AlF r:G x G
x: Al mjir: G
Jj=1{1,2} x:AlF rj: G
x:AlF (n,n): G x Gy
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x: Al mjir: G
Jj=1{1,2} x:AlF rj: G
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Building Constructor Terms

lN-t:B _ :TAd“c_>ei noéc occur in B YA X A

Jje{1,2} x:AlF r:G x G
x: Al mjir: G
Jj=1{1,2} x:AlF rj: G
x:AlF (n,n): G x Gy
Jje{1,2} x:AlF r:G;
x:AlFinjr: G + G
x:Alk r:H[T]
x:Alk¢r: T

8/17



The Scheme

Inductive T (By: Type)...(By: Type) :=
| (o Hl[TBlBg] — TBlBg

| CkIHk[TBl'“Bg]—)TBl-“Bg
| pP1 ZH(X:Al[TBln‘Bg]),tl:rl
| pn i TI(x: AalT Br---Be]), th =t
Here we have

» H; and A; are polynomials;

> t; and rj are constructor terms over ci, ..., ¢, with
x: Akt T,
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Example: Finite Sets

Inductive Fin(.) (A: Type) :=
| 0: Fin(A)

| L:A - Fin(A)

| U:Fin(A) x Fin(A) — Fin(A)
| a5 TT0x, s 2 : Fin(A), U(x, U(y, 2)) = U(U(x, ), 2)
| neuty : [](x: Fin(A)),U(x,0) =

| neuty : [](x : Fin(A)),u(d, x) =
| com: [](x,y : Fin(A)),U(x,y

| idem: J[(x:A),U(Lx,Lx)=1L
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Example: Finite Sets

Inductive Fin(_) (A: Type) :=
| 0: Fin(A)
| L:A - Fin(A)
| U:Fin(A) x Fin(A) — Fin(A)
as - T1(x, y>2 : Fin(A)), U(x, Uy, 2)) = U(U(x, ), 2)

|

| neuty : [](x : Fin(A)),U(x,0) = x

| neuty : [](x : Fin(A)),U(d, x) = x

| com: ](x,y : Fin(A)),U(x,y) = U(y, x)

| idem: J[(x:A),U(Lx,Lx)=1L

Note
x:AlFx: A x : Fin(A) Ik x : Fin(A)
x:AlFLx:Fin(A) x : Fin(A) Ik 0 : Fin(A)
x:AlF U(Lx,Lx):Fin(A) x : Fin(A) IF (x,0) : Fin(A)

x 1 Fin(A) IF U(x,0) : Fin(A)
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Introduction Rules

= By : Type N By: Type
T By---By: Type

FIT Crx
Fl—c,-:H,-[T]—>T

FI COrx
Fl—pj:Aj[T]—Mj:rj
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Lifting Constructor Terms

To lift a constructor term x : A[T] I+ r: G[T], we need:
» Constructors ¢;: Hi[X] — X;
> A type family U: T — Type;
» Terms T F f; : (x : Hi[T]) = H;(U)x — U(c; x).

12/17



Lifting Constructor Terms

To lift a constructor term x : A[T] I+ r: G[T], we need:
» Constructors ¢;: Hi[X] — X;
> A type family U: T — Type;
» Terms T F f; : (x : Hi[T]) = H;(U)x — U(c; x).

Then we define

Fox: A[T) by : A(U) x =7: G(U) r
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Lifting Constructor Terms

To lift a constructor term x : A[T] I+ r: G[T], we need:
» Constructors ¢;: Hi[X] — X;
> A type family U: T — Type;
» Terms T F f; : (x : Hi[T]) = H;(U)x — U(c; x).

Then we define

Fox: A[T) by : A(U) x =7: G(U) r

by induction as follows

/t\ =t 52 = hX
—_— ~ T ~ ~ ./\ ~
Tri=mjr (rn,r) = (A,R) injr:=7
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Elimination Rule

Y: T — Type
CEfTI(xc: HT), Hi(Y) x — Y (ci x)
M g TT0c: AT e A (Y) 2.5 =, 1) 7

Me T-rec(fi, ..y foqry- o qn)  [I(x: T),Y x

Note that ?J and 7; depend on all the f.
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Computation Rules

T-rec (¢; t) — f; t (H;(T-rec) t),

apd(T-rec, pj a) — qj a (A;(T-rec) a).

14/17



Elimination Rule for Kuratowski Sets

Y: Fin(A) — Type
0 y - \"[@]
Ly : T[(a: A), Y[L 4]
Uy : [[(x,y : FinA), Y[x] x Y[y] = Y[U(x,y)]
ay : [10xy,z - Fin(A) [1(a: YIxD)II(6 : Yy [1(c: Y[z]),
Uy x (U(y, 2)) (a, (Uy y 2 (b, €))) =2 Uy (U(x,y)) 2 ((Uy x y (a, b)), ¢)
ny1:[1(x: Fin(A)II(a: Y[x]),Uy x0(a,0y) =k, a
ny o [](x: Fin(A) [1(a: Y[x]),Uy O x (Dy, a) :,‘;_utz a
cy : [10 y - Fin(A) [1(a - Y[x])) II(b: Y¥]),
Uy xy(a, b) =X Uy yx(b,a)
iy - [[(a: A),Uy (La)(La)(Ly x, Ly x) :igem Ly x
Fin(A)-rec(dy, Ly,,Uy, ay, ny 1,ny 2, cy,iy) : [[(x : Fin(A)), Y
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Elimination Rule for Kuratowski Sets

To make it more readable, we remove the fibers.

Y: Fin(A) — Type
Dy : Y[0]
Ly : [](a: A), Y[L a]
Uy : [[(x,y : Fin A), Y[x] x Y[y] = Y[U(x,y)]
ay - [I(x,y,z:Fin(A))I1(a: Y[x]) I1(b: YIy]) I[1(c : Y[z]),
Uy (a, (Uy(b, c))) =4 Uy(Uy(a, b), c)
ny 1 [1(x : Fin(A) [1(a: Y[x]),Uy(a,0y) =peu, 2
ny2: [I(x: Fin(A) [1(a: Y[x]). Uy (Oy. a) =yeu, 2
cy : [10y - Fin(A) [1(a - YIx])) II(b = Y¥]),
Uy(a b) g;m Uy(b a)
iy i [J(a: A),Uy(Ly x,Ly x) = |dem Ly x
Fin(A)-rec(dy, Ly,,Uy, ay, ny 1,ny 2, cy,iy) : [[(x : Fin(A)), Y

16/17



Conclusion and Further Work

» Higher inductive types offer good opportunities for
programming. Closer to specification.

» Some further work: add higher paths, good formal semantics.
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